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Preface 


Préface (Version francaise) 


Le Professeur Hamidou TOURE est né le 14 octobre 1954 4 Bobo Dioulasso 
dans l’actuelle Burkina Faso. Du 05 au 07 novembre 2018, alors qu’il a 64 
ans et se prépare a faire valoir ses droits 4 la retraite dans moins d’un an, le 
Laboratoire de Mathématiques et Informatique (LAMI) de I’ Université Joseph KI- 
ZERBO de Ouagadougou au Burkina Faso a décidé de l’honorer en organisant 
un colloque international avec pour théme «Equations aux dérivées partielles et 
applications». En effet, le Professeur Hamidou TOURE a, durant ses 37 ans de 
carriére universitaire formé beaucoup d’étudiants en mathématiques, contribué a 
beaucoup de travaux scientifiques et surtout a, avec deux de ses amis, les professeurs 
Mary Teuw NIANE du Sénégal et Iselkou Ould Ahmed IZID BIH de la Mauritanie, 
créé en mai 1999 au centre de Physique Théorique Abdoul Salam (ICTP) a 
Trieste en Italie, un réseau de recherche en mathématique dénommé Réseau EDP- 
Modélisation et Contrdle (EDP-MC), qui a contribué a la formation de plus d’une 
centaine de docteurs en mathématiques en Afrique et a la production de plus de 1000 
publications scientifiques. Ce numéro spécial est une contribution des participants 
au colloque international 4 un hommage mérité au Professeur Hamidou TOURE. 


Préface (Version anglaise) 


Prof. Hamidou TOURE was born on October 14, 1954 in present-day Burkina 
Faso’s Bobo Dioulasso. The Laboratoire de Mathématiques et Informatique (LAMI) 
of the Joseph KI-ZERBO University in Ouagadougou, Burkina Faso, decided 
to honor him by hosting an International Colloquium titled “Partial Differential 
Equations and Applications” from November 5 to 7, 2018, when he was 64 years 
old and preparing to claim his retirement benefits in less than a year. 


vi Preface 


Throughout his 37-year university career, Prof. Hamidou TOURE has trained 
many students in mathematics, contributed to numerous scientific works, and, 
along with two of his friends, Prof. Mary Teuw NIANE from Senegal and Prof. 
Iselkou Ould Ahmed IZID BIH from Mauritania, established in May 1999 at the 
Abdoul Salam Theoretical Physics Centre (ICTP) in Trieste, Italy, a mathematical 
research network known as the “PDE-Modeling and Control Network’, which has 
contributed to the training of over a hundred PhD students in mathematics in Africa 
and the production of over a thousand scientific publications. 

The participants of the above-mentioned International Colloquium have put 
together these proceedings as their contribution to a fitting tribute to Prof. Hamidou 
TOURE, who has made major contributions to mathematics and related areas. 


Avant Propos (Version francaise) 


Du 05 au 07 Novembre 2018, a eu lieu, a l’Université Joseph KI-ZERBO de 
Ouagadougou au Burkina Faso, un colloque international autour du théme : 
«Equations aux Dérivées Partielles et Applications» en honneur au Professeur 
Hamidou TOURE 4 l’occasion de ses 64 ans de vie et de 36 années consacrées 
a l’enseignement et au développement des mathématiques en Afrique. A l’issue 
du colloque, les communications originales non encore soumises a publication ont 
été soumises a publication dans Springer Nature. Les travaux examinés, évalués et 
acceptés font I’ objet de ce numéro spécial dédié au Professeur Hamidou TOURE a 
l’occasion de ses 64 années. 


Avant Propos (Version anglaise) 


From 05 to 07 November 2018, an international symposium was held at the Joseph 
KI-ZERBO University in Ouagadougou, Burkina Faso under the title: «Partial 
Differential Equations and Applications» in honour of Professor Hamidou TOURE 
on the occasion of his 64 years of life and 36 years devoted to the teaching and 
development of mathematics in Africa. At the end of the symposium, original papers 
not yet submitted for publication were submitted for publication in Springer Nature. 
The works reviewed, evaluated and accepted are the subject of this special issue 
dedicated to Professor Hamidou TOURE on the occasion of his 64 years. 
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Chapter 1 ®) 
Existence and Uniqueness of Solution seis 
for Semi-linear Conservation Laws 

with Velocity Field in L@ 


Souleye Kane, Serigne Fallou Samb, and Diaraf Seck 


Abstract In this chapter, we extend results obtained in Besson and Pousin (Arch 
Ration Mech Analy 2:159-175, 2007) and Benmansour et al. (Discrete Contin Dyn 
Syst 29:1001-1030, 2011). By considering a semi-linear conservation law with 
velocity in L®, we prove by fixed-point arguments existence and uniqueness result 
and even in a penalized situation. 


Keywords Transport equations - Semi-linear PDE - Fixed-point methods - 
STILS method - Conservation laws - Advection—reaction - Finite-element 
method - Newton’s method - Picard’s iteration 


1.1 Introduction 


This chapter deals about semi-linear conservations laws with velocity field in L®. 
Our goal is twofold. On the one hand, the focus is to propose a generalization 
of space-time integrated least-square (STILS) method introduced by O. Besson 
and J. Pousin in [1] for linear conservation laws to semi-linear ones. The STILS 
method has been widely studied in numerous linear cases. Our aim is to introduce a 
nonlinearity in the source term and look for theoretical methods to prove existence 
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and uniqueness results. For this, we shall propose methods combining variational 
and topological methods. 

To reach this aim, we shall use two fixed-point theorems. The first one is the 
Banach’s fixed-point theorem, and the second is due to Schauder. In this latter case, 
we shall need a penalization argument. 

On the other hand, we endeavour to propose numerical methods to analyse semi- 
linear boundary-value problems. We shall use finite-element methods combined 
with Picard’s iteration and Newton’s methods. 

Finite-element method is known to produce spurious oscillations and add 
diffusions in the orthogonal directions of integral curve when convection-dominated 
problem is solved, see [2] and references therein. To remedy it, the space-time 
integrated least-square method has been introduced in finite-element context by 
H. Nguyen and J. Reynen in [3] for solving advection—diffusion equation. And 
a time-marching approach of STILS has been proposed by O. Besson and G. De 
Montmollin in [4] for solving numerically linear transport equation using the finite- 
element method with div(u) = 0. To get discrete maximum principle and remove 
the oscillations produced by the STILS method, J. Pousin et al. in [5] added to the 
formulation a constraint of positivity and a penalization of the total variation. 

Before presenting the organization of our work, let us point out that interesting 
works on the SILS method have been already realized. We quote some among them 
closely related to our theoretical works. In fact, it has been used by P.Azerad and 
O. Besson in [6] to give a coercive variational formulation to the transport equation 
with a free divergence C! regular velocity vector field. Existence and uniqueness 
of space-time least-square solution of linear conservation law with velocity field 
in L© is proved in [1] by O. Besson and J. Pousin. And in the same paper, these 
latter deduce a maximum principle result from Stampacchia’s theorem and have 
established the comparison between the least-square solution and the renormalized 
solution of these equations. 

This chapter is organized as follows. In the next section, we shall do the 
presentation of the problem with some useful mathematical tools for our study. 
The third section is devoted to the existence and uniqueness results. The main 
used arguments are fixed-point theorems (Banach—Picard’s theorem, Schauder’s 
Theorem). And in the last section, we propose two new numerical methods for 
computing the solution by using fixed-point algorithm. 


1.2 Position of the Problem 
1.2.1 Statement of the Aim and Functional Setting 


Let Q Cc R4(d € N*) be a domain with a Lipschitz boundary dQ satisfying the 
cone property. Let us take T > 0, a set Q = Qx]0, T[, and consider an advection 
velocity u : Q — R¢ with the following regularity property: 
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u € L©(Q)4 with div (u) € L®(Q). 


Let f : RR —> R bea function such that f € W!(R). In some situations, we can 
consider f as a k-Lipschitz, for k small enough. 

The first question we will look is to find a space-time least-square solution for 
the following boundary-value problem: 


9 + div (uc) = f(c) in Q 
c(x, 0) = co(x) in Q (1.1) 
c(x,t) = cy(x, t) on T_ 


where 
T_ = {x € dQ: (n(x), u(x, t)) < 0; Vt € (0, T)}, 


and (., .) is the inner product in R¢, and n(x) is the outer normal to dQ at point x. 
For the sake of simplicity, one assumes that [_ does not depend on the time t. 
Let us consider 


u € L~(Q)4 such that div (u) € L®(Q), 


and set w = (1, uy, U2, ...., ug) and 7(x, t) the outer normal to dQ at (x, t). 

We shall use the notation | E | to mean the Lebesgue measure of a set E 
throughout this chapter. Let us recall that the space-time incoming flow boundary 
is given by 


dO_ = {(x,t) € 90, (U(x, t), M(x, 1) < O} = Q x {0} UT_x]O, TL. 
The incoming flow boundary condition in space-time is defined as follows: 


co(x) if t = 0 
cy(x, t) on 


otnn={ 


We introduce the following norm defined by: 


1. IGI? = IIPll23¢9) + IdiV@III25,9) — i: 9 PGFs for all # € DO). 


where 
vA — (96 6 d¢ ag 
2, Voe= (SF > Ox,? Ox?" is): 
d(pu) 
OX; ' 


3. div (ap) = %¢ +>> 


i=1 


4. And the Sobolev space H(u, Q) = D(Q) 
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5. Note that if u is regular enough for instance u € L™©(Q)4 with div(u) € L®(Q), 
then H(u,Q)NL™ = {¢ € L*(Q); div(ig) € L*(Q), bjag_ € L*(9Q-; | 
(u,n) |)} L® for more details, see [1]. 


Before proceeding further, let us remind the following theorems that will be useful 
for our work and for their proofs, and we invite the reader to see [1]. 


Theorem 1.2.1 Let us consider u € L®(Q)4 with div(u) € L®(Q). Then the 
normal trace of u (u,n) € L© (dQ). Oo 


Theorem 1.2.2 Let u € L©(Q)¢ with div(u) € L©(Q). Then there exists a linear 
continuous trace operator 


va: H(u, Q) — L*(9Q; (a, 7)) 
og > ag, 


which can be localized as 


Vis : H(u, QO) — L*(8Q4; i, 7) 
co) > o/ao.- 


Finally, let us define the spaces 


Ho(u, Q,00-) = {¢ € Hu, Q),¢ =0o0n 9Q_} = HW, O)N Keryr_ 


and 


Gi = viz (Hu, Q)). 


Let us give the curved inequality still called curved Poincaré inequality, below 
that is fundamental and even is the precursor of existence of STILS solution. It has 
been introduced and proved in [6] for free divergence and extended in [1]. 

There exists cy, > 0 such that for any @ € H(u, Q): 


IPlli2~) S B(Iao@OIFs 0 - / x ¢ i, pds). (1.2) 
From the curved inequality, one deduces the following theorem. 
Theorem 1.2.3 Let u € L~©(Q)4 with div(u) € L®©(Q). Then the semi-norm on 
H(u, Q) defined by 


[OR y= IdM) — f 1 PGMs 


is a square of norm, equivalent to the norm defined on H(u, Q). 
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Thus H(u, Q) can be equipped by the norm | . |1,4 . 


Remark 1.2.1 In the free-divergence case, one gets that cp < 2T (see, for instance, 
[6] for additional information). oO 


1.2.2. Space-Time Least-Square and Linear Problem 


In this section, we are going to recall the design and some proprieties of STILS 
method for solving the following linear conservation laws problem: 


ge +div(uc) = fin@ 
c(x, 0) = co(x) in Q (1.3) 
c(x,t) = cy(x,t) onT_. 

The space-time least-square solution of (1.3) corresponds to a minimizer in 


{6 € H(u, Q); ya_(¢) = co} 


of the following convex, H(u, Q)-coercive functional defined by 
1 ra 2 27 > 
J(c) == (div(uc) — f)°dxdt — c’(u,n)ds }. (1.4) 
2 90 
Q Q 
The Gateaux differential of J yields 


D[J(o)].¢ = : (div(ac) — f)div(ad)dxdt — i; co (it, n)ds. (1.5) 
Q a0 


Thus, if cp € G_, the space-time least-square formulation of (1.3) is expressed 
as follows: 


/ div(uc)div(ud)dxdt = fdiv(id)dxdt V ¢ € Ho(u, Q) (1.6) 
Q Q 
and 

Va_(C) = Cp. 


For more details, see [1, 5]. 

Thanks to Theorem 1.2.2, we can reduce the problem (1.6) in a homogeneous one 
in 0Q_. For cp € G_, let Cp € H(u, Q) such that y7z_ (Cp) = cp; then p = c — Cy 
is the unique solution of 
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/ div(up)div(ud)dxdt = / (f — div(iC,))div(id)dxdt ¥ ¢ € Ho(u, Q). 
Q Q 


(1.7) 
Finally, let us recall the following theorem proved in [1]. 


Theorem 1.2.4 For u € L™(Q)4 with div(u) € L®(Q), cy € G_, and f € 
L?(Q), the problem (1.7) has a unique solution. Moreover, 


| P lt IF llz2¢@) + \|div(UCp)llr2(9); 


and the function c = p + Cy is the space-time least-square solution of (1.3). oO 


1.2.3, Space-Time Least-Square and Semi-linear Problem 


This last subsection is devoted to introducing a variational formulation (1.1). 
Otherwise, our aim is to find c € H(u, Q) such that 


/ div(uc)div(ud)dxdt = i f (c)div(ad)dxdt V ¢ € Ho(u, O,30_) 
Q Q 


(1.8) 
and 


Va_(C) = Cp. (1.9) 


It is important to stress that the above formulation is nonlinear. And we shall propose 
fixed-point methods to study it. Let us recall that there are at least three distinct 
classes of such abstract theorems that are useful for proving existence results in a 
wide family of partial differential equations. These classes are: 


e Fixed-point theorems for strict contractions 
¢ Fixed-point theorems for compact mappings 
e Fixed-point theorems for order-preserving operators 


We shall use in the following the first two types. 


1.3. Existence and Qualitative Results 


1.3.1 Existence and Uniqueness 


In this section, we shall study the problem (1.8) by establishing and proving 
existence and uniqueness theorems for the STILS solution. These results are 
deduced thanks to the fixed-point theory, namely the Banach—Picard and Schauder 
theorems. 
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At first, in the case where f is k-Lipschitz with k is small enough that will 
be precised and by using the Banach—Picard fixed-point theorem [7], we have the 
following existence and uniqueness theorem of STILS solution. 


Theorem 1.3.1 Let u € L©(Q) with div(u) € L™©(Q), and cy € G_, f be k- 
Lipschitz in R with k < |. Then the problem (1.8)-(1.9) has a unique solution. O 


Cp’ 


Proof Let us consider 
H = {¢ € HW, Q), va_(p) = cv}. 


For all po € Hy f(p) € L?(Q), then, by Theorem 1.2.4, there exists a unique element 
c € H satisfying: 


/ div(uc)div(ud)dxdt = / f (p)div(uo)dxdt (1.10) 
Q Q 


for all @ € Ho(u, O,dQ_). 
Let us define 


T:H-H#H (1.11) 
such that 

T(p) =; (1.12) 
thus a solution of the nonlinear problem (1.8)—(1.9) is a fixed point of T. 


Let 1, 02 € Hand c; = T(¢1), cz = (Tp2). 
Since cj — c2 = OondQ_, 


cr — 02 Ty = Idiv@c1 — €2))Ij2¢@q) = [ div(@(c1 — c2))div@(c1))dxdt 
= - div(i(cy — cr))div(@(cr))dxdt. 
For c; = T(p,) and cz = T (2), we have 
[ div(icy)div@(c — c2))dxdt = [ f (pr)div(@(c1 — c))dxdt 


and 


/ div(iicy)div(a(c\ — c2))dxdt = / f (p2)div(i(c) — c2))dxdr. 
Q Q 
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Then a computation yields 


lero B= : F (pr)div@(e1 — e2))dxdt — [ f (on)div@(e1 — e2))dxde. 


ler — 2 [t= / (f (ei) — f(o2))div(@(c1 — c2))dxde. 
Q 
By Young’s inequality, we get 
ler — 02 nS IF (on) — FodIlzacgyldiv@er — c2))Ih22¢9)- 


Since f is k-Lipschitz in R and | cy — c2 |1,u= ||div(@(c1 — c2))Ilz2(g), We have 


2 2 
ler — 2 lta Kllo1 — pallzacgy ler — 2 bw 
and hence, 
2 
cer —c2 |t,yS ep | 01 — £2 ltul c1 — €2 Iu - 


Finally, we get 


| T(p1) — T(p2) liu kep | 01 — 02 Niu 


Thus 7 is a strict contraction, provided that kcy < 1. The Banach’s fixed-point 
theorem ensures the existence and uniqueness of c € H with T(c) = c that solves 
(1.8)-(1.9). oO 


Remark 1.3.1 Yn the free-divergence case, the previous assumption gives k < +r 


thus we get a solution for small times. But it cannot be extended because of the loss 
of continuity. 

The constant cp is not optimal (see [1] for more details). And so, the condition 
kcp < 1 could be improved. Oo 


Now, let us state and prove the following technical lemmas that will be key steps in 
the building of the next existence theorem. 


Lemma 1.3.1 There is a positive constant C > 0 such that for any @ € 
D(Q) verifying 6 =0 on dQ_, we have ||V$ll;2(gya+1 S C\ldiv(Ud)|lz2(Q). oO 


Proof Let us suppose that the inequality is false. Then for any integer n € N, there 
is gd, € D(Q) such that: 


IVonallrzqua+ > nlldivGidn)Il22(9)- (1.13) 


1 Existence and Uniqueness of Solution for Semi-linear Conservation Laws. . . 9 


If n is such that || Von ||p2(gy¢+1 = 0, then || Vonllp2(qya+1 = nlldiv@dbn)Ilz2(9) = 
0, which is a contradiction with (1.13). 
Now dividing (1.13) by || V¢nllz2(gya+1, we have 


On Gn 

[Vs —lrerqyet > n|\divG@——"—) | 12 (1.14) 

[Von [volo 

i — ___ on : 
Setting 0, = IWonlpaan’ we obtain 
IVOnllz2cqyart = 1 (1.15) 
and 
yew: a.hUL Lh ~ Pn 

\|div(ZOn) || 22°09) = ||div (7 i ems: (1.16) 

— Vou J) 


Thanks to (1.15) and (1.16), the inequality (1.14) can be written as follows: 
~ 1 
|divWUOn)\lz2(Q) < - (1.17) 


By curved inequality (also named curved Poincaré inequality), we get existence of 
a positive constant A > 0 such that: 


lull z2¢@) < VAlldiv@n)Il22(): 


and then 


ss 


lPnllz2ca) S ae" (1.18) 
This implies that 
6, —> 0 in L*(Q). (1.19) 


From (1.15) and (1.18), one deduces that (6,) is bounded in H! (Q). Then there is a 
convex combination of the sequence (6,,) that converges to 6* € H ! (Q) weakly, and 
so in L?(Q) too. Using (1.19), this convex combination converges to 0 in L?(Q). 
Thanks to the uniqueness of the limit, we have 0* = 0. 
As a sum up, one sees that (1.13) yields existence of a sequence (@,)n C D(Q) C 
H!(Q) satisfying: 
{i —> 0 weakly in H!(Q) (i) (1.20) 
VOnllz2(qyart = 1 for any n € N (ii) 
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(i) implies that V6, — 0 weakly in E70). 
Let y € L?(Q)**! such that ||Wllz2(gya+1 = 1. 
We have (vw, V6,) —> 0 in R. 
The translation of the definition of the limit allows us to write: 
dno € N such that for any n > no, we have | (v, VOn) |< 1. 


Thus we get Sup | (Wr, VOn) |< 1. 
Ill ,2(qati=l 


Hence, one deduces that IV Onllz2cqyet < 1 for any n > no : what is in 
contradiction with (ii). oO 


Lemma 1.3.2 Let f : R — R be ak-Lipschitzian function. 
For any p € H(u, Q), we have f(p) € H'(Q). In addition, there exists a 
positive C > 0 such that 


IVF Ilaqen < Cldiv@p)llz2(9)- 


Proof Let p € H(u, Q); then there is a sequence (p,) C D(Q) that converges to 
in H(u, Q). 

Since f is k-Lipschitzian, we get 
| fon) ISK 1 Pn |+1 FO) Land | f(p) I< kl pl +1 FO |. 

Therefore, (f(n)) C L?(Q) and f(p) € L?(Q). In addition: || f(on) — 
Ff (PIlz209) < Kllen — Pllz2(Q), and Pn converges to p in L?; thus f (pn) converges 
to f(p) in L?. And in particular, any convex combination of f(p,) converges to 
f(p) in L2. 

Now let us take x, y in Q. 


| fCen(x)) — f(Pn(y)) IS & | Pn) — Pn) | (1.21) 


| FCen(x)) — F(Pn(y)) ISK | Vien lolx —y]. 


Under Rademacher’s theorem, for any integer n, the function f(,) is differentiable 
almost everywhere, and there is a positive constant depending on n, C,, such that 
| 2fXeed |< C,; then 24) € 17(Q) forany i=1,..,.d+1. 

Ditig again the inequality (1.21), one sees that 


| Of (Pn) I< k | OPn 
OX; OX; 


| forany i=1,...,.d+1, 


and then 


IV fend ie2¢aya+t S kMV Pn ll 2(qyat- 
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By Lemma 1.3.1, we have IV onl zacqyett < Clldiv(Hpn)ll12(9): 
This yields 


IV f(ondllzaquert < kClldiv(Hpn)llz2(9)- (1.22) 


Since (~,) converges to p in H(u, Q), we get lIdiv@on)Il 22°) converges to 
\\div(ap) Ilx2(Q): And we can conclude that (f (,)) is bounded in H'(Q). 

And more, we have (f (,,)) is bounded in H! (Q). Then there is 0 € H! (Q) such 
that (f(n)) converges to 6 weakly. Thanks to Mazur’s lemma, there is a convex 
combination of the sequence (f(p,)), denoted 6, that strongly converges to @ in 
H '(Q)and then in L2. And the same convex combination converges to f(p) in 


L?(Q). 
Under uniqueness in L?(Q), we have f(o) = 6 but 0 € H! (Q). This ensures us 


that f(p) € H'(Q). 
Passing to the limit, the inequality (1.22) yields 


IV Fol zaqen < kClldiv@p)Il,2(9)- 


oO 


Lemma 1.3.3 Let f : R — R be a k-Lipschitzian function, C be a bounded 
subset of H(u, Q), and (pn), (Cn) be sequences in C. Denoting by c the weak limit 
of (Cn) in Ho(u, Q). We have 


i f (pn)div(i(Cn — c))dxdt —> 0. 
Q 


Proof Since C C H(u, Q), (Pn), (Cn) are sequences of C, there are M > O and 
c € H(u, Q) such that 


lIdiv@pn)lli2(Q) <M (1.23) 
and 
Cn — c faiblement dans H(u, Q). (1.24) 


Using the curved Poincaré inequality (1.23), we have 
llenllnz(9) < MVA (1.25) 


| fen) ISK | pn | +1 fO)1- (1.26) 


Thus (1.25)—(1.26) yield a constant C(1.27) such that: 
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Il fn dIln2¢@) S 1.27): (1.27) 


In another way, by Lemma 1.3.2, there exists a constant C > 0 such that 
IV fon dIlz2(qyatt < Clidiv@pn)llz2(9)- (1.28) 
From (1.23) and (1.28), we have the following estimation 
IV Fen) Il2(qyti < CM. (1.29) 


Relations (1.27) and (1.29) imply that the sequence (f(,)) is bounded in H ! (Q). 
Then, by Rellich’s theorem, even if it means extracting a subsequence, there is F € 
L?(Q) such that 


f (pn) —> F strongly in L7(Q). (1.30) 
From (1.24) and (1.30), we get 
(f (On), div@(cn — c))) —> (F,0) = 0. (1.31) 


Finally, we have 


‘ f (pn)divGi(cn —c))dxdt —> 0. 
Q 


Oo 


Having at hands these lemmas and using fixed Schauder’s theorem, we can proceed 
further to get existence and uniqueness results. 


Theorem 1.3.2 Let u € L®(Q) with div(u) € L®(Q) and cp € G_, f € 
W!-(R). Then the problem (1.8)-(1.9) has a solution in Ho(u, Q, 0Q_). 


Proof Since cp € G_— changing the source term if necessary, we shall assume that 
cp = OondQ_. 

Existence. 

The proof is relied mainly on the Schauder’s fixed theorem. 
Step 1: We first have to choose a bounded subset X of Ho(u, Q,dQ_) and a 
mapping T : X — X. To achieve this aim, for all op € V, under Lemma 1.3.2, 
or since f € W!-°(R), we have f(p) € L?(Q). Then by Theorem 1.2.4, there 
exists a function c € Ho(u, QO, dQ_) such that 


[ Goceaiomyarar = f f (p)div(id)dxdt for all ¢ € Ho(u, 0, Q_). 
Q QO 


Moreover, | ¢ |1,v< Il f()Ilz2(Q)- 
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Since f € W!(R), we have | ¢ |i.u<! f leo] Q [2 . 
Let us define T : Ho(u, 0, 0Q_) > Ho(u, Q, 0Q_) such that c = T(p). 
Solving (1.39) is equivalent to show the existence of fixed-point theorem of T. 
Let us proceed further and choose a convex set X as follows: 
X= {¢ € Hou, Q,9Q_-),1 6 lins M} 
when M is to be precised later. 
1 
| Te |1u=l¢ liu! f lee] Q |?, forall p € X. 
Thus, choosing M =| f |_~| Q 12, the following inclusion yields 
T(Holu, Q,dQ-)) CX 
and then 


T(X) CX. 


So we will consider T : X > X. 
Step 2: Thus T is continuous. Oo 


Proof of Step 2 Then a computation yields 


lor 02 N= [ f (pi)div(@i(c) — c2))dxdt — [ f (p2)div(i(c) — c2))dxdt 


ler —e2 [T= / (f (pi) — f(o2))div(@(c1 — c2))dxde. 
Q 
By Young’s inequality, we get 
ler — 2 nS IF (on) — FlodIlzacgyldiv@er — c2))Ih 22°): 
Since f € W!-*(R), we have 
If Gn — Fler)Ilz2(@) SIF eel Met = pellzecg)s 
and hence, 
|c1—c2 Fes f |i Cy | Pi — 2 |tul C1 — €2 |1u3 
finally, we get 


| Tei — Tp2 liu<| f lee ep | pi — 2 Ite - 
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Thus T is Lipschitz so continuous. Oo 


Step 3: X is a subset convex, closed in Ho(u, Q,dQ_), and T(X) compact in 
L?(Q). 


Proof of Step 3 It is clear that X is convex and closed in Ho(u, Q, dQ_). 
Let (c,) be sequences in T (X); then there exists (p,) sequence in Ho(u, 0, 0Q_) 
such that 


? AGE dupa S / F(pn)div(iip)dxdt V$ € Ho(v, 0,90). 
Q Q 


(1.32) 
Since (c,) bounded in Ho(u, Q, 0Q_), then there exists c € Ho(u, O,dQ_) 
such that 


Cn — c weakly in Ho(u, Q,dQ_), 


then div(a(Cp —c)) + 0 weakly in L?(Q), and in particular, 


/ div(a(cn — c))div(a(c))dxdt —> 0 (1.33) 
Q 


Cn — CMiy = Ildiv@ien — ©))Ilz2¢g) = i div (Cn — c))div(@(cn))dxde 
~ [Fae — c))div(ii(c))dxdt. (1.34) 
Using (1.32), we have 
lon 6 y= [ f(pn)EvG (Cy — )) dxdt — [ Tv Gi(c, — &)dTvGH(©))dxde. 
And by Lemma 1.3.3, even if it means extracting a subsequence, we have 
[ f (pn) divi(cn —c))dxdt — 0. (1.35) 


Equations (1.33) and (1.35) imply that 
| Cp — ec lu 0. 


oO 


Since X is convex, closed in Ho(u, Q, 0Q_), and T : X — X continuous, T (X) 
is relatively compact in Ho(u, Q, 0Q_). By Schauder’s theorem, T has a fixed point. 
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1.4 Existence and Uniqueness Result for the Penalization 
Version 


Let us consider the space 
(i) V = Hou, Q, 80-)N H'(Q), 
where H! (Q) is the usual Sobolev spaces, with the norm 
(i) IPI = Ibllz2¢9) + ld V@P)II72¢9) + IVOllZ2(9): 


From the curved inequality (1.2), one deduces that the following semi-norm 


~ ~ 1 
|b lv= (lldiv@O)II2¢9) + IVPllz2¢9y)? 


becomes a norm, equivalent to the norm given on Y. And the space V will be 
equipped with the norm |. |y . 

For any 4 € R, and f € L?(Q), we are going to study the following 
optimization problem: 


pa = Argmin J(c) + allVell7> = Argmin J,(c), (1.36) 
ceVv ceV 


(Q) 


where 
J(c) = 3( ; (div(fic) — dxdt). 
2\Jo 


Proposition 1.4.1 For any non-negative real number i. and f € L?(Q), the 
problem (1.36) has a unique solution. 
Moreover, for any d > 1, there exists a := a(A) such that | c |y< a|| fllz2Q)- 


Proof Since J), is strictly convex and Gateaux-differentiable, we have to show that 
there is a function c € V such that DJ, (c).6 = 0 for all d € V. 
An easy computation gives 


Dd(c).¢ = / (div(fic) — Advotaeyardt + > f VcVodxdt. (1.37) 
Q Q 
And we obtain the following weak formulation: 
i div(uc)div(av )dxdt +2 i VcVodxdt = / fdiv(ad)dxdt (1.38) 
Q Q Q 


for alld € V. 
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Let us now consider the bilinear form a,(.,.) : VY x V — R defined for all 
d,weVby 


an(o, Vv) = / div(ud)div(uy)dxdt + af VoVwdxdt 
Q Q 
and the linear form L : V — R defined for all ¢@ € V by: 
L(¢) = i fdiv(ad)dxdr. 
Q 
Thus the expression (1.36) can be written as follows: find c € V such that 


a,(c, o) = L(d) forall ¢ € V. 


Taking m = min(A, 1) > 0, we have 
ax(p, >) = dro) avat +2. f | Vo |? dxdt > m|¢ |? . 
Q Q 


Then a(., .), is V elliptic on the one hand. 
On the other hand, by using Holder’s inequality, we have 


| a.(¢, W) I< div @9)Il 22g lldiv@W)ll12(9) + AIVOll aQIIVVIlz2)- 


And the following estimate holds 


| ai.(¢, W) | < max(A, 1)(l|div@O) Il 2g ld v@W)|I 1:20) 
+ IVOllz2cayllV¥ Ilz2(@))- 


By taking C = max(A, 1) and using Cauchy—Schwarz’s inequality in R*, we have 
lal, WISCl¢ lvl w ly, forall ¢,y €V. 


And we conclude that a; (., .) is continuous. 
Let us now prove that L is continuous. 


| LP) I< Wf llzzcq)lldiv@)Il22¢9) 
so, 


| L(D) |< If llz2cay | @ lv - 


Since L is linear with respect to ¢, we get its continuity. 


1 Existence and Uniqueness of Solution for Semi-linear Conservation Laws. . . 17 


Hence by the Lax—Milgram’s theorem, there is a unique solution of (1.36) that 
satisfies 


min(1, A) | ca F< aa(ca, cx) =| L(ca) IS Wf llz2cgy Lea lv - 


So for A >= 1, we get the desired result | c |y< || fllz2(q)- 
| 


Theorem 1.4.1 Let 4 > 1 and f € W'(R). Then there exists function c, € V 
such that 


/ div(ic,)div(ud)dxdt+a i Vc, Vodxdt = / f (c,)div(id)dxdt for all 6 € V 
Q Q Q 


(1.39) 
foralld €Y. 
The solution is unique if. > 2T? | f' Feo (ay ZF 200) and div(u) = 0. Oo 
Proof 


A-Existence: 

The proof is relied mainly on the Schauder’s fixed theorem. 

Step 1: We first have to choose a bounded subset X of V and a mapping T : X > X. 
To achieve this aim, for all p € V, since f €¢ W'™(Q), f(p) € L?7(Q), then by 
Proposition 1.4.1, there exists a function c, € V such that 


/ div(ic,)div(ud)dxdt+ / Vo, Vodxdt = / f (p)div(id)dxdt for all ¢ € V. 
Q Q Q 


Moreover, | cx Iv< Il f()Ilz2@): 
Since f € W!'(R), we have | c, |y<| f |z~| [2 : 
Let us define T : V — VY such that c, = T(p). 
Solving (1.39) is equivalent to showing the existence of fixed-point theorem of T. 
Let us proceed further and choose a convex set X as follows: 


GEV. |blvs M, 


when M is to be precised later. And 
I 
| Tp |v=| cx lvl f lz! Q |?, forall p € X. 
Thus, choosing M =| f |_~| Q 12, the following inclusion yields 


TV) CX 
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and then 
T(X) CX. 


So we will consider T : X > X. 
Step 2: T is continuous for all 7 > 1. Oo 


Proof of Step 2 T can be written as composition of following application: 
L*(Q) — L*(Q) — V> L*(Q) 
pt—> f(p) = fopr> T(p) > T(p). 


By Caratheodory theorem, p +—> fp) = f op is continuous from L?7(Q) into 
L?(Q). And Lax—Milgram’s lemma gives the continuity of f op +> T(p) from 
L?(Q) into V.Using the curved inequality (1.2), it is easy to see that the injection 
p € Ve» p € L*(Q) is also continuous. 

Then T is continuous 


Step 3: X is a subset, convex, and compact in L?(Q). 


Proof of Step 3 


IPlle¢Q) = IPllzx@) + IVOllzxQ, YO € H'(Q). 


By the inequality (1.2), we have 


IP lio1¢9) < AF Mldiv GO) IF2¢9) FIV Ollia¢g)) = Ate) lolv Vee. 


Then X that is bounded in V is bounded in H! (Q). And by Rellich’s theorem, we 
know that H'(Q) C L?(Q) with compact injection so X is relatively compact in 
L*(Q). 

Moreover, X is closed in L?(Q). 

In fact, let x,, be a sequence in X with x, —> x € L?(Q); then x, is bounded in 
VY, which is a reflexive Banach space; then there is a subsequence x, that converges 
in the weak topology a (V, Y*) to x* € V. 

X is convex closed in the strong topology, then X is convex closed in the weak 
topology (see [8], Theorem 3.2), so we have x* € X. 

And from Mazur’s theorem, there are a convex combination of x,,;, themselves 
elements of X which converge strongly towards x* € X. 
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But these same convex combinations converge towards x € X in L*(Q). By 
uniqueness of the limit in L?(Q), we have x = x*. 
Furthermore, 
|v |lv< liminf | xn. |Jv< Ma.ex € X; 
therefore, X is closed in L?(Q). 


Since X is relatively compact and closed in (0); then it is compact in L?(Q). 
oO 


Since X is convex, compact in L?(Q), and T : X — X continuous, from 
Schauder’s fixed-point theorem, T has a fixed point. 
B-Uniqueness: 
Let , and p; be two solutions of 1.39, and we have 


[ | Hoon — BD) |? dxdt + fe | Fon — BD) [2 dxdt 
= [ (to) =F@ pan EO = moiaxde. 


By Young’s inequality, we have 
ree ay 1/2 S ~~) 1/2 )) 2 
+ lIdiv@(o, — PD) IIz2¢9)- 
Since f € W!-*(R), we have 
If (ox) — f @Ilz2~@) SI Ff Ieee Mla — Pallz2(Q)> 
and it follows that 
2Ildiv@i(or — PMIz2¢9) + 2AIV(on — PDlg2¢9) SIF’ Hwee ll — Pallz2,o) 
+ lIdiv@(o, — PY IIg2¢9)- 
Since div(u) = 0, Remark 1.2.1 yields 
lox — Pallia¢g) S47 7G, Vion — IIIZ2¢9)- 
And then, we have 
Bp 12 Uv Zz) ||2 
2\|div(u(oy — Plz 2(0) + 2A|V (0. = Prdilz2(0) 


<4T* | f" ow I@ Vir — IIq2¢9) + ldiv@On — DVi72¢9)- 
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By using Cauchy—Schwarz’s inequality, we have 


2Idiv@(ox — P))Mz2¢q) + 2AllV (ex — PII Z2¢0) 


<4T? | f! Foy lll g)llVCo — Dlja¢9) + lldiv@nr — BD) i329) 
lIdiv@(O, —P)IIp2¢q) FQA—4T* | Ff" [Loa@y lM Z2¢g IV Gx—PDIlz2¢9) <0: 


Thus p,, = Px provided that 4 > 27? | f’ Zo l@lF2¢g): 


1.5 Numerical Study and Simulations 


In this section, two numerical methods are presented for computing the solution 
of semi-linear conservation law problem (1.10). The first consists in using Picard’s 
iteration or Newton-adaptive for the linearization of the semi-linear problem. These 
linearized problems are discretized by using discontinuous Galerkin’s method of the 
STILS formulation (1.6) and continuous finite-element method for the penalization 
version (1.38). Moreover, a posteriori error bounds are established when Newton 
iteration is used. 

In the sequel, we shall assume that the function f is k-Lipschitz; then by 
Rademacher’s theorem (see [9] for more details), f is differentiable almost every- 
where. 


1.5.1 A Finite-Element Method for Semi-linear Conservations 
Laws 


Let us assume that the problem (1.8)—(1.9) admits a unique solution c € H tert (Q)N 
H(u, Q). In order to provide numerical approximation for computing the solution 
of (1.8)-(1.9) after linearization, we shall use a simple finite-element approximation 
that can be derived from the use of discontinuous Galerkin’s approximations of the 
space-time least-square formulation. This method is introduced in [10] for linear 
hyperbolic problem and [11] for Poisson problem. 

Let 7; be a regular partition of the domain Q more precisely a triangulation 
in which each element is a polygon (respectively, polyhedra) in two dimensions 
(respectively, in three dimensions). For k > 1, we consider the discontinuous finite- 
element space (see [10] ) 


Vi = { € L7(Q),¢ | T € O(T) VT € Th}, (1.40) 
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where Q;(T) is the space of linear polynomials of degree k in each variable on T 
and 


={¢¢L7(Q),6|T ¢ H**'(T)N Hu, T) VT € Th}. (1.41) 


It is easy to remark that V contains V;, and H+! (Q)N Hu, Q). Let &; be the set 
of all edges for d = | or flat face for d = 2 and ay = &,\0Q_. For T € Jy, let 
us denote by hx the diameter of K and px the supremum of the diameters of the 
inscribed spheres of K, h = maxhry the mesh size of 77. Let us suppose that 7, is 
shape regular, and also there exists two non-negative constants C a 42) and C mi 42) 
such that 


VTET,VeECT. (1.42) 


Moreover, for T € T;,, we introduce the following notations: 
En (T) = {E € &; EC AT}. 


For @ € Vy and e € Ep with e = OT, N OTr, T;, To € Tn, let we define [d] the 
jump of ¢ across e € &) as following: 


[d)=¢ lar, 11+ ¢ lar, 12 


and also 


[@,1)$] = , 11)¢ lar, +, 12)¢ lary, 


where 7 and 72 denote the unit outward vectors on 07; and 07», respectively. For 


e€ 0Q_, [6] = ¢ and [(u, 1)¢] = (Und. 


By considering the following bilinear form in V x V 


A(c, d) = x [ Goce drocoyaxar + > fac! [(u, n)c][(u, n)dlds 
TETh eceo” © 
(1.43) 
Since c € VV, then 


A(c, o) = > [ f (c)div(ag)dxdt+ > [ret [(@, n)cpl[@, Nd]ds Vd € Vp. 
TETh ecdQ_ 
(1.44) 
The corresponding approximation of (1.44) is called in ([10]) simple finite-element 
methods. It is easy to see that the bilinear form 


IIPllbg =A, 9) + Ilo, e+ 
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defines a norm in V. Moreover, we have where 


lelrneti = >. lolgaar (1.45) 
TETh 
Ag, W) < IlbllpallvllpcY vg EV. (1.46) 


As in [12], we shall use the following abbreviation x < y for signifying x < Cy 
for some constant C > 0 independent to the mesh size h and . Let Py, be the L? 
projection onto V;,; we have the following results, see [13] for more details. 

There exists a constant C (1.47) > 0 such that for all p «e V 


Vo — Papyilo.r < Cann lolesir (1.47) 
for all T € Tj, and 
lo — Paellor < Cy anh ples. (1.48) 


It is also proved in [14] that there exists a constant C(j 49) independent of the mesh 
size h such that for any T € Jj, ande C OT, we have 


llolle < C49) (hole + AllV plz). (1.49) 


Finally, we deduce the following approximation lemma. 


Lemma 1.5.1 For all p € V, 
le — Papllog <h* llolla,.e+1 ¥ T € Tn. (1.50) 


Proof 


llo—Prollbg = >) [ div(i(p—Pnp))dxdt+ )~ 7 he" IIL@,7)(o— Pr p)Illds. 


TETh ec&), * © 


By theorem (1.2.1), (u,7) € L™(9T), then it follows from (1.49) and (1.42) 


/ he LG, R)(o — Pap ill’ds < CP 49h NG, Miley i IIo — Pro)illds. 
e e 


(1.51) 
This and (1.49) yield 


/ IMG, H)(p — PrpyiiPds < ACP 4 IG, WIln~(@Cq_49) hl — Proll 
e 


+ |V(o — Prp)il>)- (1.52) 
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And from (1.47) and (1.48), it follows 


7 IL@, 7)(o — Pap)ili?ds < c.53yh" lpleysr> (1.53) 
where 
€(1.53) = C1.49)Ca.4nC 4a l@, A)IIL~(e)- (1.54) 
We also have from triangular inequality 
lIdiv(o — Php)ilr < \@V(p — Pap))\ir + lIdiv@)(p — Pap)llr. (1.55) 


Since uv € L©(T) and div(u) € L™(T), we get from (1.47)-(1.48) 


lIdiv(o — Paodilr S C1 .47)%u.157) A lelesi.7), (1.56) 

where 
1.57) = max {||div@)z~cr), |Olllallz~y}- (1.57) 
From (1.53) and (1.56), we get the result. oO 


1.5.1.1 A Finite-Element Method and Picard’s Iteration 


Let f be ak-Lipschitz function in R with k < x. In this case, the solution c” can be 
Pp 

computed by using the Picard iteration of some linear problem. The Picard iteration 

in this context is given by the following scheme: 


Algorithm 


* Start STILS-MT1 with some given C°. 


¢ Compute a 4, from et such that 


Ach. dn) = Dy f fehydioGipnyarar 


TeTh 


+ Do PAL, DeollG, Menlds Von €Vn. (1.58) 
ecdQ_* © 
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1.5.1.2 A Finite-Element Method and Newton’s Method 


We suppose that the problem (1.8)-(1.9) has a unique solution V = H 2(Q) a) 
H(u, Q). Recalling (1.58), we can write (1.8)-(1.9) as follows: 


find c € V such that F(c) = 0, (1.59) 
where 


F:v—-vV 


(FO). by = Alc, 6) — / f (div (ig) dxdt 


TET) 


— 2 | NG. Meoll@, Molds Vb € V. (1.60) 


ecaQ_*® 


Given some initial guess c°, the classical Newton—Raphson’s method for solving 
equation (1.59), when F is differentiable and consists in generating a sequence of 
approximation that converges in the quadratic sense, to the exact solution as follows: 
cc V 
Pin tah ‘ (1.61) 
Cnt1 = Cn — F (Cn). F (cn) Wn € N*. 


This method is known to produce a chaotic behaviour when co is far to the desired 
root, see, for instance, (see[15]) for more details. In order to remedy the chaotic 
behaviour, the following Newton damping method is proposed (see[16]). In that 
case, (1.61) is written as 
Le ae er (1.62) 
Cntl = Cn — OtF (Cn). F (cn) Vn € N*. 


We shall use adaptive Newton—Galerkin’s method; more precisely, the damping 


parameter dt in (1.62) may be adjusted and adapted in each iteration. For illustration 
of the choice of dt, let us define the Newton—Raphson’s transform as follows: 


pt > Ne(p):=—F (p) |. F(p). 


By (1.62), we have 
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And we remark that (1.62) may be seen as a forward Euler scheme of the following 
ordinary differential equation: 


d 
q,°) = Nr(p(s)) ¥s p(O) = co. (1.63) 


If cy € V for all m > 1 and F is enough smooth, for instance, F (p)7! .F(p) exists 
for all o € VV, then we obtain the solution of (1.63) satisfies 


F(p(t)) = F(p()) exp(—1), Vt > 0. 


It is easy to see that F(p(t)) —> Oast —> 0. 

The adaptive Newton—Raphson (see [17]) consists in choosing the damping 
parameter dt, so that the discrete forward Euler’s solution of (1.62) stays reason- 
ably close to the continuous solution of (1.63). Finally, we obtain the following 
algorithm, see [12]. 


Algorithm 
Fix a tolerance €: 


(i) Start the Newton iteration with some initial guess co € V. 
(ii) In each iteration step n = 1, 2, ..., compute 


St, = min so 1 (1.64) 
= INe(cnilv? 


(iii) Compute c,+1 from (1.62) and go (ii). 


In the sequel, we suppose that f (Cn) exists for alln > 1, thus the sequels in 1.62 
are well-defined, and we have 


B(c, p,¢) =: (F (c)p, b)yx.y = Alp, $) 


-»\ i: f (c)\p(ab)dxdt for all ¢ eV. (1.65) 
T 


TeETh 
Let us define 
L(c, @) := (F(c), bye y 


with the previous notation (1.62) can be written as follows: given c, € ‘V, find 
Cn+1 € V such that 


B(cn, Cn41, 0) = Ben, Cn, &) — StnL (cn, d) for all @ € V. (1.66) 
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Let us now consider the following finite-element approximation: find c* ag 
from gl € V;, such that 


Bich, a g= Bcc", ae og) — bt,L(ch, ¢) forall 6 € Vy. (1.67) 
By introducing the following notation: 


clin, h), 


Cnt * Cay tO 5t,)ch (1.68) 
and 
fom (cg) = bt F (c*) + f(y _ a), (1.69) 
we have, from (1.66), 
pS i Tracie” divmpyavar + Y> fe Gel UGE. Meas 
sa. ecé? e 
= i f° (ch, )div@ip)dxdt 


TETh 


+) [ornc't (a, Mepll(@, Mdlds Vb € Va. 


ecdQ_ 


Let us define the following quantities: 


TT n in n ns 
ar = |\divGic®™) — f(cOr lor and Br = IF (ch.) — Fy llor 
(1.70) 
Oe = LG. MC" TIloe and Be = II[G, Tevlllo.e- (1.71) 
We also have the following result expressed by an inequality. 
Theorem 1.5.1 
x 3 3 
(8tn,h) k 2 2 “129 
jee ) Mey <h max (( > 67) sma (( > uf) ; eo hz 22) 
TETh TETh ecé? 
5 
(Dae B ?)’)). (1.72) 
ecé? 
Proof 


(F(c), b)yxy = (F(c), 6 — Pabbyy + (F(c), Phdbvey 
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Since P;, € V, from (1.66), it follows 


(F(R). Pale ay = f(t (chaa) = Fletin) )aFoaR dave, 


TETh 


and it follows, from Cauchy—Schwarz inequality in L2(T) and R? with gq = 
dim(Tx), 


(F(or”), Prblymay S >> WF (cha) — £m) Mlo,7 Il Padllo.r 


TET}, 


Fee”), Pad) ay 


3tn, 3 z 
< (0 1h) - Gr) ‘( » IPsolKr ) : 


TET, TETh 


Since P), satisfies )° ||Pa¢llo < dX llbllo,7 Yb € L7(Q) (see [8]), we have 


TET), TET), 
3 3 
PC”) Fela = ( y 6?) ( 013.7) (1.73) 
TETh TETh 
And using Lemma 1.5.1, we have 
FLT”), Prd) ol S ( 2 es) Wolly dee: (1.74) 
TET), 


(F(cet).b = Pablany = Do | (Bowel?) — (ce) 


TETh 


div(i( — Prb))dxdt 


+> [re La. UG. Ae — Prone 


ove 
ec&), 


28 


S. Kane et al. 


Ds | (div(iien)) — F(cru'i”)) div GG — Prd) dat 


TETh T 
1 
2 ae) 
< ( DS of) ( Y= [div @(o - P.b)13.7)2) (1.75) 
TETh TETh 
a] 
> i he [@ Ace bighhG, M( — Pro)|ds 
ecé) e 
; i 
< ( ~~ h'a2) ( So he GDH — rib IIB) (1.76) 
ecé? ecé) 
» / he'[@, AcolL@, 7)( — Pro) |ds 
ecaQ_*® 
3 : 
Es ( > ne' 82) ( So ae NG DG — oe) (1.77) 
ecé? ecé) 


The inequalities (1.75)—(1.77) yield 


(es). — Pre)ayeey| <max (YO ak)” (0 tea?) 


TeTh ec&) 


1 


+ ( ~ he'62) Wo — Prdllpe- (1.78) 


‘0, 
ec&), 


Thus, it follows from Lemma 1.5.1 


Nie 


1 
(F(ee), & — Prd\qn al & max (( > oF) . ( y he'a2) 


TeTh ecé? 


ul 
+ ( > ne!) aol ave (1.79) 


ecé? 
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From (1.74) and (1.79), we deduce 


(F(or”), br 


cma (( Ea) am (Ee) (Ee) 


TET TETh 


Nie 


1 
+ ( y- ne'92)-) oli, a (1.80) 


‘0 
ec&), 


1.5.2. STILS for Semi-linear Conservations Laws 


In the following, we assume that the problem (1.39) admits a unique solution 
c € V := Apo(u, Q)N H*+1(Q), and we will omit the dependency of the 
function according to the parameter A. Our aims are to give numerical methods 
for solving problem (1.39) based on the classical finite-element approximation of 
STILS formulation and establish a posteriori estimations. For this, we shall first 
consider first a finite-element approximation based on quadrilateral mesh by starting 
with the following finite-dimensional spaces: 


VR) = {6 € C°(Q), 6 | K € On), (1.81) 
where K is the so-called reference element and OK is the space of polynomials 
of degree at most k in each variable, separately defined in K. Let S be a class of 
invertible affine mapping defined on K into R¢+!. For K = Fx(K) with Fx € S, 


the finite-element space can be defined by composition with the inverse of Fx as 
follows: 


V(K) ={p:K >R:p=/o Fx forsome p € V(K)}. (1.82) 


Let 7}, be a triangulation of Q such that each of its element is the transformation of 
K with some mapping in S. Thus we get the classical finite-element approximation 


Via={p:O>R:p|Ke V(K) for all K}. 


In order to obtain the CFL condition stability of STILS-MT1 (see [4]), we shall 
consider a strict rectangular mesh. Let 


Il: V —> V, such that Hq = q forall q € Qy (1.83) 


be a linear operator. 
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Let us recall the following approximation result proved in [18], pp 103, Corollary 
4.4.2. 


Lemma 1.5.2 Let us suppose that d < 2 and k > 1; then, there exist C such that, 
forall0<m<k-+1,c € H**!(K), the following inequality holds: 


k+l 
|c—TIIc |m.x< om Cn,a1¢ |k+1K - (1.84) 


The above lemma provides us the existence of C > 0 such that the following 
inequalities hold for any c € H(u,T)M Hel (7), 


llc — Hello,r < Ch* clear VT €Th, (1.85) 
and 

Vic — Me)|lo.r < Ch*|clesir ¥ T € Th. (1.86) 
As in the proof of Lemma 1.5.1, there is a non-negative constant C,, such that: 


lIdiv(a(c — Tc))llo,r < Cuh"\clezir VT € Th. (1.87) 


1.5.2.1 STILS and Picard’s Iteration 


In this section, we suppose that f is k-Lipschitz with k < +. Then the mapping 


c 


T defined by (1.11)—(1.12) is a strict contraction, and thus, we shall use Picard’s 
iteration algorithm for the linearization of (1.10)-(1.9). 
The Picard’s iteration in this context is given by following scheme: 


Algorithm 
* Start STILS-MT1 with some given C°. 


° Find c 41 © Va from c! by the formula 


[ Gioich, natomnyavar +3. | Vel, Vodxde 
Q Q 


= / (f(ch) — div@Cp))div@ign)dxdt V by € Vn. (1.88) 
Q 
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1.5.3 STILS Adaptive Newton Method 


Since the problem (1.39) has a unique solution, V = H*+1(Q) 1 Ao(u, Q). Then 
the problem can be written as follows: 


findc € V such that Fy (c) = 0, (1.89) 
where 
F, :V—S y* 


such that 
(Fi(c), bye t= iu div(uc)div(ud)dxdt — A [ VcVodxdt 
- [ f ()div(id)dxdt V 6 eV. (1.90) 
Since f is differentiable, then Fy is differentiable, and we have 
Bale, p. 6) = (F,(0)p, yey = [ div(ip)div(ip)dxdt — 2 , VpVodxde 
= [ f (c)pdiv ti) dxdt VoneYV. (1.91) 


Let us also define the following linear form in V 
.(p, b) = (Fi(p), b)vsv- (1.92) 
We assume that F is invertible, and inserting (1.91) and (1.92) in (1.62), we get 
Ba.(Cns Cn+1s 0) = BaCns ns @) — Stn Ly (Cn, b) for all 6 € V. (1.93) 


Let a be the finite-element approximation of cy (1.66). We obtain the following 
FEM adaptive Newton: 


Brlcns Cris) = Balen Cpe) — StnLa(cn, $) for all @ € Vi. (1.94) 
By introducing the following notation: 


oe ce oft) — 1 = bine (1.95) 
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and 
f° (ch) = bm fc) + f (DC, — 8), 


it follows from (1.94) the following result 
/ div(iic on" \div(tip)dxdt + 2 [ Vee VY bdxdt 
Q 
= i f° (ch, )div@ig)dxdt for all ¢ € Vj. 
Q 


We also get the following result. 
Theorem 1.5.2 


[neta <a*(( at) +( et) (E97) ) 


where 


Nie 


ar = | ((div(acr")) — £"(caMlor> 
br = | ia (fi) = Wea) lor and yr = | Ve lor- 


Proof 
(Fy (eC), 6) = [ (div (ae) — f (chs) divGid)dxdt 


+4 i Ven OV pdxdr. 
Q 


(1.96) 


(1.97) 


(1.98) 


(1.99) 


By adding and subtracting ¢, = I@ in (1.99) and using (1.97), the following result 


holds 


(Filet) 0) = [ (div(iiey i") — fener”) div Gd — 4) dar 


nh n 
#h [* chi Fg — Gy)dxdt + [ (2% (chy 


—f (™))divGidn)dxdt 
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I, ((div(weQn”)) — > (ch, 1) )div@(@ — bn))dxdt 


< > W((div(weOn)) — £2 (ch) lo,r div @b — $n))llo.r- 


Applying Cauchy—Schwarz inequality leads to 


[ ((dio(ite!)) — p> (ch, .)) dToM( — oy) deat 


TET), TETh 


and recalling (1.87), it follows 


[ ((div(tec@ry)) — f (cl, 1) div GG — $y))dxdt 


a 


al: 
«(> | (div (wer) — F(ches)Rr) ( a |droGd - &»)I8.r) 


33. 


(1.100) 


Nie 


(1.101) 


— 2 
Cu( DM (otal) = P(N) Mor) Mlblen.o- (102) 


TeTh 
Thus, 
f(a) — lett) aiceanasar « ( 
0 TeTh 


It also follows 


nb lk+1,0- 


(1.103) 


5ty,h an 5t,,h ~_ 
af Ven OV G — oxdrar <= () IVcer ‘or — d)Io2 
Q 


TETh 


Using inequality (1.85), the following estimation holds 


I 
Sty) g 
af Veh V(b — bn)dxdt < ut ( me v2) IPle+1.0- 


TETh 


It follows from (1.102), (1.103), and (1.104). 


I 


(1.104) 


(Fi (ce), 6) x m'(( > oa) + ( > ft) +2 > v2) )i@lus.0. 


TETh TET}, TETh 
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5th Sth,h 
Furthermore, ||Fi.(oo(""?)Ihve,v = sup(Fy (cr), $) and |ole+i.o < Ildllv, and 
then we get the results. Oo 


Since dt, = 1, if the adaptive Newton converges, || Fy ea || v« is a reasonable 


approximation; moreover, under certain conditions on f, we can show that ||c — 


Stn h : : Stn,h 
a ”|ly is equivalent to Fen Ive. 


1.5.4 Numerical Experiment 


Let we consider the following one-dimension hyperbolic conservations laws with 
linear convection and stiff source terms (see [19]). 


f(s) = —ps(s (s ;). 


and initial data 


lifx <0.3 


a ae > 0.3" 


The exact solution approaches the following waves solution w(x — t) with 


O if co(x) < 
o(x) = } 5 ifeo(x) = 
lifco(x) > 


NIFRIENIE 


Example 1.5.1 We first choose wz such that T is a contraction for instance “= ; 
and we will compute the solution of (1.8)—(1.9) by using Picard iteration and simple 
finite-element method and (1.39) by Picard iteration and STILS-MT. The mesh size 


of the space is 4 and the times step a5 which give 60 x 65 element in space-time. 


The solution is presented at t = i in Fig. 1.1. Oo 
Example 1.5.2. Let we choose now jz = 7 and compute the solution of simple finite- 
element method and STILS-MT1 with penalization 7 = 5 and using Newton— 
Raphson iteration for the semi-linearity. The mesh size of the space is 0 and the 
times step 35> which give 20 x 25 element in space-time. The solution is presented 
att = i oO 
Both numerical methods can be used to tame the spurious oscillations produced by 
STILS-MT and classical finite-element methods when advection problem is solved. 
In the case of simple finite-element methods, we have spurious diffusion for this 
semi-linear conservation; on the other hand, the same fact can be obtained when 
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T ¥ T T T T T T T ¥ T -0.2 T T T T T T T T T Tt 
0 01 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 0.5 06 0.7 0809 1 1.1 1.2 


Fig. 1.1 Left: Picard’s iteration with STILS-MT1 with penalization A = > Right: Picard’s 
iteration with simple finite-element method 


1.2 


1 


0.85 


-0.2 


T o4 T 7 
0 O14 02 03 04 05 06 07 08 09 1 0 0102030405 06070809 1 11 12 


Fig. 1.2. Left Newton-adaptative—Raphson’s iteration with STILS-MT1 with penalization A = 75, 
right Newton-adaptative-Raphson’s iteration with simple finite-element method 


penalization version is used, but it can be controlled by the parameter 1. Moreover, 
STILS-MT cannot be used for simple finite element and that gives an important time 
calculation. We can clearly see that STILS-MT with penalization provides effective 
methods for solving semi-linear conservation law numerically (Fig. 1.2). 
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Chapter 2 ®) 
Structural Stability of p(x)-Laplace oi 
Problems with Robin-Type Boundary 
Condition 


Kpé Kansie and Stanislas Ouaro 


Abstract In this chapter, a continuous dependence result on coefficients of solu- 
tions of the nonlinear nonhomogeneous Robin boundary-value problems involving 
the p(x)-Laplace operator is established. 


Keywords Generalized Lebesgue and Sobolev spaces - Leray—Lions operator - 
Weak solution - Renormalized solution - Thermorheological fluids - Continuous 
dependence - Young measures - Robin-type boundary condition 


2.1 Introduction 


Our work has for goal to study the convergence of sequences of solutions of 
degenerate elliptic problems with variable coercivity and growth exponents p,, of 
the form 


b(un) — divay(x, Vin) = fn = in Q, 
(Phy): (s)-2 

ayn(x, Vun).n = —|Un|?" Un on 02, 
where Q is an open bounded domain of RY (N > 3) with smooth boundary dQ and 
n is the outer unit normal to 0Q. Here, b : R —> Ris a continuous, onto, and non- 
decreasing function such that b(0) = 0; (an (x, €))nen iS a family of applications 
that verify the classical Leray—Lions hypotheses but with a variable summability 
exponent p,(x) converging in measure to some exponent p such that 1 < p_ < 
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Pn) < pe < wand (fr)nen C L!(Q). We show that the limit of this sequence of 
solutions is the solution of the following problem associated to the exponent p: 


btu) — diva(x, Vu) = f in, 


2.1 
a(x, Vu).n = —|u|?*u on dQ. 2.1) 


(Pb) : 


Andreianov, Bendahmane and Ouaro (see [1]) studied the structural stability of 
weak and renormalized solutions u, of the following nonlinear homogeneous 
Dirichlet boundary-value problem: 
b(n) — div an(x, Vuln) = fn in Q, (2.2) 
Un = 0 on 0&2, 


where (dn (x, &)) nen verifies the classical Leray—Lions hypotheses with the variable 
exponents p,(x) such that 1 < p_ < p,(.) < p+ < oo. Since the exponent p,,, and 
thus the underlying function space for the solution u,, varies with n, the convergence 
of weak solutions u, requires some involved assumptions on the convergence of the 
sequence f,, of the source terms. To bypass this difficulty, they used the technique of 
renormalized solutions. Indeed, the study of convergence of renormalized solutions 
of the problem (2.2) permits them to deduce convergence results for the weak 
solutions under much simpler assumptions on (f),)nen, in particular the weak oe 
convergence of f, toa limit f sufficiently regular so that to allow for the existence 
of a weak solution. Moreover, the structural stability results permit them to deduce 
also new existence results of solutions. 

This chapter is related to Robin-type boundary condition, so we cannot work in 
the space wy? Q) (Q), but in the space W!:?(Q). Therefore, Poincaré inequality 
does not apply. Nevertheless, we use in this chapter a Poincaré—Sobolev-type 
inequality. The technique of Young measures (see [10, 12, 14]) is essential for the 
convergence of the sequence of gradients of solutions. 

Problems with variable exponents p(x) and p,(x) were arisen and studied by 
Zhikov in the pioneering paper [23]. The study of problems involving variable 
exponent has received considerable attention in recent years due to the fact that they 
can model various phenomena that arise in the study of elastic mechanics, elec- 
trorheological, and thermorheological fluids (see [6, 18—20]) or image restoration 
(see [5, 13]). 

Let us give the outline of the paper. In Sect. 2.2, we introduce some preliminary 
results. In Sect.2.3, we prove the existence and uniqueness of the renormalized 
solution of (2.1) with L'-data f. In Sect. 2.4, we tackle the question of continuous 
dependence for renormalized solutions. 
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2.2. Preliminaries 


In this section, we do some assumptions on the model problem (2.1) and give some 
preliminary results. 


p : 2 —> Ris acontinuous function such that 1 < p_ < py < ©, (2.3) 
where p_ := int P) and p+ := aE BA) 
b:R—R ia continuous, non-decreasing, (2.4) 
and onto function such that b(0) = 0. 
a(.,.):Q*x RY —+ RY isa Carathéodory function with 
a(x, 0) = 0 fora.e. x € Q, (2.5) 
satisfying, for a.e. x € , the strict monotonicity assumption 
(a(x, ) — a(x, n)).(E — n) > 0 for all &,n € RYE An, (2.6) 
and the following growth and coercivity assumptions in &: 
Ja(x, €)] < CM) + 16/7), (2.7) 
a(x, €).§ > CEP, (2.8) 


where C, and C2 are the positive constants, and M is a non-negative function in 
LP’ (Q) with 1/p(x) + 1/p'(x) = 1. 


Remark 2.2.1 The condition (2.5) is a consequence of the continuity and the 
coercivity of a(., .). oO 


For the given exponent p, we denote by p’ its conjugate exponent such that 1 /p(x)+ 
1/p’(x) = 1 and by p* its optimal Sobolev embedding exponent such that 


Np/(N — p) ifp < N, 
p := 4 any real value if p = N, 
oo ifp>N. 


For any given k > 0, we define the truncation function 7; : R —> R by 


T(r) = max(min(r, k), —k). 
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We put 
1 ifz>0, 
sign(z)= 40 ifz=0, 
—lifz <0. 


The truncation function 7; has so the following properties: 
| 
[7 (z)| = min(|z|,k), lim %%(z) = zand lim —%j(z) = sign(z). 
k—00 k>0k 


For a Lebesgue measurable set A C Q, x4 denotes its characteristic function, and 
meas (A) denotes its Lebesgue measure. Also, we denote by measy_—1(B) or (B) 
the Lebesgue measure of B C 0Q. 

Let u : & — Rbea function and k € R, and we write {|u| < k} for the set 
{x € Q: |u(x)| < k} (respectively, >, =, <, >). 


We will also need to truncate vector-valued functions with the help of the 
following maps: 


5 re Xr if |A| < m, 
form > 0, hy : RY — R* hm) = pit Al > mm. (2.9) 


We have the following property (see [1, Lemma 2.1]). 


Lemma 2.2.1 Let hy,(.) be defined by (2.9) and a(x,.) be monotone in the 
sense (2.6). Then, for all dX € RY, the map m +—> a(x, hm(A)).Am (A) is non- 
decreasing and converges to a(x, A).A asm — 0d. Oo 


The exponent p(.) appearing in (2.7) and (2.8) depends on the spatial variable x and 
then requires so to work with Lebesgue and Sobolev spaces with variable exponents. 

We define the Lebesgue space with variable exponent L?“)(Q) as the set of all 
measurable functions u : &2 —> R for which the convex modular 


in / Iu dx 
CO 


is finite. If the exponent is bounded, i.e., if p_ < oo, then the expression 


i 
all py = Nell prog) = int | > 0: pp) (f <1 


defines a norm in L?“(Q), called the Luxembourg norm. The space 
(L?0 (Q), Il-llpo) is a separable Banach space. Moreover, if | < p_ < py < w, 
then L?“ (Q) is uniformly convex, hence reflexive, and its dual space is isomorphic 
to L?'O(Q). 
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Moreover, we have the Holder-type inequality 


if uv dx 


for all u € L?“(Q) and v € L?”(Q). 

W!-P©(Q) denotes the space of all functions u € L? ()(Q) such that its gradient 
Vu, taken in the sense of distributions, belongs to (LPO (Q))%. This space is a 
Banach space equipped with the following norm: 


< = (= + ). a) ll pc Wily > (2.10) 


Lely, oc) 2= Nell yt.00¢@ = Well yy # Vell pcp « 


The space (WEPO(Q), I-lli.pc) is a separable and reflexive Banach space; for 
more details on the generalized Lebesgue and Sobolev spaces, see [8, 15] and the 
references therein. 

In manipulating the generalized Lebesgue and Sobolev spaces, the following 
lemma (cf.[11]) permits to pass from norm to convex modular and vice versa. 


Lemma 2.2.2 [f un,u € L?(Q) and pz < ov, then the following properties 
hold: 


(i) Pp. (u/llull p(y) = 1 fu FO. 
(ii) Pp(j(u) < 1 (respectively = 1; > 1) ==> |lull pc) < 1 (respectively = 1; > 
1). 
(ii) ppy@) <1 = MIPS < pPpoW lal” 
(iv) ppcy(u) = 1 Mall?) < ppc w) < Mall? 
(v) |lunllp¢) > O (respectively > oo) => "Dn (Un) — 0 (respectively > 
oo). oO 


For a measurable function u : 2 —> R, we introduce the function 


Pipi) =| rar + f Vu |Pdx. 
° Q 


Then, we have the following lemma (see [21]). 
Lemma 2.2.3 [fu € W!:?(Q), then the following properties are true: 
Gi) Pip(.yU) < 1 (respectively = 1; > 1) <=> |lull1,p() < 1 (respectively = 
1;> 1). 
(ii) Pi, piu) < 1 => lu lle* pty = Pl, ptt) = Maly pc 


(ii) Pi pow =l1— ae S Pipo@ Ss anes 
(iv) Mnlli po — 0 (respectively > 00) => 11, p()(Un) > 0 (respectively > 
oo). oO 


One has below, imbedding result between Lebesgue and Sobolev spaces with 
variable exponent. 
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Proposition 2.2.1 (See [8,11]) Let p,q € C(Q) with p_ > 1. Assume that q(x) < 
p*(x) for all x € Q. Then, there is a compact imbedding W':P (Q) & L4(Q). 


In particular, there is a compact imbedding WP” (Q) > LPO (Q). oO 
Put 
(N — 1)p(@) . 
—_—_—__if p(x) < N, 
p(x) := (p(x)? :=4 N—-pa@ ? (2.11) 
oo if p(x) = N; 


then, one also has the following imbedding result. 
Proposition 2.2.2 (See [22]) Let p € C(Q) with p_ > 1. Ifq € C(dQ) satisfies 
the condition 

1 < q(x) < p*(x) Vx € AQ, 
then there is a compact imbedding W!:P\)(Q) <> L4(9Q). In particular, there is 
a compact embedding W'P (Q) > LPO (AQ). oO 


For any u € W!-P)(Q), we denote by t(u) the trace of u on dQ in the usual sense. 
Proposition 2.2.2 means that, for every 1 < p < o, the trace operator 


t 2 WIPO Q) > LPO (8Q), ut t(u) = Uae, 


is compact. 
The following result (corollary of Lebesgue-dominated convergence theorem) is 
very powerful to prove strong convergence results. 


Lemma 2.2.4 (Lebesgue Generalized Convergence Theorem) Let (fn)nen be a 
sequence of measurable functions and f a measurable function such that f, > f 
a.e. in Q. Let (gn)nen C L!(Q) such that for alln € N, |fn| < gn a@e. in Q and 


8n > g in L'(Q). Then, 
i tn dx — | fdx. 
Q Q 


We also recall a Poincaré-type inequality and a Poincaré—Sobolev-type inequality 
(see [17]). 


Lemma 2.2.5 There exists C; > 0 such that for allu € W!(Q), one has 


[mas sci (f Vulas+ f ido), 
Q Q dQ 


and there exists Cz > 0 such that for allu € W!-4(Q), 1 <q <N, one has 
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. q/q" q 
(/ |u|? ax) <C2 (/ |Vul? dx + (/ Wl do \ 
Q Q dQ 


where 1/q* = 1/q —1/N. Oo 


For the applications we have in mind, we will need the following theorem in which 
the results of (ii) and (iii) express measure convergence of some sequences. 


Theorem 2.2.1 (Young Measures and Nonlinear weak-* Convergence, cf. [1]) 


(i) 


(ii) 


(iii) 


Let QC RN, N EN, and (n)nen an equi-integrable sequence on Q of 
functions to values in R¢, d € N. Then, there exist a subsequence (Un, )keN 
and a parametrized family (vx)xeQ of probability measures on R4, weakly 
measurable in x with respect to the Lebesgue measure on Q, such that for all 
Carathéodory function F : Q x R? > R’, t EN, we have 


k>oo 


lim F(x, Un, (x)) dx = / F(x, 4) dv, (A)dx, (2.12) 
Q Q JR4 
whenever the sequence (F (., Un(.))) nen is equi-integrable on Q. In particular, 


v(x) = / Adv, (A) (2.13) 
RI 
Oo 
is the weak limit of the sequence (Un, )keNn in L'(Q), ask > ©. 
The family (vy)xeQ is called the Young measure generated by the subse- 
quence (Un, )keN- 
If Q is of finite measure, and (Vx)xeQ is the Young measure generated by a 
sequence (Uyn)nen, then 


(vy = by) .e.X € Q) <=> (vp, converges in measure on Q to vasn > &). 


If Q is of finite measure, (Un)nen generates a Dirac Young measure (5, «)) et 
on R@, and (Un)nen generates a Young measure (Vy)xcQq on R®, then the 


sequence ((Un,Un))nen generates the Young measure (Su(x) ® 9 ae on 
Rata, g 


Whenever a sequence (vy)nen generates a Young measure (1;)xea, following 
the terminology of [9], we will say that (v,)j,e~ nonlinear weak-* converges, 
and (vy)xeq is the nonlinear weak-* limit of the sequence (v,)yen. In the case 
(Un)neN possesses a nonlinear weak-* convergent subsequence, we will say that it is 
nonlinear weak-* compact. Theorem 2.2.1—(i) thus means that any equi-integrable 
sequence of measurable functions is nonlinear weak-* compact on &. 
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2.3 Renormalized Solution 


In this part, we define the notion of associated renormalized solution to the 
problem (2.1) and prove an existence and uniqueness result of renormalized solution 
for L'—data f. 

Let us put 


FPO (Q) := {u : 2Q —> R measurable such that %(w) « W!?(Q), for any k > 0}. 


Then, we define TPO (9) as the set of functions u € TE PO(Q) such that there 
exists a sequence (un)new C W!? (Q) satisfying the following conditions: 


(C1) Un — uae. in Q. 

(Co) VT&(un) —> VTj(u) in L'(Q) for any k > 0. 

(C3) There exists a measurable function v on 0Q such that u, — v on dQ. 

The function v is the trace of u in the generalized sense. In the sequel, the trace 
of u € T;,?(Q) on dQ will be denoted by tr(w). If u € W'?O(Q), then tr(u) 
coincides with t(u) in the usual sense. Moreover, for u € TP 0) (Q2) and for every 
k > 0, t(T%(u)) = T(tr(u)), and if @ € WEP (Q) MN L™(Q), then (u — o) € 
Ti? (Q) and tr(u — ¢) = tr(u) — tr(@) (see [2, 3] for more details). 

Remark 2.3.1 We will use the same notation u for u and its trace when there is not 
an inconvenience. oO 


The following proposition (see, e.g., [4]) is useful because it allows us to give a sense 
to the definition of the renormalized solution for problem (2.1) (see Definition 2.3.1 
below). 


Proposition 2.3.1 Let u € T':?\(Q). Then, there exists a unique measurable 
function v : Q —> RN such that 


VIk(u) = vX{\uj<k}, for allk > 0, 


where xg is the characteristic function of a measurable set E. The function v is a 
generalized gradient and is denoted by Vu (weak gradient of u). If, moreover, 


u belongs to W!PO(Q), then v belongs to (LPO(Q))” and coincides with the 
standard distributional gradient of u. oO 


Let us also set 
S := {S € W!*(R) such that suppS is compact}. 
The following function, 


1 if |z| <k-1, 
fork >0,S,:27€Qr> Lk—|zlifk—-1<|z| <k, (2.14) 
0 if |z| > k, 
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is an example of function in S that will be used a lot in the sequel. Note that 
this function is non-negative with suppS, = [—k, k], and suppS;, is contained in 
[—k, —k + 1] U[k — 1, k] and that the sequences S; and Si, are uniformly bounded 
by one. 

Now, we give the definition of renormalized solution for problem (2.1) under the 
assumptions (2.3)-(2.8). 


Definition 2.3.1 A measurable function u : Q — R is a renormalized solution of 
problem (2.1) if: 


For all k > 0, T(u) € WP (Q); 
there exists v € L?\)—!(@Q) such that for a.e. k > 0, one has T,(v) = t(Ti(u)); 
b(u) € L'(Q); 


lim a(x, Vu).Vudx = 0, (2.15) 
ko Sk <|ul<k+}} 


and, for all § € S and for all 6 € WP? (Q) N L®(Q), 
/ S(uja(x, Vu).Vgddx +f S'(u)a(x, Vu).(Vu)odx + i: b(u)S(u)ddx 
Q Q Q 


+f S(u) |u|? *ugddo = fS(u)odx, (2.16) 
dQ Q 


where do is the surface measure on dQ. oO 


Remark 2.3.2 All the integrals in (2.15) and (2.16) make sense. For the third and 
fifth integrals of (2.16), it is clear. We focus our attention on the other integrals. 
As the support of S is compact, we can write suppS C [—k,k] with k > 0. So, 
one has S(u)|u|?-2u = S(u)|T(u)|P-2T%(u), and as Tr(u) € WEPO(Q) So 
LPO(GQ), then T(u) € L?\(@Q), and so |Te(u)|?-2%(u) € LP’). 
Also, as ¢ € WEPO(Q) & LPO (AQ), then we have S(u)|T(u)|? 7 (wd € 
L'(9Q) by Hélder-type inequality, and the fourth integral of (2.16) makes sense. 
Moreover, as suppS C [—k,k] and thanks to Proposition 2.3.1, we can replace 
the terms Vu by V7j(u) in Eq. (2.16). Since (wu) € W!?(Q), then, by 
the growth assumption (2.7), the term S(u)a(x, Vu) is in LPO), and so, the 
terms S(u)a(x, Vu).V@ and S’(u)a(x, Vu).Vu both lie in L'(Q) by Holder-type 
inequality. Thus, all the terms in (2.16) make sense. 

For the integral in (2.15), one can replace Vu by V7j%+1(u) thanks to Proposi- 
tion 2.3.1, and so, by Hélder-type inequality, x(x <|u) <k41;a(x, Vu).Vu € L'(Q). 
Hence, the integral in (2.15) makes sense. 

Notice that we do not require explicitly that u € TP Om) in the definition 
above because we can replace it by the technical hypothesis: 

“There exists v € L?~-!(9Q) such that for ae. k > 0, one has T%(v) = 
t(Tk(u))” 
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for the analytic interpretation of the trace of uw such that T;(u) € Wl PO(Q) 
(see [4]). oO 


The following theorem guarantees the existence of the sequence of renormalized 
solutions associated to problems (Pb,). 


Theorem 2.3.1 Assume (2.3)-(2.8). Then, there exists at least one renormalized 
solution u of the elliptic equation (2.1). Oo 


For the proof of existence of solution, we recall the definition of the weak solution 
of the elliptic equation (2.1) for data f € L°(Q). 


Definition 2.3.2 (See [16, Definition 3.1]) Let f € L°°(Q); a measurable function 
u: Q — Ris a weak solution of (2.1) if u € W!?(Q), btu) € L®(Q), 
|u|? 24 € L© (dQ), and 


[ac vw.voax+ | burg ax+ | Pup do = f fodx, (2.17) 
Q Q AQ Q 


for alld € WIPO (Q). Oo 


2.3.1 Proof of Theorem 2.3.1 


The proof of existence of a renormalized solution of (2.1) is done in three steps: first, 
we introduce approximating problems for which existence of weak solutions u,, is 
obvious; second, we establish some basic convergence results; third, we prove that 
these approximate solutions u, tend, as n goes to infinity, to a measurable function 
u that is a renormalized solution of the problem (2.1). 


2.3.1.1 Approximate Solutions 


Proof of Theorem 2.3.1 Let f, = Tn(f) for all n e€ N; let us consider the 
approximate problems 


ie acdc? =fn in, (2.18) 


a(x, Vun).n = =|, |PO-2u, on 02. 


One has f, € L(Q), so according to Theorem 3.2 in [16], the problem (2.18) 
admits a weak solution up, ie., Un € W'?(Q), b(n) € L®©(Q), |un|?~2un € 
L® (dQ), and 


[acs vun.vods + | bine dx + [ in Pune dar = f fro dx, 
Q Q 0Q Q 


(2.19) 
for alld € WEP (Q). 
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We are going to prove that the sequence of these approximated solutions uy, 
converges to a measurable function u that is a renormalized solution of the limit 
problem (2.1). Note that the sequence of the terms f,, converges strongly to f € 
L!(Q). Moreover, we have 


II fullzicay S If llzi(ay, for alln €N. 


2.3.1.2 Convergence Results 
The following proposition (see the propositions 4.9 and 4.12, see also the relation 
(4.70) in [16]) will be useful in the sequel. 


Proposition 2.3.2 Assume that (2.3)-(2.8) hold true, and let uy be the weak 
solution of (3.6); then: 


The sequence (un)nen is a Cauchy sequence in measure. In particular, 
(i) 4 there exist a measurable function u and a subsequence still denoted (un) nen 
such that u, —> u in measure and uy, — u a.e. in Q. 
(ii) Forallk > 0, VT;,(un) converges to VT, (u) in (LQ, 
(iii) Forallk > 0, a(x, VI,(un)) converges strongly to a(x, VTx(u)) in (L!(Q))% 
and weakly in (LP (Q)). 
(iv) Uy converges a.e. to some function v on dQ. 
(v) |un|? uy, converges strongly to |u|?“ -2u in L'(9Q). oO 


Remark 2.3.3 For any k > 0, the sequence (7% (uy))nen is uniformly bounded in 
W!-P(Q) (see [16, Lemma 4.8]). Then, we can assume, up to a subsequence, that 


Tk(Un) — Tew) in WEP (Q), 
and by the compact imbedding of W!-? (Q) in LP (Q) and in L? (8Q), we have 
Ty(un) > Ti(u) strongly in L?(Q) 
and 
T(Un) > Tu) strongly in LP (dQ). 
The function v in Proposition 2.3.2—(iv) is defined on dQ by 


u(x) = Te(u(x)) if x € AQ with |T(u(x))| < k, 
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moreover, 7; (un) —> Tx (u) a.e. on 0Q, and we have so v(x) = u(x) a.e. on 0Q. 
We also have the following convergence result. 


Lemma 2.3.1 For all k > 0, the sequence a(x, VTx(un)).VTxK(un) converges 
strongly to a(x, VT(u)). VT, (u) in (L'(Q))%. oO 


Proof We use Vitali’s theorem to get this strong convergence in L!(Q). 
By Proposition 2.3.2, one has 


a(x, VTK(un)).V Tk (un) — a(x, VT (u)). VT (u) ae. in Q. 


Moreover, by Holder-type inequality, we get, for E C Q, 
i a(x, VIk(un)).V Teun) dx < 2 |la(x, VI Un) pe'o(@) IV Tk Un) XE I eeoay . 
E 


But, the sequence (a (x, VTx (un))) nen is bounded in LP'O(Q) because it converges 
weakly in L?O(Q) and (VTin)?) pany 
(V7 (Un) nen converges weakly in LP (Q). So, 


is equi-integrable in Q because 


lim i |V Ti (un) |? dx = 0. 
meas(E) JE 


Therefore, by Lemma 2.2.2, || V7 (Un) XEllLpO(Q) > 9 as meas(E) — 0. Hence, 
one has a(x, V7I,(uyn)). VI, (uy) that is equi-integrable in Q, and so, by Vitali’s 
theorem, one has the result. oO 


2.3.1.3 Existence of Renormalized Solution 


Lemma 2.3.2. The function u verifies the renormalized formulation (2.16). Oo 


Proof Let ¢6 © W'P(Q) N L®(Q) and § € S. We take S(un)@ as test function 
in (2.17) to get 


i. S’(un)a(x, Vun).(Vun)o dx +f S(uy)a(x, Vun).Vod dx 
Q Q 


r i, pusesedes i ln|?©2uy S(ty) do = i. fa S(un)o dx. 
Q dQ Q 
(2.20) 


As suppS C (—k, k) for some real number k > 0, Vu, can be replaced by V7; (uy) 
in (2.20), and we get 
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/ 5! (utp)a(xe, VT qty). Tella) dx + i: S(utp)a(c, VTe(itn)).Vo dx 
iC) Q 


+f banrscunrb dx f hunt? u Strode =f frStundb de. 
Q aQ Q 

(2.21) 
By definition, the function S is continuous and suppS is compact, so the sequences 
S(un) and [Un |PO-2unS (uy) are bounded. The function b is continuous, non- 
decreasing, and b(0) = 0, so the sequence b(u,)S(uy) is bounded. Moreover, 
the sequences b(uy)S(u,) and \un ||P Aun S(Un) converge almost everywhere, 
respectively, to b(u)S(u) and \ujP™ -2uS(u), respectively, in Q and on 0. 
Thus, by Lebesgue-dominated convergence theorem, the sequences b(u,)S(uy) and 


|Un|?“-* un S (un) converge to b(u)S(u) and |u|?“-2u S(u), respectively, strongly 
in L'(Q) and in L'(4Q). One has so 


lim i bun) Stun) dx = | b(u)S(u)o dx 
n—->oo Q Q 
and 
lim lun | 7 un S(un)b do = / [uP 2S (uj do. 
NO JAQ aQ 


By Proposition 2.3.2-(ii), one has a(x, V7x(uy,)) that converges weakly to 
a(x, VT%(u)) in LP'O(Q), and as S(u,)V@ converges strongly to S(u)V@ in 
LP“) (Q), we deduce that 


lim if Sun ate, VTa(un)).6 dx = | S(uja(x, VI (u)). Vo dx. 
n—->oo Q Q 


By Lemma 2.3.1, a(x, VT%(un)).V7Tk(un) converges strongly to a(x, V7;(u)). 
V7j.(u) in L'(Q). So, 


lim i: S’(un)a(x, VT%(un)).V Tk (un) dx =| swat. VT, (u)). VI (ud dx. 
n—->oo Q Q 


Now, we are interested in the right-hand side of (2.21). Since f, = T,(f) converges 
strongly to f in L'(Q), then we conclude that 


lim, | frSurodx =f fswredx. 
n—->oo Q Q 


Thus, passing to the limit in (2.21), we get that u verifies equality (2.16). oO 


Lemma 2.3.3 The function u respects the estimate (2.15). Oo 


50 K. Kansie and S. Ouaro 


Proof Let us take @ = Ty+1(un) — Tk (un) as test function in (2.17) to get 
[a0 Vn) 0 ai (tn) = Tiletn)) dx +f Bln) (Tis a) = Tela) a 
Q Q 


+ i e [en Pn (Tee Un) — Ten) do = [ fa(Th41 (Un) — Te(Un)) dx. 


(299) 


sign(z) if |z) >k+1, 
One has Ty41(z) — T(z) = 4 0 if |z| < k, 

z—ksign(z) ifk < |z| <k+1. 
The test function 7,41 (Un) — Tk (un) has a support contained in the set {|u,| > k}, is 
bounded by one and has the same sign that uv, which has the same sign that b(u,) as 
b is non-decreasing and b(0) = 0. So, un (Tk41 (Un) — Tk(un)) and b(un) (The Un) — 
Tx (Un)) are non-negative. We also have V (7x41 (Un) —Tk(Un)) = VunX{k<|un|<k+1)> 
and so, the equality (2.22) gives 


i a(x, Vun).Vuy dx < / | fn| dx. (2.23) 
{k<|un|<k+1} {\un|=k} 


The sequence (fy)nen is equi-integrable on Q as it converges strongly in L'(Q). 
It is sufficient to prove that meas({|un| => k}) converges to zero as k goes to 
infinity uniformly in n. For that, we take 7;(u,) as test function in the weak 
formulation (2.17) to get 


/ a(x, VTi (un))-V Th (un) dx + / b(n) Tk (Un)dx + : |un Pun Tk (Undo 
Q Q dQ 
= / fn Tk (Un) ax. (2.24) 
Q 


As a(x, VTx(un)).V Tx (un) is positive by (2.6) and as b(un) Tx (un) and un Tk (un) are 
positive since b and 7; are non-decreasing and b(0O) = 7% (0) = 0, so, from (2.24), 
we get 


. pusnides i faTe(un) dx, (2.25) 
Q Q 
which gives 


/ b(utn) Tettn) dx < y Gis (2.26) 
{|un|=k} Q 
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Since b is non-decreasing and b(0) = 0, then |b(u,)| = min(b(k), |b(—k)|) on 
{|un| = k}, and (2.26) gives 


min bt) 6B) f eS [ frtienas, 


|Un|=k 
which becomes 
k min(b(k), |b(—k)|)meas ({|un| = k}) < KIS Ilia, 


since |T;(Un)| = k on {|un| = k} and || fallticay < If ilziqa)- 
Thus, 


Il fll z1ay 
min(b(k), |b(—k)]) 


meas ({|un| = k}) < > 0, ask —> ov, (2.27) 


since b is non-decreasing and onto and so has an infinity limit at infinity. 
Hence, by (2.27) and the equi-integrability of f,, the right-hand side of (2.23) 
tends to zero uniformly in n as k — oo. So, by the monotonicity (2.6), one has 


lim sup | a(x, Vun).Vundx = 0 
{k<|un|<k+1} 


k>oo n 


or 


k—>oo n> Co 


lim im a(x, Vig (n))-VTet1 Un) Xtk<luglck+1}dx = 0. (2.28) 
Q 


Let 

Dyk = A(X, VTK41(Un))-VTe41 Un). 
According to Lemma 2.3.1, Dn.x¢ — a(x, V7Tj41(u)).VTk41(u) strongly in L(Q). 
Moreover, as uy converges a.e. to u by Proposition 2.3.2, so by the continuity of 


X(k,.k-+1)U(—k—1,—-k) (.) on the image of Q by u(.), we conclude that, asn — ov, 


Xtk<|unl<ktL) = Xk kEDU(—k-1,-k) Un) > Xk K+ DUH k-1,-k) (W) 


= Xtk<lul<k+1} ae. in Q. 


Indeed, x(x ,4+1)U(—k—1,—k) (-) 18 continuous if meas ({|u| = k}) = 0 forae.k > 0. 
But, for all n, one has 


1 1 
{ime =k ;| C {|un| =k — 1pU {i740 —T(u)| > A 
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and so 
meas (fire >k— I) < meas ({|un| = k — 1) 


+ meas (finn — T(u)| > st) : 


From (2.27) and as T; (u;,) converges to T;, (uw) in measure in &2, one gets, asn — oo, 
1 
meas ({|u| = k}) < meas | }|T;,(u)| ahs < 0 = > meas ({|u| = k}) = 0. 


Now, one has 


Dn ke > a(x, VIe41(U)).V Th 41(u) strongly in L'(Q), 
Dn kX {k<|un|<ktl} > a(x, VTe41()).V Tk41 @) Xtk<|uj<k+1} ae. in Q, and 
| Dak Xtk<lun| <k-+1} | < Dak € L!(Q) a.e.in Q, foralln EN. 


So, by the Lebesgue generalized convergence theorem, we can write 


lim Daaxtiecinlcken d= f aCe, VTi W)-VTev W) Xie cken a 
Q Q 


noo 


(2.29) 
Now, coming back to the equality (2.28), we get the equality 
lim a(x, Vu).Vudx = 0, (2.30) 
k> 00 S{k<|ul<k+} 
which proves Lemma 2.3.3. oO 
Lemma 2.3.4 The function u is a renormalized solution of (2.1). o 


Proof From Proposition 2.3.2 and Remark 2.3.3 and results of [2, proof of Theorem 
3.1], one has T(u) € W!:P (Q), and there exists a function v € L!(9Q) such that 
Un > vae. on dQ and 7(v) = t(T;,(u)) a.e. on dQ for all k > 0. Now, taking 
¢ = sign(uy) as test function in the weak formulation (2.17) for un, we get 


[ b(un)sign (un) dx + / In|? 2unsign(n) do = i fasign(un) dex, 
Q dQ Q 


which implies 


/ lun! |uy| do <I flare) (2.31) 
dQ 
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By Fatou’s lemma, as n — 00, (2.31) gives 
[rial do = IF las 
IQ 


which means that |u|?°)-2u € L'(4Q), ie, v € LP! (AQ). 
Now, we prove that b(u) € L'(Q). By (2.26), one has 


/ Ibun)| dx = / uate / \b(un)| dx 
Q {|un|<k} {|un|=k} 
< max(b(&), |b(—k)))meas(Q) + Ifllz@- 


Therefore, ||b(un)Il71(q) 1s uniformly bounded. One also has, by the continuity of 
b, b(n) — bu) ae. in Q. So, Fatou’s lemma gives us 


/ |b(u)| dx < timint [ |b(uy)| dx 
Q nN—-> Oo Q 
< max(b(k), |b(—k)|)meas(2) + |] fl zt (ay - 
Hence, b(u) € L'(Q). Also, thanks to lemmas 2.3.2 and 2.3.3, we conclude that u 


is a renormalized solution to the problem (2.1). 
This ends the proof of Theorem 2.3.1. oO 


Now, let us go to the uniqueness of the solution of problem (2.1). 


2.3.2 Uniqueness of Renormalized Solution 


Theorem 2.3.2 Assume (2.3)-(2.8), f € L'(Q). Then, there is uniqueness of the 
renormalized solution to the problem (2.1). oO 


Proof Let k,h > 0 and uw; and uz be two renormalized solutions of problem (2.1) 
associated to the same data f € L'(Q). As T,(u2) € WEP (Q) MN L™©(Q), then 
one has Tj (uy, — T,(u2)) € WP (Q) MN L®(Q) that can be taken as test function 
in (2.16) for wu. Similarly, we can take 7; (uz — Ty; (u1)) as test function in (2.16) for 
uz. Upon addition, we get 


/ Sur (uate, Vier).V Ger — Treg) ax 
{|u1—Th (u2)|<k} 
+ / Suna, Vid. VOn = Tun) de 
{|u2—Ty (u1)|<k} 


+ [ Suseerrats, Yay.coan Tela — Tyler) dx 
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na [ Suterrace, Yun).(ua) Tal — Th (uy)) dx 
4s [ Sm Uy )b(Uy) Th (uy — Th (up)) dx + [ Sm U2)b U2) Th (u2 — Th(u)) dx 
re ie: Su (uy)|u P2704 Tey — Ty (u2)) do 
4: [. Sy (uz) |uz|??u2 Te (uz — Th (uy)) do 
= [F(Swuryticu = Than)) + SwluayTaur = THus))) dx, 232 


where (Sj) is the sequence of functions in S defined in (2.14). While M and k are 
fixed, h can be sent to infinity. Define the sets 


Ey := {|uj—u2| <k, |u2| < h}, Eo = EyN{lui| < A}, and £3 = EyN{|uy| > A}. 


We start with the first integral in (2.32). By (2.6), we have 


/ Swiahate VNC = Gey) ds 
{|u1—Th (u2)|<k} 


/ Sone. Viiv Tees 
{|u1 —Th (u2)|<k, |u2|<h} 


+f Sw GeraCe, Viex).V Gey — Tren) dx 
{|u1—Th (uz)|<k,|u2|>h} 


Su (uj)a(x, Vuy).V(uy, — u2) dx 


I —Th (u2)| Sk, |u2|Sh} 


+f Su (uj)a(x, Vu,).Vuy dx 
{|u1 —Tp (u2)|Sk, |u2|>h} 


> 


/ Su (uj)a(x, Vuj).V(uy — u2) dx 
{|u1 —Th (u2)|Sk, |u2|Sh} 


24, Su (uj)a(x, Vuy).V(uy, — u2) ax+[ Su (uj)a(x, Vuz).V(u, — uz) dx 
E> E3 


a4. Su(urdaCe, un).Wy = un) dx +f Sm (uj)a(x, Vuy).Vuy dx 


1) E3 


_ / Su (uj)a(x, Vuy,).Vu2 dx 
E3 
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> | Su(urda(x, Yun).Wn = 12) dx — f Su (uj )a(x, Vuy).Vu2 dx. 
Eo 


E3 
(2.33) 
Using (2.7) and Hélder-type inequality, the last integral in (2.33) gives 
/ Sy (uj)a(x, Vuy,).Vu2 dx 

E3 
< Cup Sul (Wipe) + {Ie 
< C sup Sully (Mi + aa ee ee 

x IIVuall pr0 Gh—k<|us|<h}) ‘ (2.34) 


Now, we take @ = Tx (uy — Ty (u1)) as test function in (2.16) for uy and S € S such 
that S = Shix+1. We get 


[ searacs, Yun) Vth = Tan) dx 
+f S'(uy)a(x, Vuy).(Vuy) Te (uy — Th(uy)) dx 
+f banysunyte(a ~ Tals) as 
+f S(uy)]uy|P~24 Te(uy — Th (1) do 
= [ F8unyteens = Tanya. 
Since the third and fourth integrals are non-negative, then one has 


/ a(x, Yur) Vay dx =k f a(x, Vu,).Vuy dx 
{h<|u,|<h+k} 


{h+k<|uy|<h+k+1} 
2k if ifldx, 
{|u1|>h} 


and so 


i a(x, Vu,).Vuy dx 
{h<|ui|<h+k} 


<«(f itis + f a(x, Yuy).Vur dx) 
{lui|>h} {htk<|u,|<h+k+l} 
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By using (2.8), we get 


Gf |\Vuy|?™ dx 
{h<|u,|<h+k} 


<«(f iflax+ f a(x, Yuy).Vur dx). 
{lui|>h} {h+k<|u|<h+k+1} 


By (2.15) and since meas ({|u1| > h}) > 0 ash — ov, and since f € L'(Q), we 
deduce that 


lim |\Vu|?™ dx = 0, for any fixed number k > 0, 
h> oo Sth <|uy|<h+k} 


and so, by Lemma 2.2.2, we get lim |||Vuj|?°~! | ; = 
hoo LP'O({h<|ui|<At+k}) 


Similarly, taking @ = T;(u2 — T,(uz2)) as test function in (2.16) for u2 with the 
same S in S, we get 


lim |Vu2|? dx = 0, for any fixed number k > 0. 
hoo Jth<|u2|<h+k} 


Hence, 
lim |Vu2|?“ dx = lim |Vu2|?™ dx = 0, 
h->oo {h—k<|uy|<h} I-00 {l<|u2|</+k} 


for any fixed number k > 0 with] = h—k. 
So, by Lemma 2.2.2, 


|Vurll p60 Gh—k<luo|<h}) > 9 a8 h — 00, for any fixed number k > 0. 


Therefore, from (2.33) and (2.34), we obtain 
/ Su (ur)a(x, Vur).V (ur — Ta(ur)) dx 
{|u1 -—Tn (u2)|<k} 
> nf Su (ura, Vur).W (01 — ua) dx, (2.35) 
Ep 


where J}, converges to zero as h > oo. 
We may adopt the same procedure to treat the second term in (2.32) to obtain 


i Suet Ve Gy = Tp as 
{|u2—Th (u1)|<k} 
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> Ih - / Sv (uz)a(x, Vu2).V(uy — uz) dx, (2.36) 
Eo 


where J;, converges to zero as h > oo. 
Now, for all h, k > 0, we set 


Kp = [Sur yb yer — Tyra) dx [Sau (uayb(ua) Tilo — Tale) dx, 
Ph = i: Su (uy)|uy P71, Te (uy — Ty (u2))do 
+ is Su (uz)\u2|P U2 T (uz — Ty (uy))do, 
Ri = [ sicarace Vut).(Vu) Te (uy — Th(u2)) dx 
+f Sy (u2)a(x, Vuz).(Vu2) Tk (u2 — Ty(u1)) dx, 
and 
F=f £(Sulus) tat ~ Tota) + Siu (ua) Tila ~ Ty (a))) de. 
We have 
Sm (u1)b(u1) Tk (uy — Th(u2)) > Su (u1)b(u1) Te (uy — v2) a.e. in Q, as h > 00, 
and 


[Sum (uy )b(u1) Te — Th(uz))| < klb@)| € L'(Q). 
Then, by Lebesgue-dominated convergence theorem, we deduce that 
lim / Sm (uy)b(u1) Tk (uy — Ty (u2)) dx = / Su (ui )b(u1) Tk (ui — u2) dx. 
h>o Jo Q 
(2.37) 
Similarly, we have 
lim / Sm (u2)b(u2) Tk (uz — Th(u1)) dx = / Sm (u2)b(u2) Tk (uz — uy) dx. 
h>o JQ Q 
(2.38) 


Using (2.37) and (2.38), we get 
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lim Kp, = iL (Su (u1)b(u1) — Sy (uz)b(u2)) Te (uy — uz) dx. (2.39) 


h->oo 


By the same procedure as above, we use the Lebesgue-dominated convergence 
theorem to obtain 


ji P= / (Spe uer)|us|?© 204 — Say (2) |eeg|/? Zug) Te (uy — up) do, 
h>oo IQ 
(2.40) 


nue Rp = a (Sy (uia(x, Vuj).Vuy — Siy (u2)a(x, Vuz).Vu2) Te (u1 —u2) dx, 
—>oo Q 
(2.41) 


and 
a Fy = [ Ff (Su (ur) — Su (u2)) Thu — uz) dx. (2.42) 


Using (2.35), (2.36), (2.39)-(2.42), we get from (2.32) the following inequality as 
h—> o. 


—_— (Su (ui)a(x, Vuy) — Sy (uz)a(x, Vuz)).V (uy — u2) dx 
+ is (Si (ura(x, Vuy).Vuy — Sy (u2)a(x, Vu2).Vuz) Te (uy — v2) dx, 
- if (Sy (wy)b(uy) — Su (uz)b(u2)) Te (uy — uz) dx 
+ ib (Sy (uy) |g POA uy — Sry (uz) | uz |? 202) Te (uy — up) do 
< [ Ff (Su (uy) — Su (uz) Te (uy — uz) dx. (2.43) 


Now, we fix k > 0, and we pass to the limit in (2.43), as M tends to infinity. The 
second term of the left-hand side of (2.43) is, in absolute value, smaller than 


(| a(x, Vin) Vin + f a(x, Vua).Vi) , 
{M—1<|u1|<M} {M—1<|u2|<M} 


which converges to zero, as M — ov, thanks to relation (2.15) for uw; and for u2. 
Therefore, the second integral of (2.43) converges to zero as M —> oo. 

Since Sy — 1 as M > oo, then (Sy (uj )a(x, Vu1)—Sm (u2)a(x, Vu2)).(Vui— 
Vu2) converges a.e. to (a(x, Vuj)—a(x, Vu2)).(Vui —Vuz), and moreover, thanks 
to (2.7) and to Hélder-type inequality, one has 
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\(Su(uiat, Vu1) — Su (u2)a(x, Vu2)).(Vui a Vu2)| 
< (lax, Vui)| + lax, Vua)|).(JVi| + |Vual) € L1(Q). 


Thus, by the Lebesgue-dominated convergence theorem, the first integral in (2.43) 


converges to (a(x, Vu) —a(x, Vu2)).V(uy —u2) dx. 
{| —u2|<k} 
Similarly, one has the third and fourth integrals in (2.43) that converge, 


respectively, to / (b(u1) — b(uz)) Tut —uz)dx and / (1 |) Pa = 
Q aQ 


|u|? ©-2y9) T(u, — uz) do by the dominated convergence theorem. 
We next examine the right-hand side of (2.43). For all k > 0, 


f (Su) _ Su (u2)) Te (uy —u2) > Oae. in Qas M > co 
and 
| f (Sm @1) — Sm u2)) Te — ua)| < 2k| f| € L'(Q). 
The dominated convergence theorem allows us to write 
lim i: f (Su(u1) _ Su (u2)) Tk (ui —u2)dx = 0. 
M>w Jo 
Thus, as M — oo, (2.43) gives 
i. (a(x, Vu1) — (ur)a(x, Vu2)).V (ui —u2) dx 
{|u1—u2|<k} 
+f (b(u1) — b(u2)) Ter — uw) dx 
Q 
+ / (oer = Jus]? 2u2) Tien = ua) do < 0, (2.44) 
aQ 


for all k > 0. 

The functions b, 7;,, and t +> \t|P-24 (p > 1) are non-decreasing and vanish 
at 0; then, by using (2.6), one has all the integrals in (2.44) that are non-negative. 
Therefore, for all k > 0, 


i (a(x, Vu1) — a(x, Vuz)).(Vuy — Vuz) dx = 0, (2.45) 
{\u1—u2|<k} 


i (b(u1) — b(w2)) Tew, — ur) dx = 0, (2.46) 
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and 
/ (1) Pa - |u|? 29) Ti (uy — uz) do = 0. (2.47) 
dQ 


From the strict monotonicity assumption (2.6), (2.45) gives 


Vu, = Vu ae. on {|u, — up| < k}. (2.48) 

Because k is arbitrary, as k — oo, we conclude that Vu; = Vu2a.e.onQ. 
Therefore, 

uj — U2 =c a.e.in Q, where c is a real constant. (2.49) 


From (2.47), for all k > 0, there exists a subset 2? C AQ with measy—1(Q2) = 0 
such that for all x € AQ \ 9, 


(Jer Gx) (x) - lea(x)|P Pax) ) Th (ui (x) — u2(x)) = 0. (2.50) 
Therefore, 
(Jes Cop? Pae (x) - luo(x) Pup (x)) (ui (x) — u2(x)) = 0, 


Vx € 8Q\ ( U 2). (2.51) 
keN* 
But, since p_ > 1, then from relation 


(1g1? 7g — In|P-2n) & =n) > Ofor all &, ER, #n (Ct. [10), 
(2.51) gives 
uy = u2 ae. on 0X2. (2.52) 


Now, for k > 0 fixed, one has, from (2.49), Ty(u, — u2) = Ty (c) € W!!(Q), and 
so, according to Lemma 2.2.5, one gets 


i |Tk(u1 — u2)|dx <C3 (/ |V(u1 — u2)| ax+[ |Tx(u1 — u2)| a) i 
Q {|u1—u2|sk} ke} 

(2.53) 
which gives, by using (2.48) and (2.52), 


uy =u2 ae.inQ. (2.54) 
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Assume that (2.3)—(2.8) are > verified, for all n € N, with the diffusion flux functions 
an(., .), the exponents p, :  —> [p_, p+], and the non-negative functions M,, in 
LPn O(Q) such that the sequence (vir) is equi-integrable, and with C1, C2, 
ne 

p+, and p_— independent of n. 

According to theorems 2.3.1 and 2.3.2, there is a unique renormalized solution 
u, to problem (Pb,,) under assumption that data f, are in L!(Q). 

The purpose of this section is to prove that the sequence of solutions (uUy)nen to 
problems (Pb,) converges to a function u that is the solution of limit problem (2.1), 
when we have the following convergence assumptions: 


for all bounded subset K of R’, 
sup |an(., €) — a(., €)| converges to zero in measure on Q, (2.55) 
ECK 


where a(x, &) verifies the assumptions (2.5)-(2.8) with the exponent p verify- 
ing (2.3) such that 


Pn converges to p in measure on Q. (2.56) 
Finally, assume that 
Jn converges to f weakly in L'(Q). (2.57) 
We further assume that the exponent p verifies log-H6lder continuity assumption: 
dc > 0, Vx, y € Q,x 4 y, —(log|x — yl)ip@) — p(y) Se. (2.58) 


Remark 2.4.1 Note that several regularity results for Sobolev spaces with variable 
exponents can be obtained thanks to log-Hélder continuity condition (2.58); in 
particular, C°(Q) is dense in W!:?\ (Q) (for more details, see [7]). 


Now, through the theorem below, we establish a structural stability result for the 
renormalized solutions. 


Theorem 2.4.1 Under the assumptions (2.55)-(2.57), let (Un)nen be the sequence 
of renormalized solutions of the problems (P bn) associated to an(., .), fy and Pn. 

Assume that the exponents p, Pn verify log-Hdlder continuity assump- 
tion (2.58). 

Then, there exists a measurable function u defined on Q such that un 
converges to u a.e. in 2 and Vuy converges to Vu a.e. in Q, asn —> oo. The 
function u is a renormalized solution of the problem (2.1) associated to a(.,.), f 
and p. Oo 
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Proof of Theorem 2.4.1 We shall divide the proof into several steps. Throughout 
the proof, all extracted subsequences of a sequence will be still noted as this 
sequence and all constant independent of n will be denoted by C. 


Lemma 2.4.1 
(i) Forallk > 0, the sequence (II Tx WndIl pO) nen is bounded. 
(ii) The sequence of renormalized solutions (Un)nen of the problems (Pby) 
verifies, for k > O large enough, the following estimates: 
C Il fall ia) 
k}) < ; 2.59 
meas ({lunl > ED = G6, |(—D a 
sup meas ({|u,| > k}) > 0, ask > cw, (2.60) 
n 
and 
lim sup i |Vun |?" dx = 0. (2.61) 
k->00 on Sk <|un|<k+1} 
(iii) There exists a measurable function u on & such that, for allk > 0, Tk(un) 
converges to Ty (u) € Ww! PO(Q) weakly in W!-PO(Q). Furthermore, un > u 
a.e. on Q, and, for allk > 0, VTx(un) converges to a Young measure Gi), 
on RN in the sense of the nonlinear weak-* convergence and 
VI (u) = if advk (a). (2.62) 
RN 
(iv) There exists a function v € LP™~-!(8Q) such that for a.e. k > 0, 
Ty(v) = t(T,(u)) ae. on dQ. 
(v) Forallk > 0, 
/ |AJP dvk (A)dx < 00 et Ty(u) € WE? (Q). 
RYxQ 
(vi) One has 


jim / |V (Tka1(u) — Ty (u)) |?“ dx = 0. (2.63) 
—> oo Q 
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Proof 


(i) 


(ii) 


In the renormalized formulation (2.16) of the problem (Pb,), we choose 
S € §S such that S = Sp+,%, where Sy, is defined in (2.14) with h,k > 0, 
h large enough. Also, since Ti(un) € W!-Pa\)(Q) NM L©(Q) because up 
is a renormalized solution of the problem (Pb,), then we can take @¢ = 
Ty (uy) as test function in the renormalized formulation (2.16) and view that 


the terms / b(un)S(un)Tk (un) dx and i S(un)|Un |? 7 un Tk (un) do are 
Q dQ 


non-negative, and we get 


: dinilic, V Tela). V Tein de / Ona, Tes vua nada 
Q 9) 


<kf fal dx. 
Q 


While k is fixed, h can be sent to infinity. The second term of the left-hand 
side of this last inequality vanishes, as h — ov, due to (2.15). And, by using 
coercivity condition (2.8), we have 


Cf [V Teun) |P# ax <k | fal dx. 
Q Q 


Since the sequence (f;,)ncn converges weakly in L'(Q), then the right-hand 
side of this last inequality is uniformly bounded. So, we obtain 


/ |V Ti (un) |?" dx < Ck. (2.64) 
Q 
Moreover, 
/ |Ti(un)|P" dx < : kPnOdx < max (k?+, k?-) meas(Q). (2.65) 
Q Q 


From (2.64) and (2.65), we deduce that the sequence p1,p,(.)(Tk(un)) is 
uniformly bounded. By Lemma 2.2.3 and the fact that p,(.) € [p_, p+], one 
has 


Tin )Ilt py) SAX (P1,py6y Te Wend)”, 1, py TiCttn) )'/?*) 


We conclude that the sequence || 7 (un) |l1,p,() 18 uniformly bounded. 
In the renormalized formulation (2.16) of problem (Pb,), we assume that 
S € §S is such that S$ = S;, and we take ¢ = qT (uy) as test function, with 


k > 0 large enough. We obtain 
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J Stunan(e, Van) 97 (tn) d+ fS'(unha (tity) (Vttn)T ty) 
Q \?) 
in / Btn) Stn) Ts Gln) dx + / S(uln) lp!" 2d Tr (ty) do 
Q k aQ k 
=| SnS(Un)T1 Un) dx, 
Q k 
which becomes 
[oan (% 97 Gun) VT un) de + f 5! inane, Veen).(Tein)T (tn) 
Q k k Q k 
+ i b(Un)S(un)T1 (Un) dx + i. S(un tn Pry T1 (Un) do 
Q k aQ k 
1 
= II full tia) - 
We deduce that 


Kf S'(upha (x, Vt) (Vttn)T ln) d+ Kf Blay Sen KT ty) dx 
Q : Q 
< Il frill (ay 


and 
kf S'(Un)an(x, Vun)-(Vun)T1 (un) dx 
Q 


+k / Sun) [tg Pug Ty (Un) dr <M Falla 
dQ 


The term k | S’(un)an(x, Vun)-(Wun)T1 (uy,) dx vanishes, as k — oo, due 


to (2.15). Also, kT (Un) > sign(un) ask — oo. So, by using Fatou’s lemma, 
we get, ask > o, 


[ion dx < Il fall cia) (2.66) 


and 
/ lun!" do < Il fallriay- (2.67) 
dQ 


The inequality (2.66) becomes, for k > 0, 
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i Gin) d= WFlleses. (2.68) 
{|un|>k} 


Therefore, since |b(u,)| > min(b(k),|b(—k)|) on {|u,| > k}, the rela- 
tion (2.68) gives 


min(b(k), |b(—k)|)meas ({|un| > k}) < Il falta) 
or again 


Il frilzica) 
min(b(k), |b(—k)|)” 


meas ({|un| > k}) < (2.69) 


Being weakly convergent in L!(Q), the sequence (fy)nen is bounded, so the 
right-hand side of (2.69) tends to zero as k — ov, then meas({|uy| > k}) 
tends to zero as k > oo uniformly in n, and (2.60) is proved. 

For the proof of (2.61), let us take @ = Th41(Un) — Tr (un) as test function 
and S € S such that S = Sx+2 in the renormalized formulation (2.16). The 
function Ty41 (Un) — T(un) has a support contained in the set {|u,| > k} and 
is bounded by one. One deduces by (2.8) 


cf [Vu |P2© ax [ S' (Un )an (x, Vun).(Vun)b dx 
{k<|un|<k+l} Q 


< / | fn| dx. 
{\Un|=k} 
(2.70) 


By the property (2.15) and by equi-integrability of f,, and because of (2.60), 


for k — o, one deduces, from (2.70), the estimate (2.61). 
(iii) From Lemma 2.4.1-(i), one gets 


Teun) IMyi.r- cay =f iticani-ax + f IvTianpl-as 


<f (14 1Tiuani) a+ f (14197) as 
Q Q 


2meas (2) + 1, pp(.)(Tk(un)) 


IA 


A 


< const(k). 

And so, the sequence 7; (u,) is uniformly bounded in W!-P-(Q). Therefore, 
up to a subsequence, we can assume that the sequence T;,(u,) converges to 
a certain function 0; weakly in W!:?-(Q), and by the compact imbedding 
theorem of W!:?-(Q) in L?-(Q), one has T;(u,) that converges strongly to 
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ox in L?-(Q) and so a.e. in Q. Now, we have to prove that og = T;(u) a.e. in 
Q. Let s > 0, and define the sets 


En ={|Un| > k}, Em ={|Um| > k}, and Enim = {|Tk(Un) —Tk(Um)| > s}, 
with k > 0. One has {|uy, — uUm| > s} C En U Em U En,m, which gives 
meas ({|Un — Um| > S}) < meas(E,) + meas(Em) + meas(En.m). 


Let ¢ > 0. According to (2.60), we can choose k = k(¢) to get 


E 
meas(E,) < 3 and meas(E ) < 


WI 


Since 7; (un) converges strongly in L?- (Q), then it is a Cauchy sequence in 
L?P-(Q). Hence, there exists n9 = no(e, s) € N such that for all, m > no, 


1 € 
meas(En.m) = —| [Tk (Un) — Ti (Um)|?- dx <><. 
sP- Q 3 


So, we deduce that 
meas ({|Un — Um| > s}) < €, foralln,m > no. 


Finally, the sequence (u,)nen is a Cauchy sequence in measure. Hence, by 
extraction of subsequence, there exists a measurable function uw such that 
Un — u ae. in Q. Since T;, is continuous, we have T,(u,) — Tx(u) ae. 
in Q, and by the uniqueness of the limit, one has og = T;,(u) a.e. in Q because 
Ty (Un) > ox a.e. in Q. 

Also, the weak convergence of T,(u,) to 7T,(u) in W!-P-(Q) leads to 
the weak convergence of V7;(u,) to VT(u) in L?-(Q). Thanks to The- 
orem 2.2.1-@), V7%(u,) nonlinear weak-* converges to a Young measure 
(0) ck and since its weak limit is V7;,(u), then V7;,(u) verifies the 
equality (2.62) according to (2.13). 

One has T(uy,) — Ty(w) in W!P-(Q) according to Lemma 2.4.1—(iii), and 
since, for every | < p < ~, the trace operator 


t: WhPO(Q) — L?O(AQ), ur Tw) = Uje, 
is compact, t (7; (un)) converges strongly to t(7(u)) in L?- (dQ), and so, up 
to a subsequence, we can assume that t (7; (u,)) converges a.e. to T (7% (u)) on 
dQ for any k > 0, and so up», converges a.e. to u on dQ. Then, since for a.e. 


x EQ, (T(u (x))), is monotone in k, we can define 


v(x) = oe t(Tx(u(x))) ae. on dQ, (2.71) 


and one has 7% (v) = t(7,(u)), for a.e. k > 0. 
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(v) 


Further, from (2.67), we have 


i lenl*" ldo < Walle) < C- 
dQ 


So, by Fatou’s lemma, one gets 
i ju|P™—!do <C. (2.72) 
aQ 


By (2.71) and (2.72), one has v € L?™—!(aQ). 
By assumption (2.56), p, —> p in measure on Q, and since V7(u;,) — 
V7; (u) in L?- (Q), then according to Theorem 2.2.1—(ii), (iii), for all k € 
N, the sequence (py, VT, (Un)), converges to the Young measure 5) (x) @d Tad 
onR x RY. 

Let us now consider the Carathéodory function 


Fin : (x, Qo, A)) € 2 x (Rx RY) > |hmQ)/°, m EN, 


where hi, is defined by (2.9). The sequence (Fin(., (Pn (.), VTk(Un)))) nen 
is equi-integrable in Q since it is uniformly bounded in L!(Q) according 
to (2.64). Then, we apply the nonlinear weak-* convergence property (2.12) 
to the function F,, to get 


lim / Fin (x, (Pu(x), VT (un) («))) ax 
a oO Q 
- / i Fn (, (ho, 4) d8 pe) (Ao)d vk (A) dx 
Q/JRxRY 
Sif Fn(x, (p(x), A) dvk (A)dx 
QJRN 
= i am (A)|P dvk (A)dx. 
QxRN 


Moreover, 


lim f Fin, (Pa), VTk(Un)(*))) ax 
Q 


n—-oo 


tit [ lm (V Ti (ttn) |?" dx 
nA oo Q 


IA 


lim / [VT (un) |?" dx 
n—->oo Q 


IA 


Ck according to (2.64). 


68 K. Kansie and S. Ouaro 
So, 


/ , lim (A)/P dvk(ajdx < Ck. 
QxR 


Since the sequence (|/m|)men iS increasing and hy(A) —> A asm > ~, 
then by the monotone convergence theorem, we deduce that 


/ : |AJP dvk(A)dx < Ck. 
QxR 
By the formula (2.62) and Jensen inequality, one has 


[ivriaoir ax = f f adv (A) 
Q Q | IURN 


< / |A|Padvk (A)dx < Ck. 
QxRN 


p(x) 
dx 


Hence, we deduce that V7j.(u) € L?\(Q) and so Ti (u) € Wh? (Q). 

(vi) Upto subsequence, by (iii), Tk+1(un) — Tk (un) converges to Th41(u) — Tu) 
a.e. on Q and weakly in W!-?-(Q). By arguing as in (v), we get V(Tk41(u) — 
Ty (u)) € LP OQ), and its modular is upper bounded by 


sw [ V (Tei) — Te(u))|Pn dx 


n 


= sup [ |Vun |?" dx > 0, ask > ov, 
{k<|un|<k+1} 


n 


by (2.61). Thus, (2.63) follows. oO 
Lemma 2.4.2 


(i) Forall k > 0, the sequence (Y)\nen, V(x) = dn (x, VIK(un(x))) is equi- 
integrable on &2, and its weak limit Ue LPO) is such that 


Y* (x) =} a(x, A)dvk(A), a.e.x € Q. (2.73) 
RY 


(ii) For allk > k > 0, one has Yk = Y* yi) <u). 
Proof 


(i) We first show that the sequence (YW )nens yk = an(x, VI_(un)) is equi- 
integrable in Q. The assumption (2.7) applied on a,(., .) with exponent py (x) 
implies, for all measurable subset EF C Q, 
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i Mn dx = e} (1 + Mn + [V Te (un) P01) dx 
E E 


Cf +My) de + 2C [IVT UNO Ixellem 
E 


LPn©) 


<C [ (L+ Mn) dx-+C' max ((pp,(x2))'/?*, (op, (xe) ?”) 


< c| (1+ M,) dx + C’ max (meas(E)'/?*, meas(E)'/?-) 
E 
(2.74) 


by using MHoélder-type inequality and Lemma _ 2.2.2, where 
2€ |[|V7q(un)|?" "|, oy is upper bounded by C’ by (2.64). 

The whole right-hand side of (2.74) tends to zero when meas(E) tends 
to zero because the sequence (M,,)nen is equi-integrable in Q. And so, the 
sequence (Y) nen is equi-integrable in Q. By Theorem 2.2.1—(7), there exists 
a weak limit Y* for the sequence yk in L!(Q). 

In the following lines, we prove that the weak limit Y* verifies the 
formula (2.73) and belongs to LPOQ). 

We put the set 


Ry i= {x € Q; | p(x) — pn(x)| < 1/2}, 


and we consider auxiliary functions y} =a {%; (V TK (Un) XRy i 


Let us show that the sequence (y ) " is equi-integrable in Q2. Indeed, 
ne 
we apply (2.7) with the exponent p(.) on a (., .) to get 


[has < ef (+ M) ax+c | IV Te (un)?! dx. (2.75) 
E E 


ENR 


The first term of the right-hand side of (2.75) tends to zero when meas(E) 
tends to zero. Also, for x € Ry, one has p(x) < pn(x) + 1/2, and, by using 
Holder-type inequality, we have 


/ [VT(un)|P* dx 
ENR, 


<[ (1+ [VT (un)? "/?) dx 
E 


< meas(E)+C | [VTi (utn) [Pa 1/2 | cemery Xe llr2Pn0 


< meas(E) + CVT en)", Wxzlz2enc - 2.76) 


L@pn()y 
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But, by (2.64), one has 


Poapyy (IV Teen)?" V2) = pp, (VTe(un)) SC. 2.77) 


Also, by Proposition 2.2.3, one has 


1/2 1/(2p)— 
Xellz2o0 < max (627, (xe)) /(2p)4 (oop, (xz)) /(2p) ) 
< max ((meas(E))"/2?)*, (meas(E))'/2P”-) . (2.78) 


From (2.76)-(2.78), the second term of the right-hand side of (2.75) is 
uniformly small for meas(E) small, and the equi-integrability of (V,) 


neN 
follows. 


Now, we assert that, by extraction of a subsequence, the sequence ¥ 


converges weakly to some function y' in L'(Q) as n — oo thanks to 
Theorem 2.2.1—(i). 


It remains to prove that Y= yf . For that, it is sufficient to prove that 


~k 
yk — Y,, converges strongly to zero in L'(Q). 
Indeed, let ¢ > 0. By the Chebyshev inequality, one has 


meas ({|VTe(un)| > L}) < (/ IV Tin) ds) jt 
Q 
< 1+ |VT%(up)|?r ax /t 
< f (14 Iv Titi) as 
< (meas(Q) + Ck) /L, 


by inequality (2.64). 
It follows that sup(meas({|VT;(un)| > L}) > 0 as L — oo. The 
n 


sequence yk - ¥ is equi-integrable in Q, so there exists Lo = Lo(e) such 
that for L > Lo, one has 


/ jy — ¥\) dx <e/4, for all neN. (2.79) 
{[V Te(utn)|>L} 


By the assumption (2.55), one has for allo > 0 


lim meas ( € Q; sup |ay(x, A) — a(x, A)| = -{) =0. 
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Hence, by equi-integrability of Y — y' on (2, there exists ng = no(o, Lo) € 
N such that for all n > no, 


xeQ; sup |a,(x,A)—a(x,dA)| =o 
|A|<L 


I Yk — Yi dx <e/4. (2.80) 


By the definition, one has Oe = a(x, V7 (uy,)) on the set R,, and we consider 
the following set 


RP = f € Ras sup |ay(x, A) — a(x, A)| < 0, |VT(un)| < i} 
|A|SL 


Since |V Tx (utn)| < L on R4°°, then one has 
|an(x, VTk(un)) — a(x, VTK(un))| < @ on RA, 


and so, for all n, 


[.. jy — | dx <omeas(Q) < €/4, (2.81) 


n 


by taking 0 = o(€) < €/(4meas(Q)). 
Also, by (2.79) and (2.80), we have 


[ \ Re IY; -¥;\ dx </2, foralln > no(o(e), L(e)). (2.82) 


Since p, converges to p in measure on Q, one has meas(Q \ Ry) = 
meas ({|p —Pprl = 1/2}) that converges to zero as n —> ox, and the equi- 
integrability of yk gives, for sufficiently large n, 


/ Yk — Fi dx = / Yk | dx < 6/4. (2.83) 
Q\Rn Q 


n 


Now, by using (2.81), (2.82), and (2.83), we get, form > no(o(e), L(e)), 


/ yk — Piidx <e. 
Q 


Hence, the sequence yk - yf; converges strongly to zero in L'(Q), as n goes 
ee ~k 
to infinity, and so, YX = Y. 
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Let us show the representation formula (2.73) for Y*. Since meas (2 \ 
Rn) > Oasn > o, 8o, by the equi-integrability of V7, (uy) in Q, one 


has V7x(un)(1 — xpr,,), which converges to zero as n — oo. Therefore, 


the sequence V7x(Un)xr, converges to the same Young measure vk as 


the sequence V7;(uy,). Now, fix yw e€ DO(Q), and let us consider the 


Carathéodory function a(., .).y. Since the sequence ¥ = = a(x, VTx(Un)xXR,,) 
is equi-integrable in 2, then we can use the nonlinear weak-* convergence 
property (2.12) to get 


lim [ a(x, VIk(Un) XR, )-W dx = : a(x, A).w dv*(A)dx. (2.84) 
n—oo Q QxRY 


Since a(x, VTi (un) XR,,) converges weakly to y, (2.84) becomes 


[vv ax= | a(x, Advtayde =f (/ a(x, 204040) wdx, 
Q QxRN Q \IRN 


which means that 


7S / a(x, A)dv* (A) in D'(Q) and so, a.e. on Q. 
RY 


Now, we end the proof with Y € L?'O(Q). One uses Jensen inequality, the 
assumption (2.7), and Lemma 2.4.1—(v) to obtain 


/ Yeon? dx = / | i 
Q Q | URN 


< [ la(x, A)? dvk(a)dx 
QxRN 


p' (x) 
dx 


< / C(M(x) + |A/P)dvk (A)dx < 00. 
QxRN 


(ii) Since k> k, one has 


Tk (Un) = Ty (TeUn)), 
and so 
VIk(un) = VT RUn) X{\F(uy)|<k} = VTEUn) X luni <k)- 


Moreover, from assumption (2.5), one has a, (x, 0) = 0 a.e. x € Q. Hence, 
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an (x, VTEUn)) Xt \un|<k} = dn(x, VIk(un)), 


and the sequence (ht) ag converges weakly to Y* in L'(Q), according to (Z). 
Consider the sequence (dr), en Such that 


dp = gh — hh = a(x, VTR(Un)) (Xtul<k} — Xflunl<k}) - 


The function x(_x,4)(.) 1s continuous on the image of Q by u(.) for a.e. k > 0. 
Indeed, one has meas ({|u| = k}) = 0 fora.e. k > O by arguing as in the proof 
of Lemma 2.3.3. Therefore, since u, converges to u a.e. in 2, then 


Xlunl<k} = X(—kk) Un) > X(K—k, WU) = Xuj<ky ae. in Q as n > oo. 
So, 
ae > 0 ae. in Q. 


Moreover, by (i), the sequence (dk) is equi-integrable in Q. Hence, by 


neN 
Vitali’s theorem, the sequence (d*). en Converges strongly to zero in EA(Q); 


Therefore, g& = hk +dk tends to Y* weakly in L!(Q). So, this ends the proof 
of (ii). Oo 
Lemma 2.4.3 


(i) Forallk > 0, 
lim / Yk VT (un) dx = i; YW! VT(u) dx, (2.85) 
n->oo Q Q 
and the “div-curl” inequality 
/ yas A) — a(x, VIxR(u))).A = V1 (u))dvk (A)dx <0 (2.86) 
QxR 


holds. 
(ii) Forallk > 0, 


Y* (x) = a(x, VIx(u(x))) for ae. x € Q, (2.87) 
and VTx(u,) converges to VT; (u) in measure in Qasn —> o. 


Proof 


(i) Let wy € C®(Q). Since pn(.) is log-Hélder continuous, then C°(Q) is 
dense in W!:Px)(Q). So, we can take w as test function in the renormalized 


74 K. Kansie and S. Ouaro 
formulation (2.16) for un. We get 
| i (50S + S(un)YM Vp — fnS(un)w a + SUn)|Un Pun do 
< Wile [ 1S! (un YM VT yg (un) dx, (2.88) 


where S € S with suppS Cc [—M, M], M > 0. 


We are going to pass to the limit in (2.88), as n tends to infinity. By 
Lemma 2.4.1-(ii), uy, converges to u a.e. in Q. By the continuity of b and S, 
the term b(u,)S(uy,) converges a.e. in Q to b(u)S(u). Also, |b(un)Sn)w| < 
|| S| ,o max(b(M), |b(—M)|)|w| © L'(Q), and so, by the Lebesgue-dominated 
convergence theorem, 


/ bUn)SUn) Ww dx — if btu)S(u)w dx, asn > o. (2.89) 
Q Q 


Since p, converges to p in measure in Q according to (2.56), then p, converges to 
p ae. in Q, up to a subsequence. Also, u;, —> u a.e. on Q. By the continuity of S, 
one has 


S(un)|Un |r 7 uy > S(u) |u|? 2 ae. on AQ. 
Moreover, since suppS C [—M, M], then 
|S (uty latn Puy | = max (MP-—!, MP*") |1SIIza0,99) Wl € £18), 


and so, the Lebesgue-dominated convergence theorem gives us 


i; S(un)\un |r un do —> / S(u)|ul?™ uy do, asn > oo. 
dQ dQ 


(2.90) 
Let us prove now that 


[ fesun dx—> [ fswrdx, asn —> OOo. (2.91) 
Q Q 
One has 


/ fnSUn)W dx = / fnS(u)y dx +f fn(SUn) — Su) dx. (2.92) 
Q Q Q 


On the one hand, one has / IpS@)wv dx — 1 fS@)w dx since f, — f in 
Q Q 
L!(Q). On the other hand, one has, for R > 0, 
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[ lfn(S(un) — S(u))y| dx = / | fn(S(un) — S(u))y| dx 


{| fnl>R} 


+f | fn(SUn) — S(u))y| dx 
(ful SR} 


<2IVllex ISti~ f aCe 


{| fnl> 


+R Illi | 18G0) — Solas. (2.93) 


For R > 0 fixed, the second term of the right-hand side of the inequality (2.93) 
tends to zero as n —> oo. Indeed, because of the continuity of S and the compactness 
of suppS, S(un) converges strongly to S(u) in L'(Q) by the Lebesgue-dominated 
convergence theorem. By the Chebyshev inequality and since f,, is bounded in 
L!(Q), one has 


sup Il fnlly 
sup meas ({| fnl > R}) < — < > 0 as R — oo. 
n 


R ~ R 


Since the sequence f;, is equi-integrable on Q, then the first term in the right-hand 
side of (2.93) can be made as small as desired by the choice of R. Hence, the 
second term of the right-hand side of (2.92) tends to zero. And so, we deduce the 
convergence result (2.91). 

To end the proof, let us prove that 


i: S(un)Y" Vb dx > i S(u)Y™ Vw dx. (2.94) 
Q Q 


Indeed, for R > 0, 


i S(un)Y™ Vy dx = / S(un) YM Va dx +f S(un)Y" Vw dx. (2.95) 
Q {|Vy|<R} { } 


IVW|ZR 
For the first term of the right-hand side of (2.95), one has 


i S(un)YM Vw dx = / S(U)Y" Vy dx 
{|Vl<R} 


{|Vv|<R} 


+ i (S(utn) — SCu)) YM Vy dx. 
{Vy |<R} 
(2.96) 


Since y™ = Yy™ in LPO(Q) by Lemma 2.4.2—(7), then the first term of the right- 


hand side of (2.96) tends to i SM)Y" Vy dx asn —> co. 
{(IVv|<R} 
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For a > 0 fixed, we can rewrite the second term of the right-hand side of (2.96) 
as follows: 


/ [(S(un) — Su) ) YM Vl dx 
(IVwi<R} 


\(S(un) — S(u)) YN .Vp| dx 


leeadate: 


(S(un) — SU) YM Vp dx 


| 

(Vv <R}Nf Yat |>ar} 

<a f (Stun) — Sw] dx 
Q 


+2R ||S\ll z00 i \y™ | dx. (2.97) 


{vat |>a} 


The sequence Y ss is equi-integrable on Q and is bounded in L!(Q) as it converges 
weakly in L!(Q), so using the same argument that leads to assert that the right-hand 
side of (2.93) tends to zero, as n — on, in the inequality (2.97), then the second 
term of the right-hand side of (2.96) tends to zero as n — oo. Thus, the first term of 
the right-hand side of (2.95) converges to Su)Y™ Vy dx asn > oO. 


{lVy|<R} 
For the second term of the right-hand side of (2.95), we note that, by Hélder-type 


inequality, 


<C[Slli~ [on 


| i Y™ (VWS(un)) dx 
{|Vw|=R} 


pokey IMUIPHZRIV YT Loncreay: 


(2.98) 


One has | wir bes < C by Lemma 2.4.1. Also, since y € C™(Q), then one 
has mes({|Vw| => R}) —~ 0 as R > oo. Hence, 


/ |Vw lr Odx < Cmes({|Vv| > R}) > 0, as R > 00, 
{IVol=R} 


where C is constant that does not depend on R. 
By Lemma 2.2.2-(iii), (iv), sup | xivvieryV¥| LPn(Q) tends to zero as R > 
n 


oo. So, the second term of right-hand side of (2.95) tends to zero as R > oo. Hence, 
asin — oo and R —> oo in the equality (2.95), we deduce (2.94). 

Thanks to convergences (2.89), (2.90), (2.91), and (2.94), we deduce, for n large 
enough, that (2.88) gives 
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| / (sesow + SWy" Vy - PSU )ax +f S(u)|ujP uw do 
Q dQ 
< [Wl sup ff |S’ (un)|an(x, VT (Un)).V Tm (un) ax. (2.99) 


Now, fix k > 0. By Lemma 2.4.1-(v), one has 7% (u) € W'?O (Q)N L®(Q). So, 
by the density of C°(Q) in W!:P (Q), we can replace yy by Tj(u) in (2.99). 
Consider the sequence (Sy) C S such that: 


¢ Sy and S be are uniformly bounded. 
* Sy =lon[—-M+1,M — 1], suppSy Cc [—M, M)], for all M € N*. 


¢ The map M +— b(z)Sy(z) is non-decreasing, for all z € R. 


From now on, we replace S by Sy in (2.99). 

According to Lemma 2.4.2-(ii), for M > k, one has Y= WM yuck) Since 
VTx(u) = O outside {|u| < k}, then we can replace YW” VI; (u) by Ye VI (u). 
Also, one has supp Sy c [-M,-M + 1] U[M — 1, M], and the sequence 
Si is uniformly bounded, i.e., Siu | L™(Q) < C, where C is a positive constant 
independent of M. So, the term of the right-hand side of (2.99) is bounded by 


C sup | an (x, VTy (un)).V Ty (un) dx 
{M—1<|un|<M} 


n 


< Coup [ (suivrn fF IVTu(un)i™ ) - 
{M—1<|un|<M} 


n 


<C sup || Mr Xt\uni=m—1) | LPhO(Q) || V 7k (tn) X{M—1<|unl <M) \ vatees 


+C sup / \VTu (un) |P?™ dx. (2.100) 
{M—1s|un|<M} 


n 


Thanks to Lemma 2.2.2, (2.60), (2.61), and the fact that M,, is equi-integrable, one 
has the term of the right-hand side of (2.99) that tends to zero when M — oo. 

By the monotone convergence theorem, since b(u)Sjy(u) is non-decreasing and 
converges a.e. in Q to b(u), then b(u)Sy(u)W converges strongly to b(u)w in 
L'(Q). Moreover, by the Lebesgue-dominated convergence theorem, the terms 
Suwy* Vy, fSuWy, and Sy(u)|u|?-*uy converge, respectively, strongly 
to YW Vy, to fw in L!(Q) and to |u|?“-2uy in L!(8Q). Hence, the inequal- 
ity (2.99) becomes, with y replaced by 7, (u), as M > ow, 


/ (b(u) Ty (u) + YS.VT(u) — f Te(u))dx +f S(u) |u|? *uTe(u)do = 0. 
Q dQ 
(2.101) 
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Now, we consider the renormalized formulation (2.16) for u, where we take T;, (uy) 
as test function and S € S with S = Sy, 


(s (un) Y*.V Ti (un) 0 Si, (Un)an(x, Vun).(Vun) Tk Un) 
Q 
+b(un) Sh (Un) Tk i) dx 


+ / Sibi, PO” Te, do = / Fa Sn (ttn) Te(ttn) dx. (2.102) 
dQ Q 


We are going to pass to the limit in (2.102), as h — oo. 

We use the property (2.15) to pass to the limit, as i —> ov, in the term containing 
the factor Si, (un), and since Sp, is monotone in h, we use monotone convergence 
theorem to pass to the limit in the terms containing the factor S_(u,). As h — oo 
in (2.102), we get then 


/ (6.77.1) + 6045) TiLon)) dx + / [nen Th (Un) do 
Q dQ 
=i. TnTe(Un) ax. (2.103) 
Q 


Since uy converges to u a.e. in Q, and also because fy, — f in L'(Q) and ||T%|| < 
oo, arguing as in (2.92) and (2.93), we have 


| foticuny ax =f fotianar+ [ Sn (Tk Un) — Tk (u)) dx 
Q Q Q 
> [ Ftwax, asn > oo. 
Q 


In the sequel, since b(uy,)Tk(un) => O and Un P27 un Te (Un) > 0, by Fatou’s 
lemma, one deduces 


[ enw - rrw) ax+ f (\ul??uT;(u)) do 
Q 0Q 
< limit ( it (b(un)Te(Un) — faTk(un)) dx + ‘, tng Ten) a). 
n—->Co Q aQ 


And so, from the inequality above and by using (2.103) and (2.101), we get (2.85). 
Now, let us go to the proof of the “div-curl” inequality (2.86). Thanks to 
Lemma 2.2.1, we know that the sequence 
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(4 (x, Am (V Tk (un) im VTC) ) 


m>0 


is upper bounded by Yi VI; (un) because it converges while growing to 
Ye VI (un), as m — oo. So, one has, by (2.85), 


a YW! VT&(u)dx > lim inf / An(X, Nin (V Tk (Un)))-Am(V Te(un))dx, for all m > 0. 
Q noo Q 


Since / Ad uk (A) and : a(x, A)d vk (A) are, respectively, the weak limits 
Q Q 

of VIK(un) and ay(x, VT%(un)), then using the nonlinear weak-* convergence 
property (2.12), we get 

lim / An (X, Aim (V Te (Un))) Am (V Th (un )) dx 

noo Q 

= i a(x, hm(A)).Am(A)dvk (Ajdx 
QxRN 

and so 


[yivtanas > | a(x, hy (A)).hAm (A) dv* (A)dx. 
Q QxRN 


Now, thanks to Lemma 2.2.1, we can apply the monotone convergence theorem on 
the sequence (a(x, hn(A)).A4m(A))m to deduce that, as m — oo, 


[ ¥vtnco ax> [ a(x, A).aAdvk(A)dx. (2.104) 
Q QxRN 


Now using the representation formulas (2.62) and (2.73), and the fact that vk (A) is 
a probability measure on R for a.e. x € Q, we find 


i (a(x, 4) — a(x, VT (u))).(A — VTq(u))dv¥ (A)dx 
QxRN 


=) a(x ayadvbcayds — (/ a(x, 2040409) VTi (u)dx 
QxRN Q \UJRY 


-{ a(x, VT; (u)) (/ dvi) dx 
Q RY 


+f (a(x, VTq(u)).V Ty (u)) (/ aia) dx 
Q RY 


80 K. Kansie and S. Ouaro 


= a(x ayadvbtayd — | (/ a(x, 2040409) (/ idvh0a)) dx 
QxRN Q \JRN RN 


=} a(x, advbayds =f YWTew) de. 
QxRN Q 


From (2.104), we deduce (2.86). 


(ii) We prove (2.87), ie., Y= a(x, VT; (u)) a.e. in Q. 
Thanks to the “div-curl” inequality (2.86) and the strict monotonicity 
assumption (2.6) on a(x, .), one has 


(ac, a) — a(x, VI(u))) (2 - V Iku) )dv¥ (a) —0 forae.x €Q, 


and subsequently for a.e. x € Q,A = VI;(u) wrt. the measure vk on RN, 
Since, by the representation formula (2.62), VI, (u) = / Ad vk (A), then the 
Q 


measure i reduces to the Dirac measure dy 7, (,). Now, from the representation 
formula (2.73), we can deduce (2.87). Indeed, one has 


Ya) = [als ddvQ) = [ale ArdBer acy) = aCe, VTRUCe). 


Moreover, the sequence V7; (uy) generates the Young measure vk = dvi(u) 
ae. on Q. So, from Theorem 2.2.1—-(ii), V7%(un) converges to V7 (u) in 
measure on Q as n — oo. oO 


Lemma 2.4.4 For ae k > 0, ay(x, VTxR(un)).VTx(un) converges to 
a(x, VTx(u)). VT (u) strongly in L'(Q). oO 


Proof By Lemma 2.4.3-(ii) and (2.55), up to a subsequence, we have 
an(x, VTxk(un)).VTk(un) that converges to a(x, V7Tx(u)). VT (u) a.e. in Q. Since 
an(x, VTIk(Un)).VTk (Un) = 0, by Fatou’s lemma, one has 


[ a(x, VI, (u)). VT (u) dx < timint [ Aan(x, VTK(un)).V Tk (un) dx 
Q n—- oo Q 
and so, by (2.85), we have 

timint f an(x, VT (un)). VT (un) dx = / a(x, V7Tx(u)). VT, (u) dx. 


Thus, by the Scheffé’s theorem (see [24]), one has dy(x, VTx(un)).VW7k(un) that 
converges to a(x, V7; (u)).V 7, (u) strongly in L'(Q), up to subsequence. oO 


Lemma 2.4.5 u is a renormalized solution of (2.1). oO 
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Proof The first two requirements in Definition 2.3.1 are satisfied by Lemma 2.4.1— 


(iv), (Vv). 
Now, we prove that b(u) € L'(Q). Indeed, from (2.101), one has 


[ beon.an ax = [ STU) dx 
Q Q 


or 
1 
i blu), Tatu) dx < I llaay: 
Q 


which becomes, for k > 0, 
[ bw) dx <M line): 


1 
by Fatou’s lemma, since qlk (u) > sign(u) as k — 0. Hence, b(u) € EA), 


Now, we prove (2.15) with the diffusion flux a(., .). By (2.7) and Hélder-type 
inequality, we get 


/ a(x, Vu).Vudx < | (mv +4 ivr) dx 
{k<|u|<k+1} {k<|u|<k+1} 


SCI Mx quirall po) (VO Xte<ui<k+0]] po0.@) 


+c { \Vul? dx. (2.105) 
{k<|u|<k+1} 


Thus, (2.15) follows from (2.63). 

It remains to prove (2.16) for u. Because C™(Q) is dense in W!-PO(Q) and in 
W!-Pa() (Q) since p and p, verify (2.58), we can take test functions in C~(Q). So, 
let y € C™(Q) a test function for the renormalized formulation (2.16) for u,. One 
has 


/ (Stunde (x, Vun).Vw + S'(un)an (x, Vun).Vuny + bia) Stan) ) dx 
Q 


- / un Pun S(tn)W do = i faS(un)w dx, (2.106) 
dQ Q 


where S € S with suppS Cc [—M, M]. 

As n — oo in (2.106), reasoning as above to pass from (2.88) to (2.99), we get 
the different limits given in (2.89)-(2.91) and (2.94). So, we should direct especially 
our attention to the term 
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/ S! (ip an (4 Vlg) Vtg) dx = i 5! (un) Y™ (VT y (tn) W dex. 
Q Q 


The sequence S’(u,,) is uniformly bounded and converges to S’(u) a.e. in Q. Thanks 
to Lemma 2.4.4 and by using Lebesgue generalized convergence theorem, this term 
converges to 


i: Su) YW" VTu (ww dx = S'(uja(x, Vu).Vuy dx. 
Q Q 


We deduce the renormalized formulation (2.16) for u with test functions in C®(Q) 
and by density with test functions in W!PO(Q) A L®(Q), which end the proof of 
Theorem 2.4.1. oO 
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Chapter 3 ®) 
Weak Solutions of Anti-periodic Discrete = x 
Nonlinear Problems 


Rodrigue Sanou, Idrissa Ibrango, Blaise Koné, and Aboudramane Guiro 


Abstract We consider the existence of weak solutions for discrete nonlinear 
problems. The proof of the main result is based on a minimization method. 


Keywords Discrete nonlinear problems - Minimization method - Anti-periodic 


3.1 Introduction 


In this chapter, we investigate the existence of weak solution for the following 
anisotropic nonlinear discrete anti-periodic boundary problem: 


Afa(k — alk — 1, Au(k — 1)] = fk, w&)), & E NUL, NI, 
(3.1) 
u(0)=—u(N); u(1) = —u(N + 1), 
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where Au(k) = u(k + 1) — u(k) is the forward difference operator, N[1, VN] = 
{1,..., N}, and a,a, f are functions to be defined later and where N is a fixed 
integer >3. 

The theory of difference equations occupies now a central position in applicable 
analysis. We just refer to the recent results of Agarwal et al.[1], Yu and Guo 
[21], Koné and Ouaro [12], Guiro et al.[9], Cai and Yu [4], Zhang and Liu [22], 
Mihailescu et al.[17], Candito and D’Agui [5], Cabada et al.[3], Jiang and Zhou 
[10], and the references therein. In [22], the authors studied the following problem: 


A*y (k- I +Af ((y (kK) = 0, KE NEL, TI, 
(3.2) 
yO)=y(T+1)=0, 


where A > 0 is a parameter, A’y (k) = A (Ay (k)), and f : [0, +00) —> Risa 
continuous function satisfying the condition 


f (0) =—a, where a is positive constant. (3.3) 


The problem (3.2) is referred as the “semipositone” problem in the literature, which 
was introduced by Castro and Shivaji [6]. Semipositone problems arise in bulking of 
mechanical systems, design of suspension bridges, chemical reactions, astrophysics, 
combustion, and management of natural resources. 

The studies regarding problems such as (3.1) or (3.2) can be placed at interface 
of certain mathematical fields such as nonlinear partial differential equations 
and numerical analysis. On the other hand, they are strongly motivated by their 
applicability in mathematical physics as mentioned above. 

In [10], Jiang and Zhou studied the following problem: 


A*y(k—1) = f (k,u(k)) kEN[I,T], 
(3.4) 
u(0) = Au(T) =0, 


where T is a fixed positive integer and f : N[1, 7] x R —> R is a continuous 
function. 

Jiang and Zhou proved the existence of nontrivial solutions for (3.4) by using 
strongly monotone operator principle and critical point theory. 

In [11], it is considered a discrete variant of the variable exponent anisotropic 
problem 
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N 
0 re) 
ar (« =) =f(x) in Q 


(3.5) 


where Q C RN (N > 3) is a bounded domain with smooth boundary ['; Ul = 0Q, 
f € L®(Q), and p; is continuous on Q such that 1 < p;(x) < N forallx €Q 


N 
and alli ¢ N[1, NV], where p; := ess ps pi(x) and dX (+) > 1. 

The first equation of (3.5) was recently analysed by Koné et al.[13] and Ouaro 
[18] and generalized to a Radon measure data by Koné et al. [14] for a homogeneous 
Dirichlet boundary condition (u = 0 on dQ). The study (3.5) will be done in 
a forthcoming work. Problem such as (3.5) has been intensively studied in the 
last decades since they can model various phenomena arising from the study of 
elastic mechanics (see [20, 23]), electrorheological fluids (see [8, 19, 20]), and 
image restoration (see [7]). In [7], Chen et al. studied a functional with variable 
exponent 1 < p(x) < 2 that provides a model for image denoising, enhancement, 
and restoration. Their paper created another interest for the study of problems with 
variable exponent. 

Note that Mihailescu et al. (see [15, 16]) were the first authors who study 
anisotropic elliptic problems with variable exponent. In general, the interested 
reader can find more information about difference equation in [1, 3,5, 9, 11, 12]. 

Our goal in this chapter is to use a minimization method in order to establish 
some existence results of solutions of (3.1). The idea of the proof is to transfer 
the problem of the existence of solutions for (3.1) into the problem of existence of 
a minimizer for some associated energy functional. This method was successfully 
used by Bonanno et al.[2] for the study of an eigenvalue nonhomogeneous Neumann 
problem, where, under an appropriate oscillating behaviour of the nonlinear term, 
they proved the existence of a determined open interval of positive parameters for 
which the problem considered admits infinitely many weak solutions that strongly 
converge to zero, in an appropriate Orlicz—Sobolev space. Let us point out that, to 
our best knowledge, discrete problems such as (3.1) involving anisotropic exponents 
have been discussed for the first time by Mihdailescu et al. [17], in a second time by 
Koné and Ouaro [12], and in a third time by Guiro et al.[9]. In [17], the authors 
proved by using critical point theory the existence of a continuous spectrum of 
eigenvalues for the problem 


—A (|Au (k = 1) |P&—D~? Au (k = 1) = Alu (ke) [270 (k), kK E NUL, TI, 
u(0)=u(T +1) =0, 
(3.6) 
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where T > 2 is the positive integer, and the functions p : N[0, 7] —> [2, +00) 
and gq : N[1, T] ——> [2, +00) are bounded, while 4 is positive constant. 

In [12], Koné and Ouaro proved, by using minimization method, existence and 
uniqueness of weak solutions for the following problem: 


—A(a(k—1, Au(k—1))) = f (&), kK EN[I, T] 
(3.7) 
u (0) =u(T +1) =0, 


where T > 2 is a positive integer. The function (a (k — 1, Au (k — 1))) that appears 
in the left-hand side of problem (3.1) is more general than the one that appears 
in (3.6). 

In [9], Guiro et al. studied the following two-point boundary-value problems: 


—A (a(k—1, Au(k—1))) + |u(® (Pu) = f (ke), k EN[I, T] 
(3.8) 
Au (0) = Au(T) = 0. 


The function (a (k — 1, Au (k — 1))) has the same properties as in [12], but the 
boundary conditions are different. For this reason, Guiro et al. defined a new norm 
in the Hilbert space considered in order to get, by using minimization methods, 
existence of unique weak solution (which is also a classical solution since the Hilbert 
space associated is of finite dimension). Indeed, they used the following norm: 


T+ T 3 
el] = (>: JAu(k-) P+) o lu ) (3.9) 
k=1 k=1 


which is associated to the Hilbert space 
W={v:N[0,7+1]— R; such that Av(O) = Av(T)=0}. (3.10) 


In order to get the coercivity of the energy functional, the authors of [9] assumed 
the following on the exponent: 


p: N[O, N] — (2, +00). (3.11) 


In this chapter, we assume that the exponent p: N[0, N] —> [2, +00). 

The remaining part of this chapter is organized as follows. Section 3.2 is devoted 
to mathematical preliminaries. The main existence and uniqueness result is stated 
and proved in Sect. 3.3. In Sect. 3.4, we have the extension of the problem (3.1). 
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3.2 Mathematical Background 


By a solution to problem (3.1), we mean such a function uv : N[O, VN +1] — R 
that satisfies the given equation on N[1, N] and the boundary conditions. In the 
N-dimensional Hilbert space, 


X = {u:N[0,N+ 1) R:u(0)=-u(N); uw) = —u(N + D}, 
with the inner product 
N+1 
x,y) = )) Ax(k— DAyk - 1), Vx,yeX, 
k=1 


we consider the following norm: 


Nie 


N+1 
lll = (x JAx(k — | e) (3.12) 


k=1 
Let 
p, r: N[O, N] — [2, +00) (3.13) 
and denoted by 
> k _— k “= k d 
sf =a ) P k Eee yor ray ny 7 
r? = max r(k). 
keEN[0,N] 


For the data a, a, and f, we assume what follows: 


a(k,.): R— R, k € N[0, N] is continuous and there exists 
(A). A(.,.): N[0O, VW] xR-R 
which satisfies a(k, €) = ig Atk, €) and A(k,0) = 0, forall k € N[O, N]. 


(Hp). For all k € N[O, N] andé # n, 
(a(k, &) — a(k, n)) (& —n) > 0. (3.14) 


(H3). For any k € N[O, NV], € € R, we have 


A(k, &) > mek ier. (3.15) 
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(H4). For each k € N[O, N], the function f(k,.) : R —> R is continuous, and 
there exists a constant C, > O such that 


IF, &)| < Ci(1 + EO). (3.16) 


We denote 
§ 
F(k, &) -|/ Ftk, s)ds for (k,é) e N[O, N] x R, (3.17) 
0 


and we deduce that there exists a constant C2 > 0 such that 
|F(k, §)| < Co(1 + 16"). (3.18) 
(H;). The function a : N[O, N] —~> (0, +00) is such that for all k € N[O, N], 
0O<a = ae <a(k) <at = ae < +00. (3.19) 


(H6). Foreach k €e N[O,N], r(k) <p. 


Example 3.2.1 There are many functions satisfying both (H,) — (Hs). Let us 
mention the following: 


- Atk,é) = 5b (i jeer. 1), where a(k,é) = (1 + 
E2)° ", Ve ENDO, NILE ER. 
© fk =14 [gO ', Ve eNO, N]andé eR. 


© a(k) =1, Vk ENO, NI. Oo 


Moreover, we may consider X with the following norm: 
N 1 
X|m = (x ito") , VxexX and m>2. (3.20) 
k=1 


We have the following inequalities (see [4]): 


NEMO x19 << |xln < NV" x2, VxeX and m>2. (3.21) 
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We need the following auxiliary results throughout our paper (see [17]): 
Lemma 3.2.1 


1. There exist two positive constant C3, C4 such that 


N+1 _ 
do Ax — DIPPER > Callall?” — Cy (3.22) 
k=1 


for all x € X with ||x|| > 1. 
2. For any m > 2, there exists a positive constant Cm such that 


N+1 


3 x(k)" < cm dX |Axkh= 1)", Vare X. (3.23) 


3.3. Existence of Weak Solutions 


In this section, we study the existence of weak solution of problem (3.1). 


Definition 3.3.1 A weak solution of problem (3.1) is u € X such that: 


T+1 T 
> a(k — l)a(k — 1, Au(k — 1))Av(k — 1) = a Sk, u(k))v(k) (3.24) 
k=1 k=1 

for allv € X. oO 


Note that since X is a finite-dimensional space, the weak solutions coincide with 
the classical solution of the problem (3.1). 


Theorem 3.3.1 Assume that (H,) — (H6) hold. Then, there exists a weak solution 
of the problem (3.1). 


We define the energy functional J : X —> R by 


N+1 N 
J(u) = Yo ak - I)A(k — 1, Au(k — 1) -) F( (k, u(k)). (3.25) 
k=1 k=1 


Lemma 3.3.1 The functional J is well-defined on X and is of class C! (X, R) with 
the derivative given by 
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N+1 N 
(J), v) = Yo ak = Nak = 1, Auk — I) Av(k = 1) — YF f(k, uk) v&), 
k=1 k=1 (3.26) 
forallu,v eX. oO 
N+1 N 
Proof Let I(u) = ) > a(k —1)A(k—1, Au(k = 1)) and Aw) = S> F(k, u(&)). 
k=1 k=1 


As in [9], Lemma 3.4, we can prove that the functional J derivative is given by 


N+1 
(Iu), v) = Yo alk — Da(k — 1, Auk — I) Av(k = 1. (3.27) 
k=1 


On the other hand, for all u, v € X, we have 


N 
(A'(u), v) = D0 f(k, u(k)). 


k=1 


The functional J is clearly of class C!. oO 
Proposition 3.3.1 The functional J is coercive and bounded from below. Oo 


Indeed, according to (3.18) and (3.15) , we have 


N+1 N 
Ju) = Do alk — NA(k = 1, Auk —- D) — Do F(k, ud) 
k=1 k=1 
N+1 N 
>a7 SD) A(k=1, Au(k = 1) — Ca 5 uI - Co 
k=1 
N+1 = N 
= p(k— (k) 
> a a oplauk- 0) =e — Cy 
— N+1 
a ae JAwce = HPO? ~ C237 juyr® — C2. 
k=1 


To prove the coercivity of J, we may assume that ||u|| > 1, and we deduce 
from (3.22) that 


N 
C3 ae = 
J(u) > = [lull — Ca — C2 Du = Co 
k=1 
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C3a~ 
Pat 
pt 


N N 
[lell? — C4 = Co Su — Co Su” = Cr. 
k=1 k=1 


Using (3.23), we see that 


N N 


Qa = = 
|||? —Cy—Ca2(C,-) )> |Au(k)|” —Cx(C,+) J |Awk)|"" —Co. 
k=1 k=1 


ws 
Pp 


By using (3.21), there exist positive constants K; and K2 such that 


C3a - - 
J(u) > a [Jul]? — Cy — Kylul|"” — Kollull"™ — Co. (3.28) 


Since p~ > rt, J is coercive. 

Besides, for ||u|| < 1, we see from the Weierstrass theorem that J is bounded 
from below there. Recall that X is finite-dimensional. Then it follows that summa- 
rizing J is bounded from below. oO 


Proof of Theorem 3.3.1 Since J is continuous, bounded from below, and coercive 
on X, using the relation between critical points of J and problem (3.1), we deduce 
that J has a minimizer that is a weak solution of problem (3.1). 


3.4 An Extension 


In this section, we show that the existence result obtained for (3.1) can be extended 
to a more general discrete boundary-value problem of the form 


A[a(k — la(k — 1, Au(k — 1))]+ |ul4~7u(k) = f(k, uk), k E NEL, NI, 


u(O)=—u(N); ul) = —u(N + J), 


(3.29) 
with g : N[1, N] — (1, +oo). 
A function u € X is a solution of problem (3.29) if for any uv € X, 
N+1 N 
> a(k — l)a(k — 1, Au(k — 1))Av(k — 1) + > |u(k) ou (k)u(k) 
k=1 k=1 
N 
— So fk, uh) ve) = 0. (3.30) 


k=1 
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Theorem 3.4.1 Under asymptotes (H,) — (H6), there exists a weak solution u € X 
of problem (3.29). 


Proof For u € X, we defined the energy functional J by 


N+1 N 
= = = = q(k) _ 
J(u) = pee IA(k — 1, Au(k — 1) +) ll Aah) 


The functional J is well-defined, continuous, and of class C L(x, R) with a 
derivative given by 


N+1 N 
(J'(u), v) = se a(k — l)a(k — 1, Au(k — 1))Av(k — 1) + > \ule 2 u(k)v(k) 
k=1 k=1 
N 
-— So fk. ub®)v@, 
k=1 


forallu,v € X. 


Since 
a | 
2 a® juj?@® > 0, 
qk) 
we have 
N+1 N 
J(u) > D> ak - 1)A(k — 1, Au(k — 1) -) F( (k, u(k)), (3.31) 
k=1 k=1 


and, according to Proposition 3.3.1, that arguments applied above also work. 
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Chapter 4 Mm) 
Boundary Feedback Controller over spooks 
a Bluff Body for Prescribed Drag and Lift 
Coefficients 


Evrad M. D. Ngom, Abdou Séne, and Daniel Y. Le Roux 


Abstract This chapter presents an improved boundary feedback controller for the 
two- and three-dimensional Navier-Stokes equations, in a bounded domain &, for 
prescribed drag and lift coefficients. In order to determine the feedback control 
law, we consider an extended system coupling the equations governing the Navier— 
Stokes problem with an equation satisfied by the control on the bluff body, which 
is a part of the domain boundary. By using the Faedo—Galerkin method and a priori 
estimation techniques, a boundary control is built. This control law ensures the 
controllability of the discrete system. Then, a compactness result then allows us 
to pass to the limit in the non-linear system satisfied by the approximated solutions. 


Keywords Navier-Stokes system - Boundary feedback stabilization - Bluff 
body - Drag and lift coefficients 


4.1 Introduction 


Flow over a bluff body is a common occurrence associated with fluid flowing over 
an obstacle or with the movement of a natural or artificial body. Evident examples 
are the flows past an airplane, a submarine, and wind blowing past a bridge or a high- 
rise building. This chapter presents an improved boundary feedback control for the 
two- and three-dimensional Navier-Stokes equations around a bluff body. Let Q be 
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Fig. 4.1 Description of the domain Q and of the two connected components I", andl’, 


a bounded and connected domain in R¢ (d = 2, 3), witha boundary IT" of class C 2 
and composed of two connected components I’, and I’, such that © = ',UT",. Such 
a boundary decomposition is schematized in Fig. 4.1. In particular, the boundary I, 
represents the contour of the bluff body, and it is the part of where a Dirichlet 
boundary control in feedback form has to be determined. 

For e; = (6);, 65;,53;), i = 1,...,d, with bij the Kronecker symbol I", is 
chosen such that 


/ Sade 0, (4.1) 
re 


c 


where n denotes the unit outer normal vector to T°. 

For example, condition (4.1) holds when I”, is a sphere with centre (0, 0, 0) and 
radius r. Indeed, in that case, I", is the locus of all points X = (x, y, z)! such that 
f (X) = ||X||? — r? =0, which lead to 


V f(X) x 


IV FCO XI 


and hence, (4.1) is obtained. Condition (4.1) also holds in the case where f(x, y, z) 
is the contour of a circular cylinder. More generally, when f(x, y, z) represents the 
boundary I".., condition (4.1) is satisfied if V f(x, y, z) is odd with respect to each 
variable x, y, z, supplemented with specific symmetries for f(x, y, z) and Tc. 

Let T > 0 be a fixed real number, Q = [0, T[xQ, &, = [0,7[xI,, &, = 
[0, T[xI,, and VIP), Mee I’, is defined as the space of trace functions whose 
extension by zero over I’ belongs to H!/?(I°). We consider the perturbed trajectory 
(u, 7), solution of the non-stationary Navier-Stokes model 
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wt —vAu+ (u- Vout Va =f in Q, 

V-u=0 in Q, 

u= Q(x) on &,, (4.2) 
u= V.(t, X) on &,, 

u(t = 0, x) = up (x) in Q, 


where u and z are the velocity field and the pressure, respectively, v is the kinematic 
viscosity, and f € H~!(Q) represents body forces acting on the fluid. Further, Uy (x) 
is the initial condition, and v,(t, x) represents the control input on &,, while the 
specified Dirichlet boundary condition w,, is such that 


¥.€V'7(P,) and / Woo -ndt =0. (4.3) 

Y, 
The different regimes of the flow are given by the values of the Reynolds number 
R= fa with D and Voc being the characteristic dimension (e.g., the size of 


I’) and the characteristic velocity, respectively. 

For low Reynolds numbers, due to the highly viscous body, the force exerted on 
the body is mainly attributed to skin friction. However, when the Reynolds number 
R, exceeds a certain critical value, small perturbations destabilize the solution of the 
system (4.2) and yield a periodic solution (u, 77) represented by the well-known von 
Karman vortex street. In fluid dynamics, a von Karman vortex street is a repeating 
pattern of swirling vortices caused by the unsteady separation of flow of a fluid 
around blunt bodies. This vortex shedding is responsible for such phenomena as the 
“singing” of suspended telephone or power lines, and the vibration of a car antenna 
at certain speeds that may lead to structural failure or reduction in performance. 
Further, vortex shedding occurs over a wide range of Reynolds numbers, causing 
significant increases in the mean drag and lift fluctuations. Therefore, the effective 
control of vortex shedding is important in engineering applications. 

Recall that in fluid dynamics, the drag coefficient, denoted by C,., is a dimen- 
sionless quantity that is used to quantify the drag or resistance of an object in a 
fluid environment, such as air or water. A low drag coefficient indicates the object 
will have less aerodynamic or hydrodynamic drag. The lateral lift coefficient and 
the vertical lift coefficient denoted by C, and C,, respectively, are dimensionless 
coefficients that relate the lift generated by a lifting body to the density of the 
fluid around the body. It is common to show, for a particular airfoil section, the 
relationship between section lift coefficient and angle of attack. It is also useful to 
show the relationship between section lift coefficient and drag coefficient. 

The coefficients C,, C 3 and C,, which are always associated with a particular 
surface area S, are defined [2, 15, 34] as 
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2 F, (u, 7) 2 F,(u, 7) 2 F(u, 7) 
=F 9 = 


C0) = » CO= », C= , (4.4) 
i ens PWS PWS 
where the fluid density p is taken to p = 1 in the present paper and 
F(a) =~ f [vVu-n—azn]-e,dé, i=1,...,d. (4.5) 
Pe 


The control of the unsteady viscous flow past bluff bodies has been studied by 
a number of authors, e.g., [3, 8, 13, 16, 22] for the passive control, [1, 4, 5, 12, 
23, 24, 37] for the active open-loop control, and [2, 10, 21, 25, 26, 31] for active 
closed-loop control, also called a feedback control. Feedback control methods are 
an attractive choice over passive and active open-loop controls in that the control 
input is continuously modified according to the response of the flow system. For 
more examples of control over a bluff body, one can refer to the review work of H. 
Choi et al. [14]. 

In the above-mentioned papers, the authors aim at decreasing the mean drag 
coefficient, suppressing the vortex shedding, narrowing the wake width, and/or 
stabilizing the system around a given steady-state flow. In particular, the reduction 
of the drag coefficient remains a difficult and challenging issue, and an important 
question arises: what is the lowest possible drag achievable from control in the case 
of bluff bodies? For example, by employing a high-frequency rotation of the circular 
cylinder, Tokumaru and Dimotakis [37] experimentally obtained approximately 
80% drag reduction at R, = 15,000. A significant drag reduction is also obtained 
by Amitay et al. [1], Glezer and Amitay [19], for high Reynolds numbers ranging 
from 31,000 to 131,000, by applying a high-frequency forcing from a synthetic jet 
to flow over a circular cylinder. 

Apart from experimental and numerical simulations studies, a number of theo- 
retical works have focussed about the stabilization around a prescribed equilibrium 
state, e.g., [6, 7, 17, 29, 30, 32, 33]. In most of these theoretical stabilization 
results, and thanks to the employed control laws, the authors aim to suppress the 
vortex shedding and narrow the wake width. Further, in [29] (in finite dimension) 
and in [32] (in infinite dimension), the stabilization result is obtained via enough 
small initial perturbations. However, if the above-mentioned studies aim to find an 
equilibrium state, such an equilibrium state is not reached by prescribing the drag 
coefficient C,. and the lift coefficients C,, and C,. 

This is why the present paper aims to present a theoretical study regarding the 
feedback control over a bluff body for prescribed drag and lift coefficients (which 
can be as small as desired). To our knowledge, such a study has not been conducted 
previously, and it is the main objective of the present paper. 

For prescribed time functions i (t), i = 1,...,d, we need to find a feedback 
control v. = M(u), where M is the feedback law, such that F, in (4.5) satisfies 


F,(u, 7) =4,(t), i=1,...,d. (4.6) 
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To this end, the boundary control v, in (4.2) is written on the form 


d 
vo(t.x) = )oaj(t)e(x) on E,, (4.7) 
i=l 
where the quantities a6 = 1,...,d, are a priori unknown and have to be deter- 


mined in the feedback form. In order to determine a,, leading to the determination 
of the boundary control v,, we consider the trajectory (W,q) € H!(Q) x E72) 
solution of the stationary Navier-Stokes model [18]: 


—vAw+W-V)w+Vqa =f, inQ, 


V-w=0 in Q, 

¥ (4.8) 
wv =0 onT’., 
W=Vaq onT,, 


and we substitute (u, 7) by (v+ W, p + q) in (4.2) and (4.6). Consequently, we get 
this extended system that is considered in the following: 


(a) SY vAV + (W- VW + Vv + (v- Vv-+ Vp =0 in Q, 


(b) V- v=0 in Q, 
(c) v=0 on &,, 
7 (4.9) 
(d) v= )Vj_1 a, (t) e, (x) on &,., 
(e) v(t = 0, x) = vo(x) = ug (x) — W(x) in, 
(f) (-vVv + Ip) -n, OF tes ab es — OE Ca Oerere a 
where A,(t) = —F.(W,q) — Ad); i = 1,...,d. As in [29, 30] where the 


authors stabilize the two- and three-dimensional Navier-Stokes problem around 
a given stationary state, system (4.9) is solved via a Galerkin procedure. Such 
a procedure consists in building a sequence of approximated solutions using an 
adequate Galerkin basis. 

This chapter is organized as follows. In Sect. 4.2, the notations and mathematical 
preliminaries are given. In Sect.4.3, the existence of at least one solution of the 
non-linear extended system (4.9) is established by applying the Galerkin method. 
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4.2 Notation and Preliminaries 


4.2.1 Function Spaces 


The usual function spaces L?2(Q), H'(Q), Hy (Q) are used, and we let L?(Q) = 
(L?7(Q))4, H'(Q) = (H1(Q))4, Hj(Q) = (Hg (@))4. Further, we denote by || - || = 
Il « lL2¢q) the norm in L?(Q). Finally, if u € L?(Q) is such that V - u € L*(Q), the 
normal trace of u in -3 (T) isu-n. 

A few spaces are now introduced: 


V'(Q) = {ue H'(Q) : V-u=0inQ}, (4.10) 

Vj(Q) = {ue Hj(Q) : V-u=0inQ}, (4.11) 

V(Q) = {ue V'(Q), u=0on rf u-nd¢é =0}, (4.12) 
Vs 

H(Q) = {uc L°(Q) : V-u=0inQ, u-n=OonTy}. (4.13) 


H({2) is a Hilbert space endowed with L?-norm, and V(Q) is Hilbert space endowed 
with H'-norm. Denoting by V~!(Q) = (Vj(Q))’ the dual space of Vj(Q) and 
considering H(Q) identified with its own dual, we have V(Q) C H(Q) c V~!(Q) 
algebraically and topologically with compact injections. 

Finally, the solution v of (4.9) is searched in the space 


d 
W(Q) = {v € V(Q), da = (a, +++ , ay) such that v = So ae; onl}, 
i=l 


(4.14) 


where the orthonormal basis e, of R? is such that e, € VC), ea) (ere 7 


4.2.2 Linear Forms and a Few Inequalities 


In order to define a weak form of the Navier-Stokes equations, we introduce the 
continuous bilinear form 


a(V}, V9) = Vv, : Vvy dx, Vv,, Vv, € H'(Q), 
Q 


and the trilinear form 
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D(V,, V2, V3) = i (v, - V)Vy-V3dx, VV), Vo, V3 € H!(Q). 
Q 
Thanks to Holder inequality, we obtain 


ID(¥y, Vo, V3)1 < II¥q Ile3ayll VVoll V3 Ilsa): 


Further, due to the generalized Sobolev’s inequality, there exists a positive constant 
C such that 


I 1 
IV; Ilsa) < Clly, |]? || Vv, ||? and IlV3 II L6(@) <C||Vv3||, ford = 2, 3, 
and hence, 
a 1 
Ib(V,, Vo, V3)1 S Cllyy 7 IV Vy I? TV voll Vvsil- (4.15) 
By using Holder inequality, we obtain 
JO, U,V) < IIVIlpacqyllVull, Yu, v ¢ HQ), 

and hence thanks to [11, Remark II.2.17], we deduce 

Jb(v, u,v) < Cliv>- FI Vvlz | Val, Vu, v ¢ H(Q). (4.16) 


By employing integration by parts, the following property holds true 


b(u, v, v) = al lv|?(u -n)dt, VWue v'(Q) and Vv € V(Q). = (4.17) 
r, 


For all v = )“_, a,e, and V = 4 a,e,; on I, we have 


d d 
v¥=) af, onl, and v-n=) aj(e;-n) on[.. (4.18) 


i=1 i=j 


From the trace theorem and the Poincaré inequality, we obtain ||vllp2~r) < 
C||Vv||, Vv € W(Q), and hence, 


IIVnzr) = 


d 
Ya? < CllVvI. (4.19) 
i=l 


In the next section, the variational formulation of the control problem (4.9) is 
given. 
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4.3 Existence Result 


4.3.1 The Variational Formulation 


We consider the variational formulation for the extended system (4.9). 


Definition 4.3.1 Let T > 0 be an arbitrary real number, 4, (f) in L2(0,T), i = 
1,...,d and vy € H(&2); we shall say that v is a weak solution of (4.9) on [0, T) 
if: 
* ve L™(0, T; H(Q))N L7(0, T; V(Q)). 

d 
* Ja =(a,,...,a,) € L?(0, T) such that vy = dia; e, onT., 


i=1 


(a) & fv ¥ax + vaww.%) +50, v,¥) 
dt Q 


+H, Vv, ¥) +b, Vv, ¥) = OG A;, (4.20) 
(b) (/ v-¥dx) (0) = / vo: v dx, 
Q Q 
d 
V¥ € W(Q) with ¥ = Soa, e, on... Oo 
i=l 


Note that the initial condition (4.20), makes sense because for any solution v 
of (4.20),, function t > Je v(t) - V dx is continuous (see [11] Corollary II.4.2). 
We now first establish the a priori estimates for the extended system (4.9). 


4.3.2 A Priori Estimates 


Taking V = vin (4.20), leads to 
ld : 
<—|lv|? + v|| VI? + d(v, v, v) + BWW. v, v) + OW, We) = > Aj. (4.21) 
2 dt = 

First, let us estimate the terms of b(., -, -) in (4.21). Using (4.17) yields 


b(v, v, v) = > lvi?(v-n)dt, Vv Ee W(Q). (4.22) 
r 


Using (4.1) and (4.18) in (4.22), we obtain 
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d d 
bovnn=$(Soo?) Soa, [ ep-mdc =o. (4.23) 
i=! j=! c 


Second, from (4.17), we have 
i 2 
bD(W,VvV, Vv) = 5 vie -mdg, Vv e W(X), 
Yr. 


and since w = 0 on I’, we deduce 
bw, Vv, v) = 0. (4.24) 
Finally, using (4.15) and Young’s inequality leads to 


1 1 
lb(v, w vl < Clivil7zIVvilZ VeVi 


A 


€ C2 
< S1Vvi? + —IV¥IPFivihVvi 
2 2€, 


€, +, 2 1 ct 4 7) 
——+~||V — |—~||V 
yee? + 5 | geal ¥ J vi’ 


IA 


v 
and taking €; = €, = re we obtain 


v 2 8ct 4 2 
lv, v1 = FilVvll + | IVI ) ivi’ (4.25) 


We now estimate the term in the right-hand side of (4.21). Using (4.19), we obtain 
la;| < C||Vv||, and hence, 


d 

Y a;; < CIVvIl th < = ||Vv|l2 + M(t) (4.26) 
é : rile rf — A ’ 

i= 


i=1 


2 
d 
1 
where M,(t) = — (c >, rl) . Using (4.23)-(4.26) in (4.21), the following 
v 
i=1 


inequality holds 


ld», 2. (8c* 4 5 
— ~(lVvil? < (lV M(t). 4.27 
aa lvl + SIV <(4 Vel } live + MA.) (4.27) 
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Consequently, thanks to Gronwall lemma, we deduce from (4.27) the following 
estimation: 


T 
sup || v(¢) ||? + v i; |Vv(t)||?d t < CCT), (4.28) 
t<T 0 


where C, (7) depends on T, Mj, ||Vwll, and ||voll . 


d 
Let us estimate aly By using integration by parts and the technics used in (4.23)—- 
(4.24), we show that 


b(v, v,¥) = —biy, v, w), 
b(v, v, V) = —D(v, ¥, v). 


Moreover, by employing (4.15) and (4.16), we obtain 


és fl 1 e 

lbw. vv) < CIWIZIV BIZ IVVIIV I, 
e 1 : = 

lb, Vv, WI < CIMIZIV BIZ IVVIV VI, 
eB _d te 

b(v, ¥, vy] < Cllvi-2 Vv? IVI; 


hence, from (4.20), by taking @ = 0, yielding V € Vj(Q), we deduce 
dv 
dt 


where G(t) is bounded in Li (JO, T[) according to estimate (4.28). Therefore, 


T , 4 
IS < (/ gar) < Cy(T). (4.29) 
L2Q0,7EV —1(Q)) 0 


Theorem 4.3.1 Assume that (4.1) is satisfied. For an arbitrary function i, in 
L7(0, T), i = 1,...,d, and an arbitrary initial data Vo in H(Q), there exists a 
solution Vv in the sense oF Raumaen 4.3.1 and a distribution p on Q such that (4.9) 
holds. Moreover, 4 Tt Y belongs to Li (0, T[; V~!(Q)). oO 
Proof In the first step, a Galerkin basis is built for the space W(2) defined in (4.14), 


while in the second step we prove the existence of a weak solution v. Finally, we 
prove the existence of the pressure. 


1 1 _d d 
< vVvll + Civ ZIVe ZV + Civil? 2Vvil2 = GO, 


v-!(Q) 
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4.3.3 A Galerkin Basis for the Space W() 
For i = 1, ...,d, we consider the following Stokes problem: 


—Aw,+ Vq,=9, inQ, 


V-w, =0 in Q, (4.30) 
w, =0 onT,, 
w, =e; onl’... 


From condition (4.1), Ip e,-nd¢ = 0. Thus, system (4.30) admits a unique solution 
(w,, q;) belonging to H!(Q) x L5(Q) (see [11, Theorem IV.6.5]). Moreover, for all 
ZE Vj(Q) defined in (4.11) and for all aw, € IR, we have v = z+ yy aw, € 
W(2), where w, satisfies (4.30). Indeed, we have z, w; € V(&2), and since z = 0 on 
I., we obtain v = ean aw, on’. When (Zp )nen defines a countable orthonormal 
basis of V4(Q), since w, = e, on I’,, the sequence W,, ..., Wy, 2, Zo; Zz, +005 is 
then linearly independent. Consequently, W(2) can be rewritten as 

W(X) = span(w; ){1<i<a} ® span(Z, ){nen*}, (4.31) 


and v is expressed as 


d ee) 
v=z+)_a,w;, with z=) 62;. 
i=l i=l 


4.3.4 Existence of Weak Solution 


The proof of the existence follows a standard procedure [30]. In a first step, a 
sequence of approximate solutions using a Galerkin method is built. A compactness 
result allows us to pass to the limit in the system satisfied by the approximated 
solutions. 

4.3.4.1 The Galerkin Method 

Let m € N*; we define the space 


W,, = Span(w){1<i<a} ® span(Z;){1<i<m); 


and we express v,, € W,, as 
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d+m 


Vn = ) Aim i> 
i=1 


where 9, = w,, fori =1,...,d, andg, =z;_,, fori =d+1,d+2,...,d+m. 
We consider the following finite-dimensional problem: 


d 
C0) fv) AR+ VAC, 8) + BV ps Wo) + BOP Ys) 
d 


+ DW ms Vins 9) = Yb ,;Ai> (4.32) 
i=] 


(b) [vn ejax= [ v0- 90x, for 7 =1,2,...,d+m. 
9) Q 


Lemma 4.3.1 The discrete problem (4.32) has a unique solution v,, belonging to 
c!(0, T, ‘ns Win): Moreover, the solution satisfies 


Vn ll 22° 0,7;12(2)) + Vn llz20,7:H1(Q)) < Ca(T), (4.33) 
dv 
[Se 4 <C,(T), (4.34) 
dt |, a (Q0,7TE-V-1(Q)) 


where C,(T) is a positive constant independent of m. Oo 


Proof Classical results of non-linear ODEs lead to the existence of the greatest 
Tin in (0, = such that the discrete problem (4.32) has a unique solution v,, € 
C!(0, T,,; W,,)- Indeed, the resulting mass matrix defined as Mij = [99° gp , ax 
Qd<ij< d + m) is nonsingular. In order to show that T,, is independent of m, 
it is sufficient to verify the boundedness of the L?-norm of v,, independently of m. 
Following the same procedure as for the derivation of the a priori estimates (4.28) 
and (4.29) yields (4.33) and (4.34). If T,, < T, then |lv,,,|| should tend to +00 as 
t — T,, because of the explosion criteria. However, this does not happen since ||V,,, || 


is bounded independently of m in (4.33), and therefore 7, = T. Oo 


For a subsequence of v,, (still denoted by v,,,), the estimates in (4.33) and (4.34) 
yield the following weak convergences as m tends to 00 : 


Vin — V weakly in L(J0, T[; V(Q)), 


Vp, ~ ¥ weakly* in L©(J0, T[; H(2)), (4.35) 


d d 

a = — weakly in L@ (JO, T[; V~!(Q)). 

Nevertheless, the convergences in (4.35) are not sufficient to pass to the limit 
in the weak formulation (4.32) because of the presence of the convection term. 
Consequently, in order to utilize the compactness theory on the sequence of 
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approximated solution v,,, we apply the Aubin theorem [27, Théoréme 5.1, page 
58] with py = 2, py = 4 and By = V(2), By = V~!(Q) and B = H(Q). Note that 
By C B C B,, and the imbedding from Bp to B is compact. Wet set 


U ={v, ve L(10, TL; VQ), v € L410, TE; V~'(Q))}, 


and equipped with the norm ||¥|| 7,20, r,-v(@) + IlvIl U is a Banach 


L4(0,TEV-"())" 
space. Then, by applying the Aubin compacity theorem, we prove that the imbed- 


ding U C L?(]0, T[; H(Q)) is compact; hence, we obtain the following strong 
convergence (at least for a subsequence of y,, still denoted by v,,) 


V,, — V strongly in L7(0, T; L7(Q)). (4.36) 
Using the above strong convergence result and (4.35) enables us to pass to the limit 
in the weak formulation, obtained from (4.32) after multiplication by g € D([0, T)) 


and integration by parts with respect to time. Hence, for all Vv; =a {Pj j= 
1,2,...,d +m, passing to the limit yields — 


T T 
-| [vt e'maxar+ [ WF) dx+v | [ve VV ,p(t) dxdt 
0 Ja Q ° 0 Ja 


T T 
+f [ow -Fowaxar+ [ [v0 -¥0@ axar 
0 Ja 0 Jo 


T ‘i 
+f / (Ww - Vv) -V9(t) dxdt = il a 5 jc A, (C)O(L) dt. (4.37) 
0 Q , 0 


By linearity, Eq. (4.37) holds for all V combination of finite V j and, by density, for 
any element of W(Q). o 
Now we can retrieve the controlled problem (4.9). 


4.3.5 Retrieving the Controlled Problem 


First, we prove the existence of the pressure. 


Lemma 4.3.2 There exists p € D/(0, T[; L?(Q)) such that (v, p) satisfies (4.9) 
in the distribution sense. oO 
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Proof By choosing y € D(0, T) in (4.37), WW = Z+a,w je WO), j=Hl,....4, 
and Z € V4(Q), we obtain 


T av T 
/ [ x Fomaxarsy | [vv vow axar 
0 JQ dt 0 Ja 
T T 
+f [ov -Fomaxar+ f [ov vow axar 
0 Jo 0 JQ 


T T 
+f [ow Vy) dxdt = | G jA;(t) p(t)dt: (4.38) 
0 Q 0 - 


hence, 


[> vax+y [ vi v¥dx+ | Vy) -Fax+ | VW) Fax 
Q ot Q Q 


+f Ww) Fax =H A, in D'(0, T). (4.39) 
. m 


Further, taking a; =0, j =1,...,d, yielding V € Vj(Q), we deduce 


[> vax+v [ vw: vwax+ | (w-Vv) Vax 
Q ot Q 


+f wv) Tx [ Gp vw) -¥ax=0 in D'(0, T). (4.40) 
Q Q 
Then, for f defined as 


f= —vavt Wt VV t(V-V)y, 


using (4.40) leads to f € D/(J0,T[; H~'(Q)) and (f, V) H-! (2), H1(@) = 0, 
for all V in Vj(Q). Hence, due to de Rham’s theorem[36], there exists p € 
D' (10, T[; L?(Q)) such that f = —V p. Oo 


Next, we prove that (v, p) satisfies (4.9) ¢. By writing (4.9), in the form 


aH: (—vVv+JIp)+(v-V)W¥+(W-V)v+(v-V)v=0 inQ 


and using [36, Chap I, Theorem 1.2], we obtain 


&v Hd Vv —Ip):Vvd —vV Ip)-n,V¥ 
[F V x+ fw v DP) vdx+ ((—vVv+ Ip) Oe at eae 
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+f (v- Vv) vdx+ [wv Vw) dx | w -Vvy):-V¥dx=0, (441) 
Q Q Q 
for all ¥ in W(Q). By comparing (4.39) and (4.41), we retrieve (4.9) ¢, namely 


—vV Ip) -n, ej =A;, 
eeNeNic a B rdcouteo ' 


Finally, it remains to verify that the initial condition (4.9). belongs to W’(Q). In 
this purpose, we multiply (4.9), by Vy, with g(T) = 0, and integrate with respect 
to time and space 


T T 
-| [v-eoaxars [ vor eOdx+v [ / Vv: Vv g(t) dxdt 
0 Jo Q 0 Ja 


T T 
+f [v9 -Fomaxars [ [ow -Vo(t) dxdt 
0 JQ 0 Ja 


t T d 
+[ [ow -Fomaxar= [ YS a Aj (1) p(tdt. (4.42) 
0 JQ 0 ja] 


By comparing (4.37) and (4.42), we obtain Jg@v) — Vo) -Vg(0O) dx = 0, and 
choosing @ such that g(0) = | yields 


/ (v(0) —V9)-Vdx=0 Wee W(Q); 
Q 


hence, v(0) = vy in W’(Q). We conclude that v is the solution of (4.9). 


4.4 Concluding Remarks 


In this chapter, the control of the two- and three-dimensional Navier-Stokes equa- 
tions in a bounded domain is studied around prescribed drag and lift coefficients, 
using a boundary feedback control. In order to determine a feedback law, an 
extended system coupling the Navier-Stokes equations with an equation satisfied 
by the control on the domain boundary is considered. We first assume that on the 
bluff body &,, (a part of the domain boundary), the trace of the fluid velocity v,. is 
a linear combination of a given velocity field represented by e; = (4);,...,6 ay 
i =1,...,d, and the proportionality coefficient w;, such that v, = 4 a;e;. The 
quantity a, is an unknown of the problem and is written in a feedback form. By using 
the Galerkin method, a; is determined such that the Dirichlet boundary control v, is 
satisfied on &,,, and the controlling boundary control is built. Finally, we show that 
the feedback control (4.6) provides control of the Navier-Stokes problem around 
given drag and lift coefficients. 
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Chapter 5 ®) 
Discrete Potential Boundary- Value oi 
Problems of Kirchhoff Type 


Abdoul Aziz Kalifa Dianda and Stanislas Ouaro 


Abstract In this chapter, we prove the existence of solutions for some discrete 
nonlinear difference equations of Kirchhoff type subjected to a potential boundary- 
value condition. We make use of a variational technique that relies on Szulkin’s 
critical point theory, which ensures the existence of solutions by ground state and 
mountain pass methods. 


Keywords Szulkin critical point theory - Ground states method - Mountain pass 
theorem - Potentiel boundary-value condition 


5.1 Introduction 


This chapter is concerned with the existence of solutions to problems of the form 
—M(A(k — 1, Au(k — 1)))A(ak — 1, Auk — 1))) = fk, u(k)); k € ZU, T] 
(a(0, Au(0)), —a(T, Au(T)) € dj (uO); u(T + 1), 


(5.1) 
where T > 2 is a positive integer and Au(k) = u(k + 1) — u(k) is the forward 
difference operator. Here and hereafter, we denote by Z[a, b] the discrete interval 
{a,a+1,a+2,...,b}, where a and b are integers witha < b. f : Z[1,T])xR—-R 
is a continuous and monotone function with respect to the second variable, j : R x 
R — (—o%, 00) is convex, proper (i.e., D(j) := {£z € Rx R: j(z) < +co} $ 9), 
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and lower semicontinuous (in short |.s.c.), and 0j denotes the subdifferential of /. 
Recall that, for z € R x R, the set dj is defined by 


dj) ={6 eRxR: FE) -—J@) = CE | € —2), forallé e R x R}, (5.2) 
where (. | .) stands for the usual inner product in R x R. 


We also consider the function space X = {v: {0,1,..., 7 +1} — R} with the 
inner product 


+l 
(u,v) = SS Au(k — 1)Av(k — 1), forallu,v € X. 
k=1 
We assume that 
a(k, .): R > Ris continuous for all k € {0,1,..., T}, (5.3) 


and there exists a mapping A : Z[1, T] x R — R that satisfies 
A(k, 0) = 0, for all k € Z[0, T]. (5.4) 
atk, €) = eA €), for all k € Z[0, T]. (5.5) 
We also assume that: 
e There exists a constant C; such that 
la(k, €)| < C1. + |€|?—!), for all k € Z[0, 7]. (5.6) 
e The following holds true. 
(a(k, €)—a(k, n).(Eé—n) > 0, for all k € ZO, T] and €, n € R such that € 4 n. 
(5.7) 


¢ The following holds true. 


EI? < alk, €)€ < p(A(k, €), forallk €Z[0,T]andéeR. (5.8) 


We also assume that 
p:Z{0,T] > (1, ov), (5.9) 


M : (0,c) — (0, 00) is continuous and nondecreasing, and there exist positive 
reals B,, B2 with By < Bz anda > 1 such that 


Bt?! < M(t) < Bot*! fort > t* > 0. (5.10) 
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As examples of functions satisfying assumptions (5.3)-(5.10), we can give the 
following: 


° M(A(k,é)) = u(r) = 1, where M(t) = 1 and a(k,é) = 
p(k) 


|g|P—€, fork € Z[O, T] andé ER. 
Cc 
« M(A(k,&)) = b+ Pr) [( + EP)? _ 1] , where M(t) = b+ ct and 
P 
atk, &) = (14 |€?)?~”” &, for all k € Z[0, T] and & € R. 


If we take M(t) = 1, (5.1) is reduced to a problem studied by Kyelem et al. in [16]. 

In [16], the authors proved the existence of solutions for discrete potential 
boundary-value problem, by using variational techniques that rely on Szulkin’s 
critical point theory and ensure the existence of solutions by ground state and 
mountain pass methods. 

Problem (5.1) has its origin in the theory of nonlinear vibration and can be seen as 
a generalization of the problem studied in [16]. The equations of the type (5.1) were 
firstly proposed by Kirchhoff in 1876 (see [13]). After that, several physicists also 
considered such equation for their researches in the theory of nonlinear vibrations. 
The first study that deals with anisotropic discrete boundary-value problems of p(.) 
Kirchhoff type difference equation was done by Yucedag (see [23]). 

In [15], Koné et al. studied the problem 


_M(A(k — 1, Au(k — D))A(a(k — 1, Auk — D)) = fF; ke ZT] 
u(O) = Au(T) = 0, 


(5.11) 
where T > 2 is a positive integer and Au(k) = u(k + 1) — u(k) is the forward 
difference operator. They proved the existence of weak solutions to a family of 
discrete boundary-value problems whose right-hand side belongs to a discrete 
Hilbert space. 

It is usually seen that nonlinear multivalued boundary condition includes particu- 
lar cases of classical boundary conditions; these are obtained by appropriate choices 
of j (see, e.g., Ch.2 in [11]). For other choices of j yielding various boundary 
conditions, we refer the reader to Gasinski and Papageorgiou [8] and Jebelean and 
Serban [12]. 

The study of boundary-value problems with discrete Laplacian using variational 
approaches was developed in the last years. Most of the papers deal with classical 
boundary conditions such as Dirichlet boundary conditions (see, e.g., Agarwal et al. 
[1], Cabada et al. [4]), Neumann boundary conditions (see, e.g., Candito and D’ Agui 
[5], Tian and Ge [22]), and periodic boundary conditions (see, e.g., He and Chen 
[10], Jebelean and Serban [12]). 
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Recently, boundary-value problems with discrete Laplacian subjected to Dirich- 
let, Neumann, or Periodic boundary conditions were studied by Bereanu et al. [2], 
Galewski and Glab [6, 7], Guiro et al. [9], Koné and Ouaro [14], Mashiyev et al. 
[17], and Mihailescu et al. [18, 19]. 

In [2], the authors are concerned with the existence of solutions of the following 
periodic and Neumann boundary p(.)-Laplacian problem: 


—Apa—yxk — 1D) = fk, x) fork € ZU, T), 


5.12 

x(0) — x(T + 1) =0 = Ax(0) — Ax(T + 1), ene) 
and the following Neumann boundary p(.)-Laplacian problem: 
—Ap-1x(k — 1) = f(k, x(k)) fork € ZI, T], 

(5.13) 


Ax(0) =0= Ax(T +1). 


Bereanu, Jebelean, and Serban obtained in [2] the existence results of solutions to 
problems (5.12) and (5.13) in appropriate discrete spaces using variational methods 
and some applications of lower and upper solution theorems for both considered 
cases. In [3], Bereanu et al. made use of variational approach to obtain ground state 
and mountain pass solutions for the following problem: 


— Apa (uk - )) = f(k, u(k) for k € ZU, T], 


(Apo (AuO)), —hpr)(Au(T)) € dj (uO), u(T + 1), 


where Au(k) = u(k + 1) — u(&) is the forward difference operator and Aj.) is a 
discrete p(-)-Laplacian operator that is 


— Apg-1) Uk — 1)) = Ape-p (Auk — 1))), 


with h pcx) : R > R defined by Apa (u(k)) = |u(k)|/P-2u(k). 

In this chapter, we prove the existence of solutions to problem (5.1) by using 
ground state method and mountain pass technique. This chapter is organized as 
follows: Sect.5.2 is devoted to mathematical preliminary, Sect.5.3 deals with the 
existence of solutions to problem (5.1) using ground state method. In Sect. 5.4, we 
deal with the existence of non-trivial solutions to problem (5.1) by using mountain 
pass technique. 
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5.2 Preliminary 


Our approach for the boundary-value problem (5.1) relies on the critical point theory 
developed by Szulkin [21]. 
We consider the following norm: 


(k) 
1 |u(k) . 
I|x|| mint fa> 0} <1}, 
PO) > ya + p(k) ae 
and we introduce the following function: 
p:Z{1, T] — dC, oo). 
Let us denote 
a — k) and — k 
oe me es ) and p* ial’ ). 
Let g : X —> R be defined by 
T+1 
oo =(Y"a@—1,aue—1) , forallu € X, (5.14) 
k=1 


where M(t) = [, M(s)ds. 
Using the functional 7, we introduce the functional J : X —> (—co; ov) given 
by 
J(u) = ju(0); u(T + 1)), forallu € xX. (5.15) 


Note that, as j is proper, convex, and l.s.c., the same properties hold true for J. 
Let us set 


w=. (5.16) 


Let us also define 
t 
F(k,t)= i fk, t)dt, forallk € Z[1, 7], forallte R 
0 


and 


T 
©(u) = — > Fk, u(k)), Yu € X. (5.17) 
k=1 
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The energy functional associated to problem (5.1) is given by 
T=0+y, (5.18) 


with y given by (5.16) and ® given by (5.17). 


Lemma 5.2.1 Letu € X and pt < 0; then I[u¢|| p(y is equivalent to the Luxemburg 
norm defined by 


k p(k) 
le = int | > 0 > fe a) <1}. 
Proof We have 
> 1 p(k) 1 T p(k) 
|e ee . 
ers ; 
thus, 
ell pc) = Arielle, 
: 1 u(k) ae 1 Ay | u(k) p(k) 
pD(k)| A - 
k=1 k=1 
therefore, 


lullpcy S Aallulle. 
We infer that 


Arlltlle < WIMllpoy S Aallulle- 


Now, let us present some basic properties of the general critical point theory. 
Let I : X — RU {oo} be the energy functional associated to problem (5.1) given 
by 


(HW) :1=O+y, 


with ® : X > RaC!(X,R) function and y : X > RU {oo} a convex, lower 
semicontinuous, and proper function. 
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Definition 5.2.1. An element u € X satisfying (H) is called a critical point of the 
functional J : X > RU {oo} if (®’(@u), v —u) + W(v) — W(u) = O, forall v € X. 


Definition 5.2.2. The functional J : X — R\J{o«} satisfying (H) is said to satisfy 
the Palais—Smale (in short (PS)) condition in the sense of Szulkin, if every sequence 
{uy} C X for which J (u,) —> c € R and 


(®' (un); v— Un) + W(v) — Wun) = —E|lv — unl, for all v € X, (5.19) 


where €, —> 0 possesses a convergent subsequence. oO 


Proposition 5.2.1 ([22], Proposition 1.1) If J satisfies (H), then each local mini- 
mum point of I is necessarily a critical point of I. 


Theorem 5.2.1 ({20], Theorem 23.2) Let f be a convex function, and let x be a 
point where f is finite. Then x* is a subgradient of f at x if and only if f’(x*, y) = 
(x*;y) for all y € X.In fact, the closure of f'(x*, y) as a convex function 
of y is the support function of the closed convex set Of (x). Oo 


Theorem 5.2.2 ({21], Theorem 3.2) Assume that I satisfies (H), the (PS) condition 
and the following: 


(i) I(O) = 0, and there exist a, p > 0 such that I(u) > a if |lul| = p. 
(ii) I(e) < 0 for some e € X with |le|| = pe. 
Then, I has a critical value c > a that can be characterized by 


c= inf sup /(f(t)), 
fel pelo, 1] 


where = {f € C((0, 1], X): f() =0, fC) = e}. oO 


Proposition 5.2.2 Assume that (5.3)—(5.10) hold. Then: 


(i) y is convex and is in C'(X;R). 
(ii) J is proper, convex, and I.s.c. 
(iii) is proper, convex, and 1.s.c. 
(iv) ® € C!(X; R). g 
Proof 


Gi) ¢ is well-defined. A is convex with respect to the second variable according 
to (5.5) and (5.6). According to [16], g is convex on X and C!(X, R), with 
derivative given by 


T+1 
(y'(u), v) =M (>: A(k —1, Au(k — ») 
k=1 
T+1 
x > a(k — 1, Au(k —1))Av(k—1), Vu, ve X. 
k=1 
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The continuity of the derivative comes from the continuity of a(k, .). Hence, g 
is in C!(X; R). 
(ii) Note that as j is proper, convex, and 1.s.c., the same properties hold for J. 
(iii) Since g and J are convex, then y is convex. 

Suppose that y can take the value —oo; then, in this case, J = w — g can 
take the value —oo that is not possible. Therefore, y cannot take the value 
—oo. Hence, y is proper. 

Note also that 


J(u) < lim inf J(y). 
you 
Then, 
g(u) + J(u) < lim inf J(y) + gu) 

you 

< lim inf J(y) + lim inf g(y) 
you you 

< lim inf y(y). 
you 


Therefore, w(u) < lim inf w(y). Hence, w is Ls.c. 
you 


T 
(iv) |®(u)| = Ido Fe, u(k))| < 00. Then, ® is well-defined. 

k=1 
By definition, ® is derivable, and his derivative is continuous; hence, ® € 
C!(X; R). Moreover, 


. @&O(u+dy) — P(u) 
= lim 
50+ 6 


(®'(u); y) 


3 F(k, u(k) + dy(k)) — F(k, u(k)) 
+ 
k=1 


=— lim 

80 r) 
a . fs F(k, u(k) + dy(k)) — Fk, u(k)) 
~ £~ 550+ 5 


T 
=-) f(k,uk))y&), forall uy eX. 
k=1 


Now, let us claim the following important result. 


Proposition 5.2.3 [fu € X is a critical point of the functional I in the sense that 
(®'(u); y—u) +0) — vl) 20, forall ye xX, (5.20) 


then u is a classical solution of problem (5.1). Oo 
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Proof Since (®'(u); y — u) + W(y) — wu) = 0, then we can take y =u + sw for 
all s > 0 in (5.20). Dividing (5.20) by s and letting s —> 0°, we get 


(&’(u); w) + (g'(u); w) + J(u, w) > 0, Vw EX, (5.21) 


where J’(u; w) is the directional derivative of the convex function J at u in the 
direction of w. 
Since 


J(u) = ju(O), u(T + 1)), 
then we get from (5.21), 


(®'(u); w) + (g'(u); w) + j"(u(0), u(T + 1), 
(w(0), w(T +1))) >0, forall we X. 


Since 


T 
(®'(u); w) = — > fk, w&))w(k) forall u, we X 
k=1 


and 


T+1 
(y'(u), w) -u(Yoaw-u Au(k — ») 


k=1 


T+1 
x Salk — 1, Au(k—1))Aw(k—1) forall u,we X, 
k=1 


then, one obtains 


T+1 
> fk, u(k)) wk) +M (>: A(k—1, Au(k — »») 


k=1 k=1 
T+1 

x Salk — 1, Au(k — 1))Aw(k — 1) 
k=1 


+j'((u(0), u(T + 1)), (wO), w(T + 1))) > 0 
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Therefore, 
T T+1 
= ye f(k, u(k))w(k) + M (>: A(k—1, Au(k — »)) 
k=1 k=1 
T+1 
x ye a(k — 1, Au(k — 1))[w(k) — wk — 1)] 
k=1 
+j'((u0), u(T + 1)), (wO), w(T + 1)) 
> 0. 
Then, 


T T+1 
= .s f (k, u(k))w(k) + M (>: A(k — 1, Au(k — »») 


k=1 k=1 
T+1 

x Salk — 1, Au(k — 1) wk) 
k=1 


T+1 T+1 
—M (>: A(k—1, Au(k — ») S> alk — 1, Au(k = 1))w(k — 1) 


k=1 k=1 
+j'((u(0), u(T + 1)), (w0), w(T + 1))) 
2 0; 


thus, 


T T+1 
- 3 I (k, u(k)) wk) + M b A (k — 1, Au(k — »)) a(T, Au(T))w(T + 1) 


k=1 k=1 


T+1 T 
+M (>: A(k —1, Auk — »)) Sak = 1, Au(k — 1))w(k) 


k=1 k=1 


T+1 T 
—M (>: A(k — 1, Au(k — ») Yo atk, Au(k))w(k) 


k=1 k=0 
+j'((u(0), u(T + 1)), (w0), w(T + 1))) 
> 0, 


which leads to 
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T T+1 
a aS ST (k, u(k))w(k) + M & A (k — 1, Au(k — ») a(T, Au(T))w(T + 1) 


k=1 k=1 


T+1 
—M (>: A(k —1, Au(k — ») a(0, Au(0))w(0) 


k=1 


T+1 T 
+M (>: A(k — 1, Au(k — ») Yak — 1, Auk — 1))w(k) 


k=1 k=1 


T+1 T 
—M (>: A(k — 1, Au(k — ») Yo atk, Au(k))w(k) 


k=1 k=1 
+j'(u(0), u(T + 1)), (w(0), w(T + D))) 
> 0. 


Therefore, 


T T+1 
= Se f (k, u(k))w(k) + M (>: A(k — 1, Auk — ») a(T, Au(T))w(T + 1) 


k=1 k=1 


T+1 
—M (>: A(k — 1, Au(k — »») a(0, Au(0))w(0) 


k=1 


T+1 T 
—M (>: A(k—1, Au(k— ») \ lak, Au(k)) —a(k = 1, Au(k—1))w(k) 


k=1 k=1 
+j'((u(0), u(T + 1)), (w(0), w(T + 1))) 
2 0; 


thus 


E T+1 
— 2 fw) wk) — M (>: A(k— 1, Au(k — »)) 


k=1 k=1 
T 
x Se Aa(k — 1, Au(k — 1))w(k) 
k=1 


T+1 
+M (>: A(k—1, Auk — ») a(T, Au(T))w(T +1) 


k=1 
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T+1 
—M (>: A (k — 1, Au(k — ») a(0, Au(0))w(0) 


k=l 
+j"((u0), u(T + 1), (w(0), w(T + 1))) 
> 0, 


for all w € X. Thus we infer 


T+1 T 
M (>: A(k—1, Au(k — ») > ( — Aa(k — 1, Au(k — 1))wik) 


k=1 k=1 


T 
— > f(k, uk))w(k) = 0. 


k=1 
As w € X is arbitrarily chosen, thus if w(0) = w(T + 1) = 0, we obtain 


T+1 T 
M ( A(k—1, Auk — ») Y > (-Aatk = 1, Au(k — 1) w(k) 


k=1 k=1 


T 
= >> fk uk) wh). 


k=1 
Hence, it follows that 


— M(A(k — 1, Au(k — 1)))A(a(k — 1, Au(k — 1))) 
= f(k,u(k)) forall k €Z[1,T). (5.22) 


It remains to show that (a(0, Au(O)), —a(T, Au(T))) € dj(U(O), u(T + 1)). One 
has 


T T+1 
= 3 f (k, u(k))w(k) — M bs A(k—1, Au(k — »)) 


k=1 k=1 
T 
x S Aa(k — 1, Au(k — 1))w(k) 
k=1 


T+1 
+M (>: A(k — 1, Au(k — ») [a(T, Au(T))w(T + 1) — a(O, Au(0))w(0)] 
k=1 


+ j'((u(0), u(T + 1), (w), w(T + 1))) > 0 
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and 
T+1 TP 
M ( A(k — 1, Au(k — »)) > ( — Aa(k — 1, Au(k — 1)) wih) 
k=1 k=1 
T 
= S> f(k, wk) wik). 
k=1 
Let 


B, if —a(T, Au(T)) +a(0, Au(O)) = 0 


a. By if —a(T, Au(T)) +a(0, Au(O)) <0. 


As M(.) is positive, from (5.10), it follows that 


THI oc 
j’'(u(0), u(T + 1), (WO), w(T + 1))) > C (>: A(k — 1, Au(k — »») 


k=1 


x [-a(T, Au(T))w(T + 1) + a(0, Au(O))w(0)]. 


-1 

Now, let us take s = C (Ser A(k—1, Auk — 1)” 

Thus, 

j'((u(0), u(T + 1)), (w0), w(T + 1))) > —a(T, Au(T))(sw(T + 1) 
+ a(0, Au(0))(sw(0)). 

Finally, for all w € X, taking sw(0) = p and sw(T + 1) = q, where p,q € R are 
arbitrarily chosen, it follows that 

j'((u(0), u(T + 1)), (w0), w(T + 1))) > —a(T, Au(T))q 

+a(0, Au(0))p, for p,qgeéER. 


Hence, (a(0, Au(0)), —a(T, Au(T))) € dj (u(O), u(T + 1)). oO 
Now, we have the following lemma that will be used later. 


Lemma 5.2.2 (See [16]) Let u € X and p* < «&; then, the following properties 
hold: 
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T k) 
|u(k)|P¢ oP, 
(i) llullpo <1 Wall? < > i lla’ 


k=1 


ju(ky?® ot 
(i) lull po) > 1 => Malle, < dX 3 s Meloo 


In the following section, we turn out to the existence result by using ground state 
method. 


5.3 Proof of the Existence of Classical Solutions by Ground 
State Method 


In this section, we prove an existence result of classical solutions. This result shows 
that the energy functional J has a minimum in X, and for the proof, we use the 
positive constant 


T+1 1 (k—1) _ 
= Weel aie 
Ay = inf P > weX—{0} 


yu 1D 5 More 


and (u(0), u(T + 1) eD()t,; 


witha > 1, a@ is given by (5.10). 
It is obvious that A; > 0. 


Theorem 5.3.3 Assume that (5.3)-(5.8) hold. Moreover, suppose that 


k)F(k,t 
lim sup OGD <1, forall ke Zfi,T]. (5.23) 
|tl>0o \t|P*) 
Then, problem (5.1) has at least one classical solution that minimizes I on X. oO 


Proof 


Step 1: We first show that J is sequentially lower semicontinuous on X. 
Indeed, from Proposition 5.2.2, the functional y is lower semicontinuous, and 
the function ® is C! on X. Therefore, the functional J is lower semicontinuous 
on X. 
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Step 2: We prove that / is bounded from below and coercive on X. 
Using (5.23), one obtains the existence of some constants a’ > 0 and p > 1 such 
that 


x = ' 
F(k,t) < oe for allk € Z[1,7] and for all t € R with |¢| > p. 
p 


On the other hand, by the continuity of F(k, .) over [—p, pe], there is a constant 
Np > O such that 


|F(k,t)|< N, forall keZ[1,T] and ¢t €[—p, pl. 
Hence, we infer that 


a far / 
F(k,t) < Np + ete forall (k,t) € Zl, T] x R. 
Pp 


To prove the coercivity of J, we use the above inequality to obtain for all (k, t) € 
Z[1,T] x R, 


T T 

nw lek) PO 

_ Fk, >—-N,T—- (Ai - —_. 

d (k, u(t) = —NpT — Qu eps © 
It follows that 
ee Pw) 
I(u) = gu) — NoT ayer + J(u) 
=! 

T T 

Wk) uk)? 

NpT —’ pee dey 
> y(u) — Np 1D 7 d © (u) 


T+1 


a—l 
1 
y _ (k—1) 
> glu) — NoT (>. pe 1) | Au(k — 1) |? 


m 


vay we ~ sian: 


From (5.8) and (5.10), we get 


1 
A(k _ 1, Au(k 1)) > |Au(k 1yj/P4-”, 
pk — 1) 


which leads to 
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T+1 
g(u) = M (>: A(k—1, Au(k — »)) 


k=1 


B T+1 1 eh o 
ptk— 
> a (5 rr ain 1)| : (5.24) 


k=1 


Hence, if ||u|| p¢.) > 1, one uses Lemma 5.2.2 and (5.24) to obtain 


B T+1 1 o 
T(u) > Autk=1)/?"-) ) = NT 
2 — en aka ee - DI p 


(k) 


T+ al T 
k)jP& 
(= jy wk nye») pay SEE eae 
k=1 P 
T+1 
By 
>(2 » plauck pyar 1) 
a <7 
of a-l 
ce(S py Auk — DPE ') 
k= 
TE 


p(k) 
0 as a —~N,T + J(u) 
=1 


—!| aa = 
“(haat 1) hawt PNT +a ull?) + J(u). 


Since j is convex and l|.s.c., it is bounded from below by an affine functional. 
Therefore, using J(u) = j(u(O), u(T)), there are constants m,, m2, m3 > 0 
such that 


By -1 
1a) > (Snauite, - 1) hawt PNT +a |ull? 


—my|u(0)| — m2|u(T + 1)| — m3 


By = 
= (+ 5 |Aulley - i) Aull eG PY + Qi! aa —my|u(0)| 


—m\u(T + 1)|-— C1, 


where Cj = NpT + m3 — N; thus 
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-1 
I(u) = (Sanit, - i) Awe? Fale) — Calltlloo 
—C,, where Cp =m,+™my). 


By the equivalence of the norms on X, there is some C3 > 0 such that 


1) 
1a) > (Aaah, - 1) Hawi PY + atu |P0) — Callull po — C1. 


Consequently, J(u) —> oo as ||u||p(.) —> oo. Therefore, J is coercive on X. 
Step 3: We now show that the functional J is bounded from below. 
For that, let ||u|| p(.) < 1. We get by (5.8) and Lemma 5.2.2 the following: 


Iu) = glu) — NpT + Ju) 


IV 


ry reall = lly + FW) 


26 


IV 


Wie = — [elle — Meale(O)| — malu(T + 1)| — ms 


Ki |lulloo — K, where K = N,oT 


Shh ull? — 


+m3 and Kj =m,+my. 


Since any norm on X is equivalent to ||.|| p(.), then there exists K "'S 0 such that 


Tu) = ale, - K |lullp.) — K 
= —K ‘lull po —K 
> _K’ = K 
> —-C. 


Hence, J is bounded from below. Finally, we conclude that J is lower semicon- 
tinuous, bounded from below and coercive on the real Banach space X. Thus, J 
attains its infimum at some u € X. Using now Propositions 5.2.1 and 5.2.3, one 
obtains that the problem (5.1) has at least one solution on X. oO 


Now, we show the existence of solution of problem (5.1) by using mountain pass 
technique. 
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5.4 Proof of the Existence of Classical Solutions by Mountain 
Pass Method 


In this section, we are concerned with the existence of non-trivial solutions for 
problem (5.1). The main tool in obtaining such results is Theorem 3.2 in [12]. 


Theorem 5.4.4 Assume that (5.3)-(5.10) and (H) hold. Moreover, suppose that 
there exist constants 0 > p*, K, M > 0 such that: 


(Ai) j(0, 0) = 0. 
(Az) j’(z, 2) < Oj(@) + K, Vz € D(j). 


D(K)F(k, t) 
—4p@ <A forall k €Z{1,T]. 
(Aq) 0< OF (k,t) <tf(k,t) forall keZ[l,T] with |t|>N. 


Then, there exists a non-trivial solution u € X of problem (5.1). oO 


(A3) lim sup 
|t|>0 


Proof 


Step 1: We show that the functional J verifying (H) satisfies the (PS) condition 
in the sense of Szulkin on (X, |].||p(.)). So, let {un} C X be a sequence for which 
I(un) — c € R and (5.19) holds with €, —> 0. 

For this purpose, since X is finite-dimensional, it is sufficient to prove that {u,} 
is bounded. We may assume that {uy} C DU) = D(J) and ||un|| p() > 1 for all 
n €N. By (Ag) and (5.15), it follows that 


1 
J(v) — al v)>—K, forall ve D(J), (5.25) 
: K : ; 
with K, = 7 Using the relation (Aq), one deduces that for all n € N, 


T 


S> [OF (k, un(k)) = un(k) f (k, Un(k))] < 0. 


k=1,|u(k)|>N 


Consequently, 


1 
— B(un) + 0 << ®' (un); Un > 


T 
1 
=~) [OF (k, un(k)) — un(k) fk, un(k))] 


7) 
k=1 


T 


1 
== Yo [OF (K, unlk)) = unk) fK, unk) 


k=1,|un(k)|>N 
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I T 
+-  S° [OF (k, un(k) — un) fk, un) 
k=1,|un(K)|SN 
I cg 
— So [OF (k, un(k)) = un(k) f (k, unk) 


6 
k=1,|un(k)|SN 


IA 


a 5 |OF (kK, x) —xf(k, x)| 
max |OF(k k =: C3, 
< 64 1 Pa ; xf (k, 3 


where C3 is some positive constant. Therefore, one can write 


1 
— Bun) + rr < ®' (un); Un >< C3. (5.26) 


Since the real sequence (/(u,,))nen converges toward the real number c, it is 
clear that there is a constant C4 > 0 such that 


\T(un)| < Ca, forall neN. (5.27) 


Furthermore, setting v = uy, + Sup in (2.6), dividing by s > 0, and letting 
s —> 07, one obtains 


< ®' (un); un >t< g' (un); Un > +3" (un: Un) = —€n|lun|| forall neN. 
(5.28) 
Using (5.27) and (5.28), we deduce that 


€ € 
C4 + G leallcs > O(n) + O(n) + Jn) + F leen lla. 
1 j 1 
> O(uy) — 0 < Bun); Un > +EUn) — rn 
1 
< g' (un); Un > +J (Un) — pl Un’ Un), 
and by virtue of (5.25), (5.26), and (5.27), it follows that 
En 1 4 
Ki, +C3+Cqa+ @ l#allpo > g(Un) — ri <Q (Un); Un >. 


According to (5.10), it follows that 


1 i. fs 
pln) — a Oty > = —_M (>: A(k — 1, Aun (k — »») 


k=1 
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T+1 
x Yo ak - 1, Aun(k — 1))Aun(k — 1) 
k=1 
2 T+1 
+M (>: A(k = 1, Aun(k — ») 
k=1 


T+ a—l 
= (>: A(k — 1, Aun (k — ») 


k=1 


x = _ 5 Bota — »| 


1 
hip” es peor |B: - ;Bya-1). 


and from Lemma 5.2.2, we deduce that 


€ 2 1 
Ky +C3+Cq+ Fy leallacs 2 hip (4: a q Bale = ») ele 


Moreover, 6 > p*. Then, we infer that the sequence (u,)en is bounded. 


Step 2: We show that / has a mountain pass geometry. 
From (Aj), it is clear that 


I(0) = &(0) + g(0) + J(O) = 0. 
Using (A3), we have 


D({kK)F (k, u(k)) 


lim <q. 
0 [ue |PO 1 


That leads to the existence of €, 6 > O such that 
eae 
F(k,t) < 2 £\4/?© = with |t| < B. 
pik) 


Consequently, 


Ou) => -(Ay ova ae forall we X— 


u(O) =u(T +1) and |u| < B. 


{0}, 


(5.29) 
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Using again hypothesis (5.8), we get 


Ou) + yu) = Ar ova iw 


B T+1 1 o 
y Au(k — 1)|P&-Y 
ar - (> (EN, u( | 


T+1 


a-—l 
wee (yo len nye») 
k=1 


=o 


B T+1 1 
: Au(k — 1)|P&-) |, 
=F a (>. pk —1) u( | 


According to (5.4) and (A1), we have J(u) = j(u(0), u(T + 1)) = j (0, 0) = 0. 
Therefore, for 6 < 1, 


—~1)pt By —~1)pt 
(u) + plu) + J(u) > ellull ic — Aull? + 1 AulG 2? +0. 


i ) PO) 


oo 
Hence, choosing ey = = B, which is equivalent to Illa = Bet, and as 


there exists a positive constant y such that || Aull?) = =yllu 1 ) then J(u) > L 


B, 
with L = B(e — y®! + —y®). 
Coming back to relation (A4) and taking |u| big enough, we have 


f(k, u(k)) . 6 
F(k,u(k)) ~ u 


So, F(k, u(k)) > cu® for |u| big enough. Thus, F(k, u(k)) > cu? — K, for all 


u> 0. 
One can use (5.4) to say that 


g 
A(k, &) = i; a(k, A)di. 
0 
Using (5.7), we have the existence of a real Cy > O such that 


lak, €)| << Cy, + |g/?-!) forall ke Z[0,7] andforall € ER. 
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Therefore, 


é 
0 0 


é aptk) é 
< Cy[A]g + Cil[—~] 
. p(k) ° 
Cig] +C |e |p 
<SCyé} + C1 : 
pik) 
One deduces that 
T+l T41 re 
Au(k — 1)|P“ 
S* Ak = 1, Auk =D) Cr SS [Auk — D401 SO Yel 
k=l k=1 k=1 P( ) 


Thus, according to (5.10), we can write 


BoCY Ts |Au(k — 1)|/P® ‘s 
aes Au(k—1 Se 
glu) < ==a[bai u( 1) + (>: © 
a {T+ 
a. 2G (Santen) 


Let ug € X — {0} be such that ug(O) = uo(T + 1) = O and ||uoll pc) > 1. 
From (Aj), we have that J(sug) = 0 for all s € R. Then, 


I (suo) = B(sug) + v(suo) + J (suo) 


T+1 
=— => F(k, suo(k)) + M : A(k — 1, Asug(k — ») +0 


k=1 k=1 
T 


ce T+1 
< 1K —clsuo (I?) +2 26 (5° ana 01) 


T T 
= TK —c J  |suo(b)|? +22 a (y Asn) 


k=1 


< TK + C7} |suolloo — cs° ||uoll2, —> —00, 


as S —> ©. 


5 
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Hence, we can choose s large enough such that [(suo) < 0; therefore, 
lsuollp.) > B. We conclude by using Theorem 3.2 in [12] that the problem 
(5.1) has at least one non-trivial solution. 
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Chapter 6 m) 
From Calculus of Variation to Exterior eck on 
Differential Calculus: A Presentation and 

Some New Results 


Ngalla Djitte and Mariama Ndiaye 


Abstract In this chapter, we provide an introduction to exterior differential calcu- 
lus. In detail, the Cartan—Kahler theorem is revisited. Using this, we give necessary 
and sufficient conditions for a second-order differential equation to be equivalent to 
some Euler-Lagrange equation. 


Keywords Exterior differential calculus - Integral element - Manifold - calculus 
of variation 


6.1 Introduction 


Let F; : R” x R"” > R,n > 1, 1 <i <n, be real-valued functions defined on 

IR” x R”. Consider the following system of second-order differential equations: 
dx; 
dt? 


dx, dx2 dxn 
dt’ dt’ ° dt 


= Fi(xi 2.0 sn, ) EA cacait (6.1) 
A natural question, initially raised by Douglas [3], is the following: When is it 
possible to find a Lagrangian L : R” x R” — R such that the solutions of (6.1) 
correspond to that of the Euler-Lagrange equations 


d OL dx, dx2 dXn 
[77 | 41, *2, Xn» ; , ; 
dt Oy; dt dt dt 
OL dx, dx2 dxn : 
AL ’ ne) , ’ anid: = 0, =1,..4.; ’ 6.2 
Ox; (« RE Pe ae ae dt ) me Oe) 
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corresponding to L? In other words, given F;, | < i < n, can we find L : R” x 
IR” — R such that L solves the following partial differential equation: 


n 2 n 


a2L aL aL 
dX OXKOY; ” = Oyndy; OX; 


It is our purpose in this chapter to propose an introduction to exterior differential 
calculus. In particular, we describe in some details two very powerful theorems, 
respectively, due to Darboux and to Cartan and Kahler. These theorems have 
recently been used in a very sophisticated way in economic theory of demand by 
Ekeland and Chiappori (see, e.g., [5—8]) and further by Ekeland and Djitté [9, 10]. 
We strongly believe that these theorems will be extremely helpful in many contexts, 
and they should profitably be included in economist’s toolbox. Here, we show how 
this approach can be useful for the solvability of some inverse problems of calculus 
of variation. In fact, we present an application of this approach to the Douglas 
problem. 


6.2. Exterior Differential Calculus 


In this section, we introduce the basic notions of exterior differential calculus. For 
a much more exhaustive presentation, the interested reader is referred to Cartan’s 
book [2] or to Bryant et al. [1]. 


6.2.1 Linear and Differential Forms 
A linear form (or 1-form) on E = R” is a linear mapping from E to R: 
n 
@:€ ER" (0,£) =) al&. 
i=l 


The set of linear forms on F is the dual E* of E. Basic examples of linear forms 
are the projection 7; : € t» &;, which, to any vector, associated its i-th coordinate. 
These form a basis for E* in the sense that any form w can be decomposed as 


n 
o= ) Tj. 
i=l 
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In what follows, we are specifically interested in differential forms. Consider a 
smooth manifold M of dimension n > 1 and for p € M; let T, M denote its tangent 
space at the point p. A differential 1-form on M , a, is a map defined on M such 
that for every p ¢ M, w(p) is a 1-form on the tangent space T,M to M at p with, 


n 
say, (w(p),€) = > w! (p)é;), where the coefficient w! (p) depends smoothly on p. 


A local coaritaate iota at p provides 7T;,M with a coordinate system as well. If 
M is an-dimensional manifold, then T,M is a copy of R", and the projection maps 
zi : TypM — R, which associate with a tangent vector € its i-th coordinate &;, will 
be denoted by dp;. 

As a simple example of a differential 1-form, we may, for any smooth mapping 
V from E to R, consider the differential form dV defined at any point p by 


n 


aV 
dV(p) =) 3p, Pai 
i=l *! 


so that 


n 


aV 
dV(p):& > (dV(p),€) = > api Ps 


i=1 


Of course, this form is extremely specific, for the following reason. Consider the 
hypersurface (that is the (n — 1)-dimensional submanifold) N Cc M defined by 


N={peM | V(p)=4}, 


where a is a constant. Then for any p € N, the form dV(p) or any form w(p) = 
A(p)dV (p) (proportional to dV (p)) vanishes on the tangent space T, N: 


V pEN, VEET,N, (w(p),€) =0. 


This is exactly the integration problem: starting from some given differential form 
@(p), when is it possible to find a hypersurface N such that, for any p € N, the 
restriction of w(p) to T,N is zero? Such a submanifold will be called an integrating 
submanifold or an integral element for w. 

One point must, however, be emphasized. When a is proportional to some total 
differential dV, the submanifold N can be found of (maximum) dimension n — 1. 
But of course, life is not always that easy. Starting from an arbitrary form, it is in 
general impossible to find such an integrating submanifold of dimension n — 1. 
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6.2.2 Exterior k-form 


Before addressing the integration problem in detail, we must generalize our basic 
concept. 


Definition 6.2.1 An exterior k-form is a mapping w : E* > R that is: 


e Multilinear, that is, linear with respect to each component 
e Antisymmetric, that is, the sign is changed when two vectors are permuted O 


Note that if k = 1, we are back to the definition of linear forms. 
Consider, for instance, the case k = 2. A 2-form is defined by a matrix: 


o(€,n) = > ob! &inj = &'Qn. 


ij=l 


Additional restrictions are usually imposed upon the matrix Q. A standard one is 
symmetric, ic, Q = Q’. In exterior differential calculus, on the contrary, since 
one considers exterior forms, antisymmetry is imposed. This gives Q = —’, ice., 
od = —@!" for all i, j. Hence, 


og,n= Soo! (nj — &jnj). 


i<j 


Another case of interest is k = n, where n is the dimension of the space FE. Then the 
space of exterior n-forms is of dimension one and includes the determinant. That is, 
any n-form w is collinear to the determinant: 


o(&1,--+ én) = Adet(G1,--- , én). 


Some well-known properties of the determinant are in fact due exclusively to 
multilinearity together with antisymmetry and can thus be generalized to forms of 
any order. For instance, take any k-form @, and take k vectors (&),--- , &) that are 
not linearly independent; then w(&,--- ,&) = 0. An important consequence is 
that, for any k > n, any exterior k-form must be zero. 


6.2.3 Exterior Product 


The set of exterior forms on M is an algebra, on which the multiplication, called the 
exterior product, is formally defined as follows: 


Definition 6.2.2 Let a be ak-form and £ be an /-form; then aA is the (k-+/)-form 
such that: 
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1 : 
ABEL, + AD= DDO aloes + Go) BEok +++ + EoK+D): 


where the sum is over all permutations o of {1,--- ,k+/}. oO 


This formula may seem complex. Note, however, that it satisfies two basic require- 
ments: a A 6 is multilinear and antisymmetry. To grasp the intuition, consider the 
case of two linear forms (k = / = 1). Then 


a \ B(§,n) = a(€)B(n) — a(n) BE). 


Obviously, this is the simplest exterior 2-form related to a and f and satisfies the two 
requirements above. A few consequences of this definition must be kept in mind: 


e If w is linear (or of odd order), then w A w = 0. More generally, let @1--- , ws 
be 1-forms. If the forms are linearly dependent, then w A--- A @s = 0. 

e Ifq@ is atwo-form (or a form of even order), w A w need not to be zero. 

¢ For any k-form o, (wo) =wAo-:-Aqisaks-form. In particular, (w)* = 0 as 
soon as ks > n. 

e Any k-form can be decomposed into exterior product of 1-forms. If w is a k-form, 
then 


0 = > = Oo (1),0()4Poy + 7k), (6.4) 


Oo 


where the sum is over all ordered maps o : {1,--- ,k} > {1,--- ,n}. 


6.2.4 Differential Forms and Exterior Differentiation 


A differential k-form is, for every p € M, an exterior k-form w(p) on (TpM ue 
depending smoothly on p. Exterior differentiation sends differential k-forms into 
differentials (k + 1)-forms. We first define it on 1-forms. For this, set 


o(p) = Yo! (p)dpj. 
j=l 


To define the exterior differential of w, we may first remark that the w/(p) are 
standard functions from M to R. As such, they admit differentials: 
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Then the exterior differential dw(p) of w is the differential 2-form defined by 


do(p) = dw! (p) A dp; (6.5) 
j=l 


i,j=l 
dw! = aw! 
= (a: nap; 
ij Pi Pj 
Generally, if 
o= SS Wiq,..., i, Ai Py os api, 
i, <In<...<ik 


is a k-form, then dw is the (k + 1)-form defined by 


do= > doiy....ig NADI, No. A EDig (6.6) 
1] <I2 <...<ig 
Note that this formula guarantees that dw(p) is bilinear and antisymmetric. 


Proposition 6.2.1 Exterior differentiation is a linear operation, and it satisfies the 
following product formula: if a is a differential p-form and B is a differential q- 
form, we have 


dla + B] = da + dB: (6.7) 
dla A B] = da AB +(-1)?a A dB. (6.8) 
oO 


6.2.5  Pullback 


Let g : R” — R" be a smooth mapping. To any smooth function f : R” > R, we 
can associate the function y*(f) := fog, which is a smooth function on R”. 

Similarly to df, which is a differential 1-form on R”, we associate g* (df) := 
d(fog), which is a differential 1-form on R”, called the pullback of df. More 
generally, we have the following: 


Definition 6.2.3 Let w be a p-form on R”. The pullback of w w.r.t. y is the p-form 
y*(@) on R” defined by 


(p*w)(p).(U1,.--, Vp) = o(Y(p)).(dg(p)u1,...,dg(p)vp), (6.9) 
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for all p € R” and (v,..., Vp) € (T,IR”)?. By convention, if p = 0, then the 
formula (6.9) is reduced to 


gp” f (x) = f(p(a)). (6.10) 


Finally, we note that the pullback is natural with respect to exterior product and 
exterior differentiation in the following sense. 


Proposition 6.2.2 With the preceding definition, we have 


y* (a A B) = g* (a) A g* (A); (6.11) 
g* (dw) = dg* (a). (6.12) 
a] 


6.2.6 Poincaré Theorem 


The construction detailed above has strong implications for the resolution of the 
type of equations we are interested in. Let us start with a simple problem: what are 
the conditions for a given exterior form w to be the tangent form of some twice 
continuously differentiable function V? An immediate, necessary condition is given 
by the following result: 


Theorem 6.2.1 Let U be an open subset of R” and w be an exterior form on U. 
Assume there exists a twice continuously differentiable function V such that w(p) = 
dV(p). Then 


dw = 0. 


Proof Just note that 


a2V a2V 
jo= — ——_) dp; Adpj = 0. 
- pz Corr OX j OX; Pi Pj 


i<j 
oO 


This proposition admits a converse, due to Poincaré, that requires some topological 
condition upon U. We have the following result. 


Theorem 6.2.2 (Poincaré) Let w be a differential k-form on U such that dw = 0. 
Assume that U is convex. Then, there exists a differential (k — 1)-form on U, say a, 
such that 


w= da. 


Proof See Bryant et al. [1]. Oo 
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Corollary 6.2.1 Let U be a nonempty convex subset of R", and let w',--- , a" be 
given differentiable functions on U. There exists a differentiable function V on U 
such that 


; OV 
=), bei, iN, 

Opi 
if and only if 

da! _ do! 

dp) Api 

n 

Proof Define w(p) := > w' dp; and apply Theorem 6.2.2. Oo 


i=l 


6.2.7 Darboux Theorem 


Poincaré theorem provides necessary and sufficient conditions for a differential 1- 
form to be a total differential. In this case, the integration problem is straightforward, 
as illustrated above. But, at the same time, these conditions are very strong. We now 
generalize this result, by giving necessary and sufficient conditions for a differential 
1-form to be a linear combination of k tangent forms. In this case, the integration 
problem can be solved, but only with an integration manifold of dimension at least 
n—k., 


Proposition 6.2.3. Let U be an open subset of R” and w be an exterior form on U. 
Assume there exist twice continuously differentiable functions V' and functions ii, 
1 <i <k, such that 


k 
o(p) = Do di(p)dV'(p), Vp € U. 


i=l 
Then, 


wo A (do) = 0. 


This simple necessary condition admits an important converse. 


Theorem 6.2.3 (Darboux) Let w be a linear form defined on some neighbourhood 
Uo of p. Let k => 1 be such that: 


w A (dw)*"' £0, V p € Up; 
w A (dw) = 0, Vp € Up. Oo 
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Then there exists a neighbourhood U, of p and 2k functions V' and ii, 
1 <i <k, such that: 


1. The V' are linearly independent. 
2. None of the i; vanishes on Uj. 
3. 


k 
w(p) =) Ai(p)dV'(p), Vp € U1. 
i=1 
Proof See Bryant et al. [1]. Oo 


Before ending this section, let us give some applications of Darboux theorem. In 
demand theory, many problems take one of the following forms: Given a smooth 
vector function x : R” — R”, a natural number k > 1: 


Q1. When is it possible to find scalar functions vi... , V* and A4,--- , Ag such 
that 


k 
x(p) = )>Ai(p)VV'(p)? (6.13) 
i=1 


Q2. Can we choose in the decomposition (6.13) the V’ convex and the A; positive? 
Q3. Can we require that V’ and A; satisfy some additional equations of the 
following type: 


®(p, Ai(p), VV'(p)) =0, 1 <j <m? 


where the ® ; are prescribed given functions. 


For Q1., if kK = 1 and A, is a constant function, then the answer follows from 
Poincaré theorem. If 4; is not constant, then this is Frobenius theorem, and it 
requires w to satisfy the so-called Frobenius condition: 


oN\dwo#0, 
where is the differential form given by 
k 
o(p) = > xi(p)dpi. 
i=1 


Still for Q1., in the general case, this is an application of Darboux theorem, and the 
conditions are 
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wo A (da)! £0; 
w \ (do) = 0. 
Ekeland and Chiappori [6] studied Q2. in the framework of demand theory. In fact, 
they give a positive answer in the case where k = n. 

Motivated by the work of Ekeland and Chiappori [6], still in the framework of 
demand theory, Ekeland and Djitte [10] investigated the case k < n, and they got a 
positive answer provided that the differential form w satisfies the Darboux condition 

wo A (dw)! £ 0; 


w A (do)* = 0 
and the Slutsky symmetry condition, that is, the Jacobian matrix 


0X; 
7 ”)) (6.14) 
Op; 


Dpx(p) = ( 


is a sum of a symmetric definite positive matrix S and a matrix R; of rank k. 


6.3 Exterior Differential System 


We now present the key result upon which our approach relies. This theorem, due 
to Cartan and Kahler, solves the following general problem. 

Given a certain family of differential forms (not necessarily 1-form, nor even 
of the same degree), a point p, and an integer m > 1, can one find some m- 
dimensional submanifold M containing p and on which all the given forms vanish 
on the tangent space T5M? 


6.3.1 Introductive Examples 


Cauchy-Lipschitz Theorem Let us start from a simple version of our problem, 
namely the Cauchy—Lipschitz Theorem for ordinary differential equations. It states 
that, given a point p € R” anda C! function f, defined from some neighbourhood 
U of p into R”~!, there exist some € > 0 and aC! function gy : (—e, €) > U such 
that: 


d 
a = f(t), Vte(-e,6) 
(6.15) 


pO) = p. 
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d 
It follows that = (0) = f(p). If f(p) = 0, the solution is trivially, g(t) = p for 


all t. So, we assume that f(p) does not vanish. 
This theorem can be rephrased in a geometric way. Consider the graph M of ¢: 


M := {(t, g(t) : te (-e, €)}, 


which is a |-dimensional submanifold of (—e, €) x U. Let us introduce the 1-forms 
w! defined by 


wo! := fi(p)dt—dp', 1<i<n. (6.16) 


Clearly, yg solves the differential equation (6.15) if and only if the w! all vanish on 
M. More precisely, substituting p’ = g' (t) into formula (6.16) yields the pullbacks: 


: do! 
y*o; = Ei (p(t) - “0 dt, 


which vanish if and only if g solves the differential equation (6.15). So the Cauchy— 
Lipschitz theorem tells us how to find a 1-dimensional submanifold of R x R” on 
which certain 1-forms vanish. 


First-Order Partial Differential Equations Consider the following partial differ- 


ential equations of order one, with unknown function u of variables x1,--- , xy: 
ou Ou 
FU x1,...;Xn, —,---, —— ] = 9, (6.17) 
Ox] OXn 


where F is a C® function defined on an open subset U of R2”*+!. We denote by Mo 
the submanifold of U defined by 


Mo == {(X1,°°* 5 Xn, Uy Pi, -++, Pn) EU + F(x1,+++ Xn, Uy Pi,*** 5 Pn) = Of. 
(6.18) 
Let us associate to Eq. (6.17) the exterior differential system generated by the 0-form 
F,, the 1-forms 


OF OF "OF 
dF = Ss aati + 5 au + d, ——dpj (6.19) 


wo = du— a pidx;, (6.20) 


and the 2-form 
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n 
dw = — > dp; \ dx;. (6.21) 
i=1 


Now, the geometric point of view is to find a submanifold M of R7"*! of dimension 
n for which all the above forms vanish. 


6.3.2. The General Problem 


The Cauchy-Lipschitz theorem deals with 1-forms, while the first-order partial 
differential equations deal with 0-form, 1-forms, and 2-form. By extension, the 
general problem can formally be stated as follows. 


Definition 6.3.4 Let w*, 1 < k < K, be differential forms on an open subset of 
IR”, and M C R" asubmanifold. M is called an integral submanifold of the exterior 
differential system: 


w! =0,...,0% =0 (6.22) 
if the pullbacks of the w* to M all vanish, that is, if 
ok (p)(&!,--- ,€%) =0, 1<k<K, (6.23) 


whenever p € M, w* has degree d;, and é! € TyM for 1 <i < dk. 

Given p € R”, the Cartan—Kahler theorem will give necessary and sufficient 
conditions for the existence of an integral manifold containing p. Necessary 
conditions are easy to find. Assume that an integration manifold M containing p 
exists, and let m be its dimension. Then the tangent space at p, denoted by T,,M, is 
an m-dimensional space, and all the ak (p) must vanish on T, M, because of (6.23). 
Any subspace E C T,M with this property will be called an integral element of 
system (6.22) at p. The set of all m-dimensional integral elements at p will be 
denoted by 


Gn = | E CT5M and dimE = m, 
Pp w!(p),...,@* (p) all vanish on E. 


So the first necessary condition follows: 
Gi ZG. (6.24) 


To get a second one, let us ask a strange question: have we written all the equations? 
In other words, does the system: 


wo! =0,...,a@% =0 (6.25) 
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exhibit all the relevant information? The answer may be no. To see this, recall that 
M is a submanifold of R”. Denote by gy : M — R” the standard embedding 
gm (x) = x for all x € M. Then M is an integral manifold of the system (6.22) if 


gio! =0,..., ¢,0* =0. (6.26) 


But we know that exterior differentiation is natural with respect to pullbacks, that 
is, that d commutes with Gu: So (6.26) implies that 


vi (dw') =0,..., vi, (dw*) = 0. (6.27) 


In other words, M is also an integral manifold of the larger system: 
1 K 
o =0,...,@* =0; 
ao : 6.28 
A aa 22) 


which is different from (6.22). If integral elements of (6.28) are different from 
those of (6.22), it is not clear which ones we should be working with. To resolve 
this quandary, we shall assume that the systems (6.22) and (6.28) have the same 
integral elements. In other words, the second equations in (6.28) must be algebraic 
consequences of the first ones. The precise statement for this is as follows: 


Definition 6.3.5 The family {ok 1 <k<K } is said to generate a differential 
ideal if there are forms {ai, 1 <k, j < K} such that: 


K 
Vk, dot = Yi al Aw, (6.29) 
j=l 


Our second necessary condition is that the of, 1 < k < K, must generate a 
differential ideal. If this is the case, we say that the exterior differential system is 
closed. 

Note that if the given family {ak, 1 <k < K} does not satisfy this condition, the 
enlarged family {w*, dw’, 1<k<K } certainly will (because d(dw)) = 0). So the 
condition that the system is closed can be understood as saying that the enlargement 
procedure has already taken place. 

Unfortunately, conditions (6.24) and (6.29) are not sufficient. We give two 
counterexamples to show that an additional condition is needed: 


- A first counterexample. Consider two functions f and g from R’~! into itself, 
with f(0) = g(0) = v ¥ Oand f(p) ¥ g(p) for p ¥ O. Define a* and B*, 
1<k<n-—1,by 

ak (p,t) = f*(p)dt — dp*: 
B‘(p, t) = g*(p)dt — dp* 
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and consider the exterior differential system in R”: 


af =0, 1<k<n-1; 


Bk =0, 1<k<n-1. 


The a* and A* generate a differential ideal, and there is an integral element at 
0, namely the line carried by (1, v), so G!(0) 4 @. However, finding an integral 
manifold of the initial system containing 0 amounts to finding a common solution 
of the two Cauchy problems: 


dp = = 
—- = F(P)s p(0) = 0, (6.30) 
dp = =. 
a g(p), pO) =9, (6.31) 


which does not exist in general. The problem, clearly, is that the equality f(p) = 
g(p) holds only at p = 0. So we need a regularity condition that will exclude 
such situations, which guarantees that the required equality holds true at ordinary, 
a concept we now formally define. 

* A second counterexample. Let us work in R?, and let us find all functions f = 
Ff (x, y) that can be written as 


f@, y) = u(x) + v(y). (6.32) 


It is well known that a necessary and sufficient condition for such a decompo- 
sition to be possible, at least for smooth function f, is that the cross derivative 
vanishes: 


a f 
oxdy 


=0. (6.33) 


Consider the exterior differential system in R* = (x, y, u, v) 


0 0 
Hit ye ei 

a ay 6.34 
du A dx = 0, (6.34) 
dv Ady = 0. 


Any 2-dimensional integral submanifold M of this system will be the graph of 
a pair of functions (u, v) that solve the problem, provided only that it is not 
vertical, that is, that neither dx nor dy vanishes on M. Let us try to find such 
an integral submanifold. The system is obviously closed. We then look for non- 
vertical integral elements, at (x, y, u, v) € R* say. They are defined by a set of 
linear equations: 
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du = A\dx + Bidy, 
dv = Azdx + Body. 
Plugging into the system, we get 


of of 
B, =0, Az =0, Aj = —(x, y), Bo = —(x, y). 
Ox dy 


So there is an integral element. However, there is no 2-dimensional integral 
submanifold, unless (6.33) is satisfied. 


6.3.3 The Regularity Condition 


* If all the w* are 1-forms, the regularity condition is clear enough: the dimension 
of the space spanned by the w*(p) should be constant on a neighbourhood of p 
(which is not the case in the first counterexample). 

* If some of the w* have higher degree, the regularity condition is more compli- 
cated. It is expressed as follows. Let p € IR”; from now, we work on the tangent 
space V := T,R". Let E C V be an m-dimensional integral element at p. Let 
Q1,°** , @y, bea basis of the dual V* such that 


E=(tev| <¢,4;>=0Vi>m+1). 
For n’ < n, denote by I(n’, d) the set of all ordered subsets of {1,--- , n'} with 


d elements. Denote by dy, the degree of w*. For every k, writing w*(p) in the a; 
basis, we get 


C= SO Cla RaacK Bigs (6.35) 
Tél (n,dx) 
In this summation, it is understood that J = {i),--- , ig,}. Since wok (p) vanishes 


on E, each monomial must contain some a; with i > m + 1. Let us single out 
the monomials containing one such term only. Regrouping and writing, we get 


P= > BY AG A... Adiga 1 +R, (6.36) 
Jel (m,dp—1) 


where Bs is a linear combination of the a; fori > m+ 1, and all the monomials 
in the remainder R contain a; Aa; forsomei > j => m-+1. Define an increasing 
sequence of linear subspaces Hj C H/C... C Hj, C V* of V* by 
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Hy= span{ BS |1<k<K, J ¢I(m, de — 1)}; 
H*_, = span{ B§ |1<k< K, Je I(m—-1,d&— 1}; 


Hg = span{ Bk |l<k< K, J€IO,d — 1}. 


The later subspace is just the linear space generated by those of the w*(p) 
that happen to be 1-forms. We define an increasing sequence of integers 0 < 
co(p, E) <...< cm(p, E) <n by 


ci(p, E) = dimH, Vi =1,...,m. 


We are finally able to express Cartan’s regularity condition. Denote by {(” (R”) 
the set of all m-dimensional subspaces of R” with the standard (Grassmannian) 
topology. It is known to be a manifold of dimension m(n — m). Denote by G” 
the set of all (p, E) such that EF is an m-dimensional integral element at p. Note 
that G” is a subset of R” x J” (R”). 


Definition 6.3.6 Let (p, E) € G”. We say that (p, E) is ordinary if there is some 
neighbourhood U of (p, E) in R” x {/” CR”) such that G” MN U is a submanifold of 
co-dimension 


co(p, E) +... + cm—1(p, E). 


If all the w* are 1-form, denote by d(p) the dimension of the space spanned by the 
wok (p). Then cj(p, E) = d(p) for every i, and (p, E) is ordinary if G” NU isa 
submanifold of co-dimension md(p) in R” x {/” (R”). This implies that, for every 
p in a neighbourhood of p, the set of E € G” (p) (m-dimensional integral element 
at p) has co-dimension md(p) in R” x J” (R”). It can be seen directly to have co- 
dimension md(p). So d(p) = d(p) in a neighbourhood of p. This is exactly the 
regularity condition we would like to have for 1-forms. 

In the general case, if (j, E) is ordinary, the numbers c; will also be locally 
constant on a neighbourhood of U of (p, E ), that is, 


ci(p, E) =ci(p, E) =c; V peu. 
The nonnegative numbers 


So = CO 
Si =cj —cj-1, l1<i<m 


Sn =N—-M— Cy—-1 


are called the Cartan characters. We shall use them later. 
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6.3.4 The Main Theorem 


We are now in a position to state the Cartan—Kihler theorem. Recall that a real- 
valued function on R” is called analytic if its Taylor series at every point is 
absolutely convergent. 


Theorem 6.3.4 (Cartan—Kahler) Consider the exterior differential system: 
of =0, 1<k<K. (6.37) 


Assume that the ok are real analytic and that they generate a differential ideal. Let 
P be a point and E be an integral element at p such that (p, E) is ordinary. Then 
there is a real analytic integral manifold M, containing p such that 


T>M = E. (6.38) 


Remark 6.3.1 Nothing should come as a surprise in this statement, except the real 
analyticity. It comes from the generality of the Cartan—Kahler theorem. Indeed, 
every system of partial differential equations, linear or not, can be written as an 
exterior differential system, and there is a famous example, due to Hans Lewy, of a 
system of two first-order nonhomogeneous linear partial differential equations (with 
nonconstant coefficients) for two unknown functions , which has no solution if the 
right-hand side is C® but not analytic. 

Let us mention the question of uniqueness. There is no uniqueness in the Caratn— 
Kahler theorem: there may be infinitely many analytic integral manifolds going 
through the point p and having E as a tangent space at p. However, the theorem 
describes in a precise way the set 

Ree | M | M is an integral manifold and there exists 
(p, E) € U such that p< M and7T,M=E 


where U is a suitable chosen neighbourhood of (p, E). Each M in Ty is completely 
determined by the (arbitrary) choice of s,, analytic functions of m variables, the 5), 
being the Cartan character. Oo 


Let us illustrate the Cartan—Kahler theorem with an example. 


6.3.5 An Example 


Let us go back to the second counterexample. There is only one integral element 
at every point a € R*, so G is a point in {°(R*) that has dimension 4. So its co- 
dimension is 4. Let us compute the Cartan characters. For this, let E be the integral 
element at a pointad = (x, y,u,v) € R*, and define the 1-forms &1,--- , @4 as 
follows: 
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a, = dx, 
a2 = dy, 
a3 = du — Ajdx, 
a4 = dv — A2dy. 


These 1-forms define a basis of the tangent space of (7;R*)*. Furthermore, we have 
that 


E={€ €R*| (&,a;) =0, i =3,4). 
Plugging the a; in the system (6.34), it follows that 
@| = a3 + a4, 
02 = 23 AQ, 
03 = a4 AQ. 
So 
Hj = span{a3 + a4}, co(a, E) = 1, 
Hy = {O}span{a3, @4}, c1(G, E) = 2. 


Hence, cotc = 14+2 = 3 £ 4, which is the co-dimension of G?. Therefore, 
(a, E) is not ordinary. 


6.4 Main Result: Douglas Problem 


We now come back to Douglas’ problem described in the introduction. To apply 
our approach to this problem, let us take n = 1. So, given an analytic function 
F :RxR-— R, we are looking for a Lagrangian L : R x R — R of class C* such 
that the solutions of the second-order differential equation: 


d’x _ (4) 4 e (—€,€) (6.39) 
— = Ke —— Ils, —€,€ ; 
dt? dt 


correspond to those of the Euler-Lagrange equation corresponding to L: 


d oL dx aL dx Soret ) (6.40) 
dtdy\ at) ox a) a 
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for some positive real number ¢€. In other words, given an analytic function F' : 
R x R— R, can we find L : R? x R — R such that L solves the following partial 
differential equation: 


OTe sight eee ye SO? (6.41) 
Xx, ——_(x, x,y) — —(x, y) = 07 ; 
Oxdy ae dy2 : a. ig 


We now describe the basic strategy used throughout the proof. Consider the space 
E=((, yu, vq} =R®, 


; aL aL #L a7L 
where u,v,q, and r will later be interpreted as —, —, —~, an , 
ax’ dy’ dy? axdy 


respectively. 


Remark 6.4.2 Clearly, if a solution exists, then the system 
OL 
Pre Gre ai 
x 


aL 
ay” y) =v; 
PL (6.42) 
Fyeaae y= 
2 


axdy 


(x,y)=r 


defines a 2-dimensional manifold S in E included in the 5-dimensional manifold MW 
defined by 


ry+ F(x, y)q-—u=0. (6.43) 
Conversely, assume that we have found the functions vu = u(x,y), v = 
v(x, y), g = q(x, y), andr =r(x, y) such that: 


° For every (x, y) holds (x, y, u(x, y), v(x, y), g(x, y), r(x, y)) € M. 
e d(udx + vdy) = du A dx + dv Ady = 0. 
« dvu—rdx —qdy =0. oO 


Then by Theorem 6.2.2, there exists the function L = L(x, y) of class C? such that 


a2L a2L 


Sais Cea wo ee 
Ba eS eg ee ES ee ee ag 
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and 


Diet ee ne 3) a GG 
x, —~(x, x, vy) — —(x, y) = 0. 
axdy a dy? - Be ogg 


In the language of Sect. 6.3, we are looking for a 2-dimensional integral submanifold 
in M of the exteriors differential system: 


@, := duAdx+dvuAdy=0, 
@2 := dv —rdx — qdy = 0, (6.44) 
o3 ‘= dr A\dx +dq Ady =0. 


Finally, the solution must be parametrized by (x, y). The formal translation of that 
is 


dx Ady #0. (6.45) 


From Remark 6.4.2, we have the following result: 


Lemma 6.4.1 Any integral manifold of this system is the graph of a map: 


(x,y) (u,v, q,7r), 


where the functions u, v, gq, and r satisfy Eq. (6.43). 


We now prove the following theorems. 


point of M such that F(x, y) 4 0. Then there exists a real analytic 2-dimensional 
integral manifold N containing the point (x, y). 


Proof It is obvious from the system (6.44) that the differential forms w;, i = 1, 2,3 
generate a differential ideal. The proof is in two steps: 


Step 1: Finding integral elements. We linearize u, v, g, and r (as functions of (x, y)) 
around (x, y) by setting: 

dv = Vidx + Vady, 

dq = Qidx + Qody, 

dr = R\dx + Rody. 
Solving the linearized system is equivalent to finding all the V;,Q;, Rj, i = 


1,2, that satisfy the system (6.44) and (6.45), plus Eq. (6.43) expressing that 
(x, y, u,v, g,r) remains on the manifold M. 
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Substituting du, dv, dq, and dr in the system (6.44) and differentiating (6.43), 
we get 


_ — OF _ 
yRo + F(x, y)Q2 = —45, & y), 


Vi =F, (6.46) 
V2 = 4; 
Q1—R = 0. 


Note that all these equations are linearly independent. So, the set of integral elements 
has co-dimension 4 in the Grassmannian. 


Step 2: Cartan’s test. Set 


a, = dx, 
a2 = dy, 
a3 = dv — Vidx — Vady, 
a4 = dq — Qidx — Qody, 
a5 = dr — R,dx = Rody, 
where the V;, Q;, and R; satisfy (6.46). Note that because of (6.43), (6.44) and 
relations of (6.46), we have 
| = [yas + F(X, y)a4] Aa + 03 A QD, 
2 = 3, 


3 = 5 Ad +04 A a2. 
We then apply the Cartan procedure, as described in Sect. 6.3. We have 


Hj = Span {a3}, 
Hy = Span {a3, yas + F(x, y)aq, as}. 


Hence, co = 1, cy = 3. SOC := cg +cy = 1+3 = 4. Which is exactly the 
co-dimension of the set of integral elements in the Grassmannian G?(M). There the 
exterior differential system (6.44) passes the Cartan test. So the conclusion follows 
from Cartan—Kahler theorem. oO 


Theorem 6.4.6 Let F : R x R > R be a real analytic function. Let (x, ¥) € R? 
such that F (x, y) 4 0. Then, there exist an open subset of R* containing (x, ¥) and 
a real analytic function L : U — R such that 


a2L a7L aL 
SAT WY + az, y) FG, y) -— —G, y) =0 VG, y) € U. (6.47) 
axdy dy ox 
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Proof The proof follows from Theorem 6.4.5 and Lemma 6.4.1. oO 


Corollary 6.4.2 Let F : R x R > R be a real analytic function and (x, ¥) € R? 
such that F(x, y) 4 0. Then, there exists a real analytic function L : R x R > 
R, a positive real number € such that any solution of the second-order differential 
equation: 


d?x 


dx 
— F(x, a t € (—€, €), (6.48) 


corresponds to that of the Euler-Lagrange equation corresponding to L: 


d OL dx OL dx 
, ; =Ote(-€,€). 6.49 
rari 7 mG rf. etree) Cre 
2 
Furthermore, fra, y) £ O for all (x, y) € U, then Eqs. (6.48) and (6.49) have 
Ba 
the same solutions. oO 


Proof The proof follows from Theorem 6.4.6 and the chain rule for derivation. O 
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Chapter 7 ®) 
Existence of Local and Maximal Mild eck oe 
Solutions for Some Non-autonomous 

Functional Differential Equation with 

Finite Delay 


Khalil Ezzinbi, Bila Adolphe Kyelem, and Stanislas Ouaro 


Abstract This chapter is devoted to the study of the existence results of local 
and maximal solutions on the one hand and the existence and uniqueness results 
of mild solutions on the second hand, for the non-autonomous evolution equation 
with finite delay “u(t = A(t)u(t) + f(t, uy), t € [0, T], subjected to the initial 
datum uo = ¢, where T > 0 is some positive constant. The unbounded operators 
associated to the non-autonomous system are assumed to be stable family that 
generates Co-semigroups, while the nonlinear part is supposed to be continuous. 
Using some boundedness assumptions on the delayed nonlinear continuous part, 
we prove the local existence of solution that blows up at the finite time. Under some 
Lipschitz condition on the nonlinear term, we establish the existence and uniqueness 
of mild solution. Finally, an example of reaction—diffusion non-autonomous partial 
functional differential equations is used to illustrate our theoretical obtained results. 


Keywords Non-autonomous equation - Evolution system - Delayed differential 
equations - Local solution - Mild solution - Maximal solution 
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7.1 Introduction 


The main purpose of this chapter is to outline the existence results of local and 
maximal solutions for the following class of non-autonomous partial functional 
differential equations with finite delay 


d 
id = AMO + FE ur), t€ (0, T] 
é (7.1) 


u(0)=9(), @€[-r,0], 


where f : Rt x C > X is a continuous function with value in the Banach space 
denoted by X. A(t) : D(A(t)) C X — X is aclosed linear operator and generates a 
Co-semigroup. C is the space of continuous functions from [—r, 0] to X, which will 
be defined later. Also, we denote by u; for t € [0, T], the historic function defined 
on [—r, 0] by 


u;(0) = u(t + @) for @ € [-r, 0], 


where u is a function from [—r, 7] into X. 

Following the work done in [17], we make some sufficient conditions on the 
following family {—A(t) : O < t < T} of closed linear operators to obtain the 
existence of the associated evolution system {U(t,s) : 0 < s < t < T}, which 
is used to express the mild solution of (7.1). Observe that the evolution system 
introduced for the first time in 1974 by Howland in [13] remains an important tool 
in the study of the quantitative and qualitative results for some non-autonomous 
evolution equations. 

For more information related to some non-autonomous evolution equations, 
one can see the book of Friedman in [8] in which he imposed that the family 
{A(t) : 0 <t < T} of linear operators verifies the following conditions: 


(B,) The domain D(A(t)) of the closed linear operator A(t) is dense in X and is 
also independent of t € [0, 7]. 
(B2) For each t € [0, T], the resolvent R(A, A(t)) exists for all A with ReA < 0, 


and there exists K > 0 such that || R(A, A(t)) || < ————. 
(JA + 1) 


(B3) There exists 0 < 6 < 1 and K > O such that ||(A(t) — A(s))A7!(r)II < 
K|t —s|° for allt, s,r € [0, T]. 


Under those assumptions, he showed that the family {A(t) : 0 < t < T} generates 
a unique linear evolution system {U(t,s): 0 <s <t < T}. Moreover, there exists 
a family of bounded linear operators {R(t, 4): O< uw <t < T} with ||RG@, w)|| < 
K|t — |°—! such that U(t, s) has the following representation: 
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t 
Us) = eta 4 f e-U-OAO RE, dé, 


Ss 


where e~*4) denotes the analytic semigroup having the infinitesimal generator 
—A(t). 

Observe that the study of the problem (7.1) has many interactions in applied 
sciences. The delayed non-autonomous models are naturally appeared in many 
branches of biological modelling for the first time. For details, they have been used 
to describe the quantitative and qualitative behaviours of dynamic infection diseases 
such primary infection, drug therapy, and immune response. For more information, 
the reader can see [4, 16] and the related references therein. The delayed terms 
can also be seen in the study of chemosynthesis models, circadian rhythms, 
epidemiology, the respiratory system, tumour growth, and statistical analysis of 
ecological data of many biological species. For more lightening related to those 
cases, we direct the reader to the works done in [3, 5, 18, 19, 22]. 

Also, one can mention that the study of non-autonomous abstract evolution 
equations was the subject of many works, and among others, we cite explicitly 
(2, 7, 10, 12, 17]. Besides, in the autonomous case where A(t) = A, the 
problem (7.1) has been the subject of various quantitative and qualitative studies 
(see [11, 21]). 

In the similar setting, Acquistapace and Terreni in [1] proved some regularity 
results for the following non-autonomous evolution equation without delay in a 
Banach space E, under the so-called classical Kato—Tanabe assumptions: 


u'(t)— A@t)u(t) = f(t), te [0,7] 
u(O) =x (7.2) 
xeE, f ¢C((0,T]; E) prescribed, 


where for each ¢ € [0, 7], the operator A(t) is assumed to generate an analytic 
semigroup on £, and the domain D(A(t)) of A(t) varies with t € [0, T] and is not 
necessarily dense in EF. It is important to note that the case of variable domains was 
first studied by Kato in [15]. 

AS we are concerned, it is to assume that the domain D(A(t)) of the operator 
A(t) is time-independent, and for each ¢ € [0, 7], the operator A(t) generates only 
a Co-semigroup not necessarily an analytic semigroup. Consequently, it is worth in 
our case to work following the arguments developed by Pazy in [17] to study some 
non-autonomous evolution equations in the hyperbolic case. 

This chapter is organized as follows: in Sect. 7.2, we recall some preliminaries 
that will play an important role in the study of the problems such as (7.1). In 
Sect. 7.3, the local and maximal existence of mild solution of Eq. (7.1) is proved. 
The last section is devoted to applying our theoretical results to the study of 
some example of non-autonomous partial functional differential equations of the 
form (7.1). 
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7.2 Preliminary 


Let us denote by (X, ||.||) the Banach space X endowed with the norm ||.||. For 
the convenience, we assume that there exists a Banach space Y densely and 
continuously embedded in X. The space C = C([—r, 0]; X) endowed with the 
uniform norm topology 


IIPlle = oe IP @)II 


is a Banach space. 
We also make the following definitions given in [17] that will be used in this 
chapter. 


Definition 7.2.1 Let {S(t)};>0 be a Co-semigroup, and let A be its infinitesimal 
generator. A subspace Y of X is said to be A-admissible if it is an invariant subspace 
of {S(t)}+>0, and the restriction of {S(t)}:+o9 to Y is a Co-semigroup in Y (i.e., it is 
strongly continuous in the norm ||.||y). oO 


Definition 7.2.2 Let X be a Banach space. A family {A(t)};e,0,7] of infinitesimal 
generators of Co-semigroups on X is said to be stable if there are constants M > 1 
and w (called the stability constants) such that 


(w,+oo[C p(A(t)) for te [0, T] (7.3) 


and 


| I RO; A(t) | <M(Aa-—o)* for A> (7.4) 
j=l 


and any sequenceO0 <t) <t2 <---< 4% <7T,k=1,2,--- 
Here, p(A(f)) is the resolvent set of the operator A(t), and R(A; A(t)) defines 
the resolvent operator associated to A(f) at the point A. oO 


Observe that the stability of a family {A(t)},e,0,7] of infinitesimal generators of Co- 
semigroups on X is preserved when we replace the norm in X by an equivalent 
norm. 

In [17], the existence and uniqueness of evolution system associated to the 
family of the unbounded operators {A(t)};<[o,7] are obtained under the following 
assumptions: 


(H,) {A(¢)}+e[0,7] is a stable family with the stability constants M, w. 

(H2) Y c X is A(t)-admissible for t € [0, T], and the family {A(t)}rep 0,7] Of parts 
A(t) of A(t) in Y is a stable family in Y with the stability constants M, o. 

(H3) Fort € [0,7], Y C D(A(£)), A(t) is a bounded operator from Y into X and 
t +» A(t) is continuous in the space of bounded linear operators from Y into 
X denoted by L£(Y, X) equipped with the uniform norm topology ||.||_ccy,x)- 
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Proposition 7.2.1 ({17]) Let {A(t)}:efo,r] be the infinitesimal generator of 
a Co-semigroup {S;(s)}s>o on X. If the family {A(t)}refo,r] satisfies the 
conditions (H,), (H2), and (H3), then there exists a unique evolution system 
{U(t,s): O<s <t<T}inX verifying: 


(Ei) |UG,s)||< Mee for O<s<t<T; 
(E) “<U(t,s)ujas= AGs)v for veY,0<s<t<T; 
(E3) 2U(t,s)v=—U(t,s)A(s)v for ve Y,0<s<t<T. 


Proposition 7.2.2 ({17]) The evolution system of linear operator {U(t,s): O<s 
<t < T} generated by the family {A(t)}+e[0,7) satisfies the following properties: 


(a) U(t,s) € £(X), the space of bounded linear transformations on X, whenever 
0 <s <t < T, and forall x € X, the mapping (t,s) > U(t,s)x is 
continuous. 

(b) U(t, s)U(s, 4) =U, wW) forO< uss <tK<T. 

(c) Ut, t) =T. 


(d) “ut s)=A(HU(t, s), fors <t. 
(e) out, s)=—U(t, s)A(s), for's < t. : 


Now, we can give the notion of solutions that will be studied in this chapter. 


Definition 7.2.3 Let ¢ € C. A continuous function u : [—r,T] > X is called a 
mild solution of Eq. (7.1) associated to ¢ if: 


t 
u(t) = U(t, s)u(O) +f U(t, s)f(s,us)ds for t € [0, T] 
# (7.5) 


ug=o on [-,r, O]. 


For the study of Eq. (7.1), we will make the following assumptions that give us some 
sufficient conditions to obtain the local and maximal solutions: 


(C;) The domain D(A(t)) = D is independent of t € [0, T]. 
In this case, we define on D a norm ||.||y by 


Iylly =Ilyl+A@)yll forall ye D=Y. (7.6) 


Using the closedness of A(0), then Y = (D, ||.||y) is a Banach space. 
(C2) The application t + A(t)x for all x € D is continuously differentiable 
on R*. 
To prove the local and maximal existence of mild solution of (7.1), we need 
the following compactness hypothesis. 
(C3) The evolution system verifies the following property: 


U(t,s) iscompactfor f>s. 
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Remark 7.2.1 It is well-known that the operator A(O) € L(Y, X). Using the fact 
that the family {A(t)};e[o,r7] has the common closed domain, the closed graph 
theorem gives that A(t) € L(Y, X). If the application t  A(t)x is continuously 


differentiable on [0, 7], then this condition leads to sup ||A(¢)|| ccv,x) < +00 via 
te[0,T] 
the principle of uniform boundedness. Oo 


Now, we are able to make our first result that is the local and maximal existence of 
mild solutions to the problem (7.1). 


7.3 Existence of Local and Maximal Mild Solutions 


Often in this chapter, u(., 6) denotes the mild solution associated to the initial data 
¢, and we simply denote it by wu if there is no confusion. Let us give the first existence 
result. 


Theorem 7.3.1 Let {A(t)};eo,r] be a stable family of infinitesimal generators of 
Co-semigroups on X, and assume that the conditions (C,), (C2), and (C3) hold. 
Moreover, suppose that the function f : [0,T] x O — X is continuous where O is 
an open subset of C. Then, for all ¢ € C, there exists at least a local mild solution 
u(., @) associated to (7.1). oO 


Proof The proof will essentially be based on the Schauder’s fixed-point theorem. 
Let us consider ¢ € O. Using the fact that O is an open set on C and the continuity 
of the function f : [0,a] x O > X witha € (0, T), then there exist some positive 


constants y; and y2 such that B,,(¢) = {v eC: | - vo < vi] c Oo 


and || f(t, W)|| < y2 for all (t,w%) € [0,1] x By (@). Consider the function 
z € C([-r, a]; X) be defined by 


U(t,0)¢(0) ‘fort € [0, a] 
z(t) = 
g(t) fort € [-r, 0]. 


From definition of z, it follows that z; € C. 
For some fixed positive constant y with y < y,, one can choose bg € (0, y) 
such that 


be 
Mn [ eds <y 
0 


and 


4 ol, <y—y forall 1€[0, dg]. (7.7) 
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Let us set 
Kp={yeC-nbpkX): y=$ yr dlle sr forall + [0, bgl} 


provided with the uniform norm topology. It is clear that the restriction of z on 
[—r, bg] belongs to Ky and Ky 4 Y. Moreover, Ky is closed, bounded, and convex 
subset of C([—r, bg]; X). 

Now, consider the mapping J : Ky — C([—r, bg]; X) defined by 


t 
U(t, 0)6(0) +f U(t, s) f(s, ys)ds for t € [0, bg] 
(Ty)@) = 7 


o(t) for t € [—r, 0]. 
First, we have to prove that 7(Kg) C Kg. Since for all y € Ky, one has that s +> 
U(t, s) f(s, ys) is continuous on [0, ¢t] with t € [0, bg], then Ty € C([—r, bg]; X). 
Setting u = Ty and h = u — z, we obtain for t € [0, bg] via (7.7), 


ur — blle = lhi +z — Mlle 
< |lAtlle + llze -— lle 
< |lAtlle + — y. 


Also, we can write 
t 
/ U(t, s) f(s, ys)ds for t € [0, bg] 
h(t) = 4 °° 


0 for ¢t € [—,, O]. 


Hence, 
t 
al =| ; Ut, 5) f(s, ys)ds|| 
t 
< [ JU (t, 5) Fs. ye)Ilds 
b 
< [ JUG. SIF G, ydlids 
bg 
< Mn [ eds <y. 
0 


Since for all s € [—r, 0], h(s) = 0, one can see that for all t € [0, bg] 


Iniic = sup ||h@+@)||< sup |[h(s)Il Sy. 
é 


€[-r,0] se[0,be] 
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Consequently, 
I(T yt — blle = llur — blle < lArlle + v1 — v 
Say = Vis 
Also, the definition of J gives for all y € Kg, (Ty)o = @. So 
T (Ky) C Kg. 


Let us show that the family {(7)(y) : y € Kg} is equicontinuous. Let y € Ky, 
ty, to € [0, bg] with t) < ft). Then, 


t2 


(Ty)(t2) — (Ty) (1) = U (tz, 0)6(O) +f U (tr, s) f(s, ys)ds 


t 


1 
—(U(41,0)6O) + [ U(n, 8) f(s, ys)ds) 
= (U2, GO) — UH, 40) 
t 
+ f° (uta.s)- UH.s)) £6. yds 
0 
ty 
+ [v0.50 ya. 
t 


On the one hand, for any 0 < € < fy, it follows 


| [ (Vins) = U(n.s)) fl, ys)ds 


= | io (Ui, s)-U(h, FG, ys)ds | 


+] 


t 
/ (U(r, s) — Un. 8) f(s, ys)ds 
t 


ITE 


<|(ven-9-van-o) f “Uh 6, 9)F(, yo)ds 


+ 


ty 
/ (U(p,s) - U(H.s)) FO, ys )ds 
t 


1—-€ 


<|(Uen-9-Ua.n-9) [oH -esF. yds 


€ ta—t) +e 
+myl [ eas +f eds]. 
0 f 


2-1 
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hy 


€ 
We can also note that | / U(t) —€,s)f(s,ys)ds: ye Ko! is uniformly 
0 
bounded. On the other hand, 


t b 
| / U(r, 8) f(s.2s)ds| < / [Ves FG, yas 
ty t 


t 
< My | e? 2-8) ds 
ty 


ty-1} 
= My [ eds. 
0 


Consequently, 


|(742) - 7ym)] < |(Ue,0eO-UE, 60) | +My | ON eds 
+ (Ui. - 2) -UG.n 6) 


x { U(t —e,s) f(s, y3)ds) | 


€ ty—t +e 
+My] | eras + [ eds]. 
0 t 


2-1 


Using the fact that the compactness of U(t, s) for t > s implies the continuity of 
U(t, s) in the uniform norm topology, then it follows that the family {(7)(y) : y € 
Ko} is equicontinuous. 

To end the proof, we have to show that the set (Ky) is compact. The collection 
7 (Kg) is equicontinuous; therefore, it remains to prove via Arzela—Ascoli theorem 
that the set {(7y)(¢) : y € Kg} is precompact in X-norm for some fixed t € [0, bg]. 
The precompactness of the set {(7y)(t) : y € Kg} is a consequence of the fact that 
{(Ty)(t) — U(t, 0)(O) : y € Kg} is a precompact set. Let 0 < € < f, and then 


t t-e t 
/ U(t, s) f(s, ys)ds =f U(t, s) f(s, ys)ds +f Ut, s) f(S, ys)ds 
0 0 t 


=€ 


t-—E 
=vet-o | U(t —€,s)f (Ss, ys)ds 
0 


t 
+f U(t, s) f(s, ys)ds. 
t-e 
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One can write for all y € Kg, 


| [ venro.ras] < f° |oesse.rofas 


t 
< Mn [ 02") ds 
t-—E 


€ 
it My [ eds 
0 


< ae, 


where a > 0 is some constant real number. Also, using the fact that 
t-—eE 
{| U(t — €,s)f(S, ys)ds : ye Ko! is uniformly bounded and the 
0 


operator U(t, t — €) is compact, then one can find a compact subset W. of X such 
that 


t-—é 
U(t,t -of | U(t, s) f(s, ys)ds: ye Ko! C We. 
0 


Hence, for each ¢ € [0, bg]. {7@) —~U(t,0)6(0): ye Ko is totally bounded 
and the set {(7y)(t) : y € Kg} is precompact in X-norm. 

To finish, let us prove that the application 7 is continuous on Kg. For this aim, 
let € > 0 be given. Since the application f : [0, bg] x B,,(@) — X is continuous, 


then there exists 6 > 0 such that for all y!, y? € K¢, |»: a rl. < 6 implies 


| #0, 92) — £6, 92) 


| < €. So, for all t € [0, bg], 


|7x@- a0] < | '|u@.o||r6.20 - 26.92) fas 


t 
< em | eds, 
0 


which yields the continuity of J on Kg. 

The conditions of Schauder’s fixed-point theorem are satisfied for the application 
7 on Kg. Consequently, the function 7 has a fixed point y = u on Kg, which solves 
the problem (7.1) on [—r, bg]. oO 


Now, we have to prove that a mild solution to (7.1) can be defined on its maximal 
interval [—r, T] of existence. 


Theorem 7.3.2 Let {A(t)}:eo,r] be a stable family of infinitesimal generators of 
Co-semigroups on X, and assume that the conditions (C,), (C2) and (C3) hold. 
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Furthermore, suppose that f : Rt x C > X is a continuous function and takes 
bounded sets of [0,-+00) x C into bounded sets of X. Then, Eq. (7.1) has at least 
one mild solution y(., 6) on the maximal interval [0, bg). Moreover, either by = T 


or by < T and lim ||y(t, 6)|| = +00. oO 
t>by 


Proof Using Theorem 7.3.1, then we have the existence of mild solution y(., @) that 
is defined on [—r, b;]. Moreover, one can extend the solution y(., @) to the interval 
[—r, bz] with b, < b2. To do this, we consider the following equation: 


4 Gh SAOue + Hey: for 2E is 
dt (7.8) 


Up, = Yo, Gs od). 


To prove that Eq. (7.8) has a mild solution, we consider the operator 7 defined on 


Knn(o) = {u € Cr bok; X) + uy =Ym, letr-Youllo S71 for all 1 € [b1, bal, 


as follows: 


t 


T(u)(t) = U(t, bi) y(h1, ) +f U(t, s) f(s, us)ds for t € [b1, ba]. 
1 


Using the similar argument, one obtains that 7 verifies the Schauder’s fixed-point 
theorem that solves Eq. (7.8). This solution gives a mild solution u of (7.8) on 
[—r, bz] that is an extension of y(., @). Proceeding inductively, the solution y(., ) 
is continuously extended to a maximal interval [—r, bg). 
Assume that bg < T and the conclusion of Theorem 7.3.2 is false. Then, there 
exists some constant R > 0 such that Pat lly(t, b)|| < R. 
>be 


Also, since f : Rt x C > X is a continuous function and takes bounded sets 
of [0, +00) x C into bounded sets of X, then there exists a positive constant 6 such 
that 


xgerer) eae forall t € [0, by). 
Let to € (0, bg) be fixed and y : [to, bg) — X be the restriction of y(., ) to [to, bg). 


Consider fo < t) < 2 < bg and 0 < € < fg. One can use the fact that U(¢, s) is 
strongly continuous to obtain a positive constant n; such that 


|U@,0)- UM, yO] <e, for |—nl <m- 
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Moreover, 
ty 
|y@- ren] s | @.o-Te.myo@] +] [wes 
0 


—U(n. SIP (, ys)ds| 


12 
+] [ veasrte. sods 
ty 


Otherwise, 


t 


ty 1 
[ wes) - ve. 91F6, 9048 = [Van 1] [P UG.9F6, 904s. 


Let us set 
t 
=| f U(t, s) f(s, ys)ds : 1 € (0, bo). 


Obviously, we can observe that the application F : [0, bg) — X defined by 


t 
F(t) -|/ U(t, s) f (S, ys)ds 
0 


is continuous on the interval [0, bg). Moreover, for all ¢ € [0, bg), 


t t 
[Fo < M6 i eds = MS / eds 
0 0 
be 
< me [ eds. 
0 


Therefore, F(t) is bounded in the X-norm in the neighbourhood of bg. Hence, there 
exists 0 < t < fo such that F(t) is bounded for all t € (bg — T, bg). Also, F is 
continuous on the compact set [0, by — t]. Then, F'([0, by — T]) is the compact set 
of X. It follows that the set Sp, is included in a compact subset & of the Banach 
space X. Using Banach-—Steinhaus theorem, one claims the existence of a positive 
constant 72 verifying 


sup (ve, th) — nx| <e for |t) —f| < . 
xed 


Moreover, 
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to ty 
|/ U (tr, s) f(s, ys lds < ms [ (2d 
ty t 


tat} 
= ms [ eds 
0 
< (t) — t1)8M max{1, ec 2-}, 


Hence, taking 7 = inf{71, 72, €} such that for all ty, t2 € [0, bg) with |t2 — t| < n, 
it follows 


lly (t2) — y(t2)|| < Qe + €5M max{1, eo 2—N)yy 


Therefore, using similar argument, we can conclude that 


lim |v) — y@)| =0. 


|t}-t|>0 


Hence, u is uniformly continuous on [fo, bg). Consequently, lim y(t, @) exists. Let 
t> by 


define y(bg, @) := wu y(t, by). Then, the function Y : [—r, bg] — X defined by 
t>b¢ 


y(t,o) if t<bg 
W(t) = 


y(bg,¢) if t=b¢ 


extends y. This contradicts the existence of the maximal interval [—r, bg), and the 
proof is complete. Oo 


In order to obtain the existence and uniqueness of mild solution, we have to take 
the nonlinear term of the problem (7.1) to be Lipschitz function with respect to its 
second argument. Moreover, in the rest of this chapter, to prove the existence of 
global solution, we will assume that: 


(H) A(t) is defined for each t > 0, and {A(t)};>0 is a stable family of infinitesimal 
generators of Co-semigroups on X with stability constants M, w. 


Theorem 7.3.3. Assume that the conditions (H), (C1), and (C2) hold. Furthermore, 
suppose that f : Rt x C > X is a continuous function and verifies the following 
condition: for all t > 0, 


|ro.o)- £6, W] < L]o- 4 vb,w eC (7.9) 


a 


when L > 0 is some positive constant. Then, Eq. (7.1) has a unique mild solution 
y(., @) on [—r, +00). Oo 
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Proof Leta > Oand M, = C({0, a]; X) be the space of continuous functions from 
[0, a] to X endowed with the uniform norm topology. Let us set for @ € C 


K(g) ={ze Ma: 20) =(0)}. 
For z € K (@), we introduce the extension Z of z on [—r, a] by 
z(t) fort € [0,a] 
Z(t) = 
g(t) fort € [-r, 0]. 


Let 7 be a mapping defined on K (¢) by 


t 


T(z)(t) = U(t, 0) (0) +f U(t,s) f(s, zs)ds for t € [0,al. 
0 


Consider z € K(@), t), t € [0, a] with t) < t. Then 


t 


T(z)(t) —T(z)(t1) = U(t, 0)6 (0) +f U(t, s) f(s, Zs)ds 
qt 
-(vin, 060+ [ UG,sF6, 2048) 
= (Ue, 0)6(0) — Un, 410) 
t 
+f (ves) - Ut, s)) Fs, 2)ds 
0 
t 
+f U(t, 5) f (Ss, Zs)ds. 
ty 
Immediately, 
(ve, 0)6(0) — U(th, 0)6(0)) > Oast—t in X-norm 


since (t, 0)  U(t, 0)¢(O) is continuous. 
Also, since f is continuous and verifies (7.9), then 


sup || f(s,Zs)Il< L sup [ls — Pll + sup || f(s, M)ll < R, 


se[0,t] se[0,t] se[0,t] 


where R > 0 is some positive constant. Therefore, for each e > Oandeé < ft <t, 
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| is (Ui, s) — Uh, 8) fl, Bs)ds 


< | [- (vies) <3 Ut, s)) fs, Bs)ds 


+| [ (Uie.s) — Uh. 8) flo, Bas 
ize 


tj-€ 
<|Wen-9-UGn-— [ va-esfo.z0ds 
0 


+| I (UG. 5) - Un, s)) fs, 2s)ds 
I-¢ 


ty-€ 
<|Wen-9-UEn-o [ va-esfo.zds 
0 


€ t—tj+e 
+mr{ f eas + f eds]. 
0 t 


—t} 


Since € is arbitrary chosen, then 
t 
/ (ve, s)—Uh, LG, ds 3.0, asd Gi, 
0 


Also, we have 


ds 


< f'|oe.nre.20 
qt 


t 
| / U(t,s) f(s, Zs)ds 
qt 
£ 
< ru | el) ds 
t 
t-t 
= ru | eds. 
0 
Then, 
t 
i U(t, s) f(s, Zs)ds > 0, as toh. 
ty 


Consequently, 


T(z)(t) -F(z)(t)) ~ Oast >t anda>t> ty. 
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Using a similar argument, one obtains that for tf}, ¢ € [0, a] witht; > t 
T(z)(t1) —T(z)@) > Oast > ft. 
Hence, F(z) € K(@) for all z € K(@). 


Now let show that 7(z) is a strict contraction on K (@). For that, let z, u € K(@), 
and t € [0, a]. 


(TH = Tu)(0)) = [ U(t, | fs, 25) — f(s, iis) as. 


Then, we can write 


| THO -Tw)| [ “|o@, 9176.3) - Fo, aoIfas. 


t 
| (T(t) - Tw) < ML / ent, — ii ds. 
0 
Since z(9) — u(@) = 0 for all 6 € [—r, 0], then 
| Zs —Uus|| < sup |z(t) — u(r)]. 
O<t<s 


So, 


lTeW) ~ T(u)(t) | < (ML i eds) E _ 


t 
0 


’ 


where lz — u| denotes the supremum norm in C([0, a]; X). One can choose a 


small enough such that 


a 
(uz | eds) <i. 
0 


Then, 7 is a strict contraction on K(@). Therefore, 7 has a unique fixed point u 
that is the unique mild solution of Eq. (7.1) on [0, a]. Moreover, one can extend the 
solution u to [a, 2a]. Therefore, we consider the following equation: 


20) = A(t)z(t) + f(t, z:) for t € [a, 2a] 
: (7.10) 


Za = Ug. 
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To show that Eq. (7.10) has a unique mild solution, we consider the operator 7; 
defined on Kg(#) = {z € C([a, 2a]; X) : z(a) = u(a)} by 


t 
Talz)(t) = U(t, aju(a) + / U(t, 5) f(s, Zs)ds for t € [a, 2a], 


where the function Z is defined by 


z(t) for t € [a, 2a] 
Z(t) = 


u(t) fort <a. 


Using the similar argument, one obtains that 7, is a strict contraction on [a, 2a] 
that gives a unique mild solution of (7.10) on [a, 2a] that is an extension of u. 
Proceeding inductively, the solution u is uniquely and continuously extended to 
[na, (n + 1)a] for all n > 1. Finally, we obtain that Eq. (7.1) has a unique mild 


solution on [—r, +00). oO 


7.4 Application 


a2 0 


out, x)= as gut. +60 f we +,x)sin (we +6, x))d0, 


t>0, x € [0, z], 
u(t,0) =u(t,7) =0, t >0, 


u(6,x) = do(6,x), 8 € [-r, 0], 

(7.11) 
where 6 : R*+ — R is a bounded continuous function and a : R+ > Ri isa 
bounded continuously differentiable function. The given function ¢9 : [—r, 0] x 
[0, x] — R will be specified later. 

In order to write the system (7.11) in an abstract form, we introduce the space 
X = L*({0, 2]; R). Let A be the operator defined on X by 


D(A) = H?((0, 2); R)N Hg (0, 2); R), 


Ay=y", yeD(A). 
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Let us note A(t) the operator defined on X as follows: 
A(t)y =a(t)Ay = a(t)y”. 
Its domain D(A(t)) is independent of t € [0, T] and is given by 
D(A(t)) = {y € X: y, y’ are absolutely continuous y” € X, y(0) = y(r) = O}. 


Consequently, the assumption (C1) is verified. 
We equipped a subspace D = D(A(t)) with the graph norm 


|x|, = [>| + |A@z| forevery x€Y=D, 


which is a Banach space. Also, since f ++ a(f) is continuously differentiable on 
Rt, then t + A(t)y = a(t)A is continuously differentiable on R*. Hence, the 
condition (C2) is satisfied. 

Note also that Ay = y” for y € D(A). In [20], it is well-known that A generates 
an analytic semigroup (7 (t));eR+ on X. Moreover, T(t) is compact on X for all 
t > 0. Furthermore, the operator A has a discrete spectrum, and the eigenvalues 
are {—n? : n € N*} with the corresponding normalized eigenvectors z,(é) = 


2sin(né). Thus for y € D(A) = D, there holds 


+00 


Ay= —n’"(y, Zn Ens 


n=1 


+00 


Ay = >> (-a(t)n7)(y, zn)Zn» 


n=1 


where (., .) is the usual inner product on X. It is clear that the common domain of 
A(t), t => 0, coincides with that of the operator A. In the one hand, we have 


D=Y=D(A®)=X, A(t) isclosed and R*+ Cc p(A(t)) Vt e[0, 7]. 


In the other hand, it is well-known that for all 4 > O such that R(A, A) exists, 
1 
Ra. A) | =: Consequently, 


1 nr 
—~ k(—~, 
a(t) a(t) 
1 a(t) 1 


[Ra Ae] =| A)| 
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Hence, using Hille—Yosida theorem, one obtains that {A(t)};+0 is a family of 
generators of Co-semigroups {5;(s)}s>0 on X. 
Therefore, for all t > 0, there exists w = 0 such that 


(0, +00) C p(A(t)), VA>0. (7.12) 


Better, it is obvious that 


1 


ye 5k for A >0 (7.13) 


| [ae A)| 


and any finite sequence 0 < ft) < <---<t% <+o~,j=1,2,--- 

Consequently, one claims via Definition 2.1, p.130 of [17] that {A(t)};>0 is a 
stable family. 

It remains to show that the assumption (C3) is insured. Following the work done 
in [9], it suffices to prove that 


foreach t¢€[0,7], andsome A € p(A(t)), the resolvent 


R(A, A(f)) is a compact operator. 


Since for all A > 0, 


R(A, A(t)) = (2 — aA) ms — (4 _ Ay 


a(t) \a(t) 
and 
nN -1 ae 
ae = A) = [ e 0° T(s)ds 
1 
with {7 (s)}s>0 compact, then (35 - A) is compact. Consequently, the operator 


U(t, 5), t > s, is a compact operator. 
To complete the abstract form of Eq. (7.11), let us define the initial data function 
¢€C=C\([-r, 0]; X) by 
o(6)(x) = do(0,x) forall (6,x) €[-r, 0] x [0, z]. 


Moreover, let us define the following function f : Rt x C> X 


0 
f(t, wer= Bo | wW(0)(x) sin (v@))) a0 forall x € [0,7] and wec. 
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Using the above notations and setting v(t)(x) = u(t, x), Eq. (7.11) can be written 
as the following abstract form: 


4 wy =A(t)u(t)+ f(t,u), t= 0, 
a (7.14) 


v0) = 6), 6 €[-r, 0]. 
Proposition 7.4.3. The function f is continuous on Rt xC — X and takes bounded 
sets of Rt x C into bounded sets of X. Oo 
Proof For all (t, 7) € Rt x C, one has for all x € [0, 77] 
0 
[re wea] = {po f v@csin(v@e)a0| 
0 
<1 { |y@rcnas. 


Using Holder inequality, we can write 


re wreo] < Boi f yocolas 


= oi( [ fy@rcofae)?(f |1fae)’ 
=rtieoi([ yercofae)* 


Consequently, 


[ |remefarsreor [" f 
0 0 =f 
< r|B(t) ale (| lv@co| ax)ae 


< r|B(t) af |v@| a 


Winx] dodx 


< Pieor|y|,. 
So, 


[Few] sriB«l]¥ |, < +20. 
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for all (t, yw) in the bounded set of R* x C since f is continuous on R*. Therefore, 
f takes the bounded sets of R* x C into bounded sets of X. 

Now, let us show that f is continuous on R™ x C. Let (t,), be a sequence of Rt 
such that Le t, = t. Then, for each @ € C, 


0 

flim WE) = Fe Wd] = [Bln — BO) | ¥@)C) sin (H@)))a0| 
0 

< |G) 80) f vercesin (yo) a0 


0 
< pin) — co) f yoy(x)|a0 


< |B(m) — BO) ([ wancslae)*(f 


1 


< |B(t,) — BO) AC wi@y(a)| da)”. 


—r 


2 1 
i do)’ 


Thus, 


[fn w= F060] s |B - 80 


r 


M lo: 
Since f is continuous on R™, then 
lim f(t,w)= f@,w) in X-norm. 
n— +00 


Also, let (Wn)nen be a sequence of C such that 2, Wn = wv. Then, fort € RT, 
fadimeere woo] = pO f (Yn(@)(x) — ()(~)) sin (Yn (0)(x)) | 
+o f ¥-(0)(x)( sin (Yn 0)(x)) = sin (y-(@)(2)) )a| 
0 
< [bo |(f 
+pol([- ieones |v sin (vn) 


1 


— sin (vex) || aa)’. 


1 1 


Vn (OVX) = wien] do) ( | ; if ao)’ 


=F 
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Therefore, 


[Fem - few] s [bo 


r 


tno] +f (s) ~sn() 


Since the function sin is continuous on R, then 


(tim (6. Vn) = FY) in X-norm. : 


Consequently, the existence of the local and maximal mild solution for the 
problem (7.11) is proved. 
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Chapter 8 ®) 
Existence, Regularity, and Stability inthe = wv 
a-Norm for Some Neutral Partial 

Functional Differential Equations in 

Fading Memory Spaces 


Khalil Ezzinbi, Bila Adolphe Kyelem, and Stanislas Ouaro 


Abstract The aim of this chapter is to study the regularity and the stability in the a- 
norm for neutral partial functional differential equations in fading memory spaces. 
We assume that a linear part is densely defined and generates an analytic semigroup. 
The delayed part is assumed to be Lipschitzian. For illustration, we provide an 
example for some reaction—diffusion equation involving infinite delay. 


Keywords Analytic semigroup - Neutral partial functional differential 
equations - a-norm - Stability - Fading memory space 


8.1 Introduction 


Let (X, |.|) be a Banach space, (Y(X),|.|y¢) be the space of bounded linear 
operators on X, and a be a constant such that 0 < a < 1. The aim of this chapter 
is to study the stability results of the following class of neutral partial functional 
differential equations in the w-norm in fading memory spaces 
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£ DUW,) =—-AD(u;)+ flur) for t>0, 
f (8.1) 


u~g= PE Ba, 


where f : By — X is a continuous function and A : D(A) C X —> X isa linear 
operator such that (—A) generates an analytic semigroup (7 (t)),+9 on the Banach 
space X. D(A) is the domain of the operator A. We also denote R(A) the range of 
the operator A. For 0 < a < 1, A® denotes the fractional power of A, and the space 
Xj will be defined later. The initial function ¢ belongs to a Banach space By of 
functions mapping (—oo, 0] into Xq and satisfying some axioms to be introduced 
later. D is a bounded linear operator defined on By with values in X as follows: 


D(b) = (0) — Dol) ford € By, (8.2) 


where Dg is also a bounded linear operator defined on B, with values in X. 
We denote by u; for t € Rt the historic function defined on (—oo, 0] by 


u,(0) =u(t+6) forall 6 <0, 


where u is a function from R into Xq. 

The existence results of neutral partial functional differential equations with 
delay are an important subject studied by many authors (see [1, 3, 5, 6, 8, 11, 20] 
and the references therein). One of the qualitative behaviours of solutions of neutral 
partial functional differential equations with delay developed in many works is the 
stability (see [2, 4, 7, 9, 10, 15, 21, 22] and the references therein). 

One of the most important qualitative results of the functional partial differential 
equations is the stability, extensively studied by many authors. A mechanical or an 
electrical device can be constructed to a level of perfect accuracy that is restricted 
by technical, economic, or environmental constraints. What happens to the expected 
result if the construction is a little off specifications? Does output remain near design 
values? How sensitive is the design to variations in fabrication parameters? Stability 
theory gives some answers to these and similar questions. 

Adimy and Ezzinbi in [4] established the stability results in the a-norm for the 
problem of neutral type of the form 


< DUu,) =—-ADUu;)+ fur) for 120, 


ug =o €Cy, 


where f : R x Cg — X is a continuous function and A : D(A) C X > X isa 
linear operator; 
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u; for t € R is the historic function defined on [—r, 0] with r > 0 by u;(0) = 
u(t + @) for 6 € [—r, 0], where u is a continuous function from R into Xy; Cy = 
C([—r, 0]; D(A®)) is the space of continuous functions from [—r, 0] into D(A) 
provided with the uniform norm topology, D is a bounded linear operator from 
C = C({-,r, 0]; X) into X defined by 


D($) = $0) — Do) ford ec, 
where the operator Do is given by 


0 
Do(¢) = : dn(0)$(8) ford € C, 


and 7 : [—r,0] — LX) is of bounded variation and non-atomic at zero, that is, 
there exists a continuous nondecreasing function 6 : [0,r] — [0,-+oo) such that 
6(0) = 0 and 


< d(s)|¢lc for@eC and se ([0,r]. 


0 
i dn(6)o(@) 


In our work, we study the stability results of Eq. (8.1) following the results 
obtained in [2, 4, 7, 9, 10, 21]. 

To get some stability results in the uniform fading memory spaces, we make use 
of the spectral theory of linear operators, the fractional power operators, and the 
linear semigroup theory (see [13, 19]). 

The organization of this chapter is as follows: In Sect. 8.2, we introduce some 
preliminary results on analytic semigroups, fractional powers of operator, and 
axiomatic phase space adapted to the fractional norm space for infinite delay. In 
Sect. 8.3, the existence and uniqueness of strict solutions is established. In Sect. 8.4, 
we are concerned with the smoothness results of the solutions. In Sect. 8.5, we 
investigate the stability near an equilibrium by using the linearized principle. In the 
last section, an example is provided to illustrate the applications of the main results 
of this chapter. 


8.2 Analytic Semigroup, Fractional Power of Its Generator, 
and Partial Functional Differential Equations 


Throughout this chapter, we assume the following: 


(H;) (—A) is the infinitesimal generator of an analytic semigroup of linear 
operators {7 (t)},>9 on a Banach space X. Without loss of generality, we suppose 
that 0 € (A); otherwise, instead of A, we take A — 6/7, where 6 is chosen such 
that 0 € p(A — 6/) and where p(A) is the resolvent set of A. 
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It is well-known that |T (t)x| < Me®'|x| for all t > 0, x € X, where M > 1 and 
weR. 
For all 0 < a < 1, we define (see [19]) the operator A~* by 


—a 1 — a—l 
A“x= Te) t T (t)xdt for all x € X, 
a 0 


where I'(a@) denotes the well-known gamma function at the point aw. The operator 
A~“ is bijective, and the operator A® is defined by 


A®@ = (Ao*y4, 


We denote by D(A®) the domain of the operator A*®. Then, D(A®) endowed with 
the norm |x|, = |A%x| for all x € D(A®) is a Banach space [19]. We denote it by 
Xq.- Moreover, we recall the following known results. 


Theorem 8.2.1 ({19], p.69-75) Let 0 < a < 1, and assume that (Hj) holds. 
Then: 


(a) T(t): X > D(A®%) for eacht > O anda > 0. 

(b) Forallx € D(A®%), T(t)A%x = A°T (t)x. 

(c) For each t > 0, the linear operator A*T(t) is bounded and |A%T (t)x| < 
Mat~%e”' |x|, where My is a positive real constant. 

(d) For0O <a < landx € D(A®%), |T(t)x — x| < Ngt*|A%x|, fort > 0, where 
Na is a positive real constant. 

(e) ForO<a<fB <1, Xp Xq. 


From now on, we use an axiomatic definition of the phase space 8 that was first 
introduced by Hale and Kato in [16]. We assume that 8 is the normed space of 
functions mapping (—oo, 0] into X and satisfying the following axioms: 


(A) There exist a positive constant N, a locally bounded continuous function 
M(.) on [0, +00), and a continuous function K(.) on [0, +00), such that if 
u : (—oo, a] > X is continuous on [&, a] with ue € B for some € < a where 
0 < a, then for all t € [€, a]: 


(i) uy € B. 
(ii) t — u; is continuous on [€, a]. 
(iii) Nlu(t)| S |urlg < K(t- oe |u(s)| + M(t — €)|uelg. 
<s<t 


(B) 8 is a Banach space. 


Lemma 8.2.1 ([7]) Let Coo be the space of continuous functions mapping (—oo, 0] 
into X with compact supports and Cy, be the subspace of functions in Coo with 
supports included in [—a,0] endowed with the uniform norm topology. Then 
Coo > B. Oo 
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Let 
Bu = {¢€B: $(6) € D(A®) for 6 <0 and A*¢ € 8}. 
and provide 8, with the following norm: 
Idle, = |A° lg for @ € By. 


We also assume that 


(Hz) A~%¢ € S for all d € B, where the function A~“¢ is defined by 
(A~*¢)(0) = A-“(@(6)) for 6 <0 


and 
(H3) K(0)|Do| < 1. 


Lemma 8.2.2 ([7]) Assume that (H,) and (Hp) hold. Then, By is a Banach space 
and satisfies the axiom (A). oO 


For regularity results in the Banach space X, consider the following problem: 


* Des =—-AD(u;)+ f(t) for t>0, 
dt (8.3) 


uo = ©. 


Definition 8.2.1 Let @ € 8. A function u : (—oo, a] > X is called a mild solution 
of Eq. (8.3) associated to @ if 


t 
Dur) = T(t) Duo) +f T(t —s)f(s)ds for t € [0, a] 
0 


uo = ©. 


Definition 8.2.2 Let ¢@ € 8. A function u : (—co, a] > X is called a strict solution 
of Eq. (8.3) associated to @ if 


tt—> D(u;) is continuously differentiable on [0, a] 
Diu;) € D(A) for t>0 
u(t) satisfies the system (8.3) for ¢>0. 


We have the following important result. 
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Theorem 8.2.2 Let ug = ¢, D(@) € D(A), and f € C!({0, a]; X). The existence 
of a mild solution u of (8.3) on [0, a] implies the existence of a strict solution of 
(8.3) on [0, a]. oO 


Proof Let u be a mild solution of (8.3). Then, 
t 
Du) = T(t) Duo) +f T(t —s)f(s)ds for t € [0, a]. (8.4) 
0 


Show that t + D(u;) is continuously differentiable. We need to only examine the 
second term of the right-hand side of (8.4), which will be denoted by v(f). It is well- 
known that T(t — s) = (T(t s))(—A)7! since (—A) generates the analytic 
semigroup (T (t)):>+0. Hence, 


ar) 
v(t) = / ag (Ft — SAY F(s)ds 
0 5 
t 
=[-re-sy-ay fe], + [ T(t —s)(—A)| f"(s)ds 


L 
= —(-A) !f@+T@(-A) |! fO) +f T(t —s)(—A)! f'(s)ds. 


t ey = tth 
Since lim Bi EE TE Ay ase a T (t—s)(—A)7! 
0 t 


h->0 h 


t 
f'(s)ds] = A w+ / T(t —s) f'(s)ds, it is easy to see that 
0 


d t 
ae =T()fO) +/ T(t —s)f'(s)ds. (8.5) 


Using Eq. (8.5) and the fact that f € C!({0, a]; X) and the semigroup (T(t));>0 
is analytic, then t bb u(t) is continuous. Consequently, tf t+ WD(uz) is 
continuously differentiable on t € [0, a]. 

Now, let us show that D(u;) € D(A). Since T(t)D(d) € D(A), it remains to 
prove that v(t) € D(A). We use the relation (8.5) in order to obtain 


t 
4) = T(t) f() +f T(t —s)f'(s)ds 
dt 0 


=—Av(t) + fo. 


Thus, Av(t) = Sut) + f(t) exists and v(t) € D(A). 
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To finish, let us prove that u verifies (8.3). Using (8.4), one can write 


d ‘¢@ 
qo) = TD) +f a (P(t — s) f(sds + f(t) 
t 0 Os 


t 
—AT(t)D(d) - af T(t —s)f(s)ds + f(t) 
0 


t 
=A [Tino +f T(t — 9) F035 + f@) 
0 


= —AD(u;) + f(t). 


8.3. Existence and Uniqueness of Strict Solutions 


Now, we give the notions of solutions that will be studied in our work. 


Definition 8.3.1 Let @ € By. A function u : (—oo, +00) > Xz is called a mild 
solution of Eq. (8.1) associated to @ if: 


t 


(i) Dur) = THD) +f T(t—s)f(us)ds for t > 0. 
0 
(ti) uo = @. 
| 


Definition 8.3.2 Let @ € B,. A function u : (—oo, +00) > X¢q is called a strict 
solution of Eq. (8.1) associated to ¢ if: 


(i) t H+ D(y;) is continuously differentiable on [0, +00). 
(ii) D(u,) € D(A) fort > 0. 
(iii) u(t) satisfies the system (8.1) for t > 0. 
Oo 


Often in this chapter, u,(., @) and u;(@) denote the mild solution associated to 
the initial data ¢, and we simply denote it by u; if there is no confusion. 
We assume that there exists kK > O such that 


(M4) | f(b1) — f(b2)| < klb1 — G21, for all $1, 62 € Bo. 
Theorem 8.3.1 ({14]) Assume that (H,), (Hz), (H3), and (H4) hold. Then, for each 
ob € By, there exists a unique mild solution of Eq. (8.1) that is defined for t > 0. 


Lemma 8.3.1 Assume that (H,), (Hz), and (H3) hold. Let 6 € By andh € 
C(R*; Xq) such that D(¢) = h(0). Then, there exists a unique continuous function 
x on R® that solves the following problem: 
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D(x) =h(t) for t> 0, 


(8.6) 
x(t) = $(t) for t € (—~, 0]. 
Moreover, there exist two functions a and b in LP. (Rt; R*) such that 
Ixr|8, SaM|olg, + b(t) sup |h(s)la for t20. (8.7) 
O<s<t 


Proof We define for p > 0 the space 
W = {x €C([0, p]; Xa) : x0) = 6(0)} 


endowed with the uniform norm topology. For x € W, we define its extension x on 
R7 by 
x(t) for t € [0, p] 
k(t) = 


P(t) for t € (—oo, OJ. 


Using axiom (A), one can see that tf +» x; is continuous from [0, p] to By. Let 
us define the function K on W by 


(K(x))(t) = DoGr) +h) for t= 0. 


One must show that K has a unique fixed point on W. Since h € C(RT; XQ), then 
h €C((0, p]; Xq). Moreover, h(0) = D(d) = (0) — Do(@). It follows that 


K(W) Cc W. 


We can also write for x, y € W with their respective extensions + and y associated 


tog 


(K(x) —K(y)) Ola < |Dollx — W1B, 
< Dole) Sue Ix(s) — y(s) lo 
<s<t 


< |Do|KWM|x — ylw. 


Choosing p > O small enough, one obtains that K is a strict contraction. 
Consequently, (8.6) has a unique solution x on (—oo, p]. 


8 Existence, Regularity, and Stability in the a-Norm for Some Neutral Partial. . . 193 
It follows for s € [0, p] that 


Ixsl8, < K(s) sup |x(t)la + M(s)|6lg, 


O<t<s 


< K(s)(IDol_sup bxelg, + sup hla) + M()I6lB, 


O<t<s O<t<s 


< Kp|Dol sup Xr |B, + Kp sup h(t) la + Mplélg, » 


O<t<s O<t<s 
where K, = sup K(s)andM,= sup M(s). 


se[0, p] s¢[0, p] 
Therefore, 


sup [xsla, < sup {KpIDol sup [xrlg, +Kp sup Ih(r)la + Mpldls, } 


O<s<t O<s<t O<t<s O<t<s 


< Kp|Do| sup |xslg, + Kp up sale ee 19|B,.+ 
0< 


O<s<t 


Thus, for p > 0 small enough and using (H3), one can write for ¢ € [0, p], 


re M, 
sup |xs|g, <— =———_ sup |A(s) ——— |¢|g,. 
oe ZR 12 


As a consequence, we have the existence of a,b € L i (LO, PI; RT) such that 


IX:1B, < alla, + b@) Ae lA(s)la, for t € [0, p]. 


<s<t 
Now, to extend the solution x on [p, 2p], we consider the space 
= {u € C([p, 2p]; Xa) : u(p) = x(p)} 
endowed with the uniform norm topology and the following problem: 


u(t) for t €[p, 2p], 
u(t) = 
x(t) for tf € (—o, p]. 


We define the function K; on W; by 
(Ki(u))(t) = Dor) +h), for t € [p, 2p]. 
Using the same arguments as above, we show that ; is a strict contraction on W}. 


That leads to the existence of a unique solution u of (8.6) on (—ov, 2p], and u is the 
extension of x on (—oo, 2p]. 
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Also, we have to extend a, b on [p, 2p]. Therefore, let s € [p, 2p]. Then, one 
can write 


Ixslg, < K(s— p) sup Ix(t)la + Ms — p) |Xplg, 
pSt<s 
< Kp sup |x(t)|ag+Mp xl, 
pStss 
< Kp sup {|Dollxrla, + Ala} + Mp |xplg, - 
pSt<s 


Therefore, for each t € [p, 2p] such that s < t, we have 


sup |xslg, < sup {K, sup {|Dol lxrlg, + lA(t)la} + Mp Ixple, 
<s 


p<s<t p<s<t pst< 


IA 


Kp|Dol sup |xrlg, + Kp sup |A(t)la+ Mp |xplg, - 
ps<t p<s<t 
Thus, fort € [p, 2p], 


ee ees een +e le: 
*~ 1— Ky |Dol pest i Kp |Dol | ?'8e 


Since p € [0, p], one can write 


IXpl8. < a(P)|ola, + (P) ue In(s)la- 


<s<p 
Consequently, 
Ile S$ ee sup ls) + SP |p| 
oo T= Kp |Do| p<s<t # = Kp |Do| PIBa 
Mpa(p) 
a ae le ea lee 
<1=x, [Dol pssst 1-K, [Dol 
M,b(p) 
SUP NA) ew 
1— Kp |\Dol O<s<p 
Mpa(p) K Myb(p) 
< Ils, + max {| } sup In(s)a 
1— Kp Dol 1— Kp IDol’ 1— Kp |Do| O<s<p 
K M,yb 
semax {EP Nn) cup ths) 
1—Kp|Dol 1— Kp |Dol) p<s<r 
M K M,b 
< | e : pb(p) | sup |A(s)|q- 
1— Ky [Dol 1— Ky [Dol 1—Kp |Dol O<s<t 
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Thus, for all t € [p, 2p], 


xg, <aMldla, + bi) sup |A(s)le, 


O<s<t 


where a, can be seen as the extension of a on [0, 2p] and b; the extension of b on 
[0, 2p]. It is exactly to say there exist a, b € L™.({0, 2p]; R*) such that 


loc 


Ixrlg, <aMlola, +b) sup |h(s)la, for t €[0, 2p]. 
O<s<t 


Inductively, one can show the existence of an extension u of x on [np, (n + 1) p] 
and the extension dnp of a, Dnp of b on [np, (n + 1)p]. Finally, the solution x is 
unique and continuous defined on R*. Also, the functions a € L® (R*; Rt) and 
b € L® (Rt; R*) are well-defined. Oo 


We have the following result. 


Theorem 8.3.2 ({14]) Assume that (H,), (H2), (H3), and (H4) hold. Let u and v 
be two mild solutions of Eq. (8.1) on R, respectively, associated to the initial data @ 
and w. Then, for any a > 0, there exists l(a) > 0 such that 


lur(?) —ur(W)lg, <@MIo — le, fort € [0, a]. (8.8) 
For the regularity of the mild solution, we suppose that 8 satisfies the following 
axiom: 


(Bi) If (¢n)n>0 is a Cauchy sequence in 8 and converges compactly to ¢ in 
(—oo, OJ], then @ € Band |¢, — d|g > Oasn > +c. 


Now, we can claim the existence and uniqueness of strict solution for Eq. (8.1). 


Theorem 8.3.3 Assume that (H,), (Hz), (H3), and (Hy) hold. Furthermore, 
assume that 8 satisfies axiom: (B,) f : By — X is continuously differentiable 
with f' locally Lipschitz continuous. Let @ € By be such that 


¢' € By, D(p) € D(A) and Dig’) = —AD®) + f (4). 
Then, the mild solution u of the problem (8.1) is a strict solution of the problem 
(8.1). Oo 


Proof Let p > 0 and u be the mild solution of the problem (8.1) associated to @. 
We consider the following problem: 


t 
Dw) = T(t) D(d’) + A T(t —s)f'(us)wsds, for t € [0, p] 
0 (8.9) 


wo = ¢' 
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and z € C((—o0, p]; Xq) defined by 


t 
(0) +f w(s)ds, for t € [0, p] 
0 


zt= (8.10) 


d(t) for t <0. 


Then (8.9) has a unique mild and continuous solution w on (—oo, p]. Also, one 
can recall the following lemma that plays an important role in the proof of this 
current theorem. 


Lemma 8.3.2 ([7]) The function z defined above verifies 


t 
Zr= o+ | wsds, for te (0, pl. (8.11) 
0 
Note that our objective is to show that u = z on [0, p]. Using (8.9), we get 


t t t ps 
/ D(ws)ds =f Ts) D@)ds-+ | / T(s—t)f'(uz)wrdtds. (8.12) 
0 0 0 JO 


For ¢t € [0, p], we have 

d t t 

sf T(t—s)f(Zs)ds = rinse) + | T(t —s)f' (zs)weds. (8.13) 
Consequently, 


t ib t i. 
/ Ts) f(@)ds = i: TU —s)f(z,)ds — i / T(s— t) f'(@,)wdeds. 
° ° — (8.14) 
Using Eq. (8.11), it follows that 


t 
D(z) = Do) + [ T(t—s)( - AD) + f))as 
t ps 
+f i T(s — T) f' (uz)w,dtds 
0 JO 


t t Ss 
= T()D(b) + / T(s)f(é)ds + i; / Tie) Pteduededs, 
0 0 0 


Using Eq. (8.14), we have 
t 
DZ) = THDO) +f T(t —s) f@s)ds 


t Ss 
+f i T(s— t)( f/x) - f'(@x))wrdeds. (8.15) 
0 J0 
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Therefore, 


t 
Diu, 2) = [ Te -s)(flus)~ Fles))as 
0 


t Ss 
-[ / T(s —1)(f'(ur) = f'(@x))wrdrds. (8.16) 
0 JO 


By Fubini’s theorem, we get that 


t 
Du, —2) = f Ta-s)(fus) — fed)as 
0 


-[ ([ rear) (F's) - f(s) wsds. (8.17) 


Then, we put for ¢ € [0, p], 
t 
ny = [ra -s)(Flus) ~ Flesd)as 
0 


=f (fo rede) (Fe) = Fe) wads 


to obtain for some positive constants k and C}, 
t 
nla =| f TO —3)( Fs) = Feds 
0 


-f as T(z)dz) (F's) - f'Gs))wsds|, 


= iE iG —3)(fs) - f(es))| ds 


t t—s 
+f fo |revcead= reo. 
0 JO 


t evlt-s) 


<kM ———|Us — d 
= a : ase ls Z51Be s 


t t—s eet 
+C1Ma f (fo Sae)lus — cslaual 
0 ‘Jo oT 


One can write for w > 0 


t—s ev t—s 1 
/ dt < al —dt 
On «70% - Qi at” 


2 ad il 1 I 


l—a re! 


dtds 
a 
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x pots) t—s 1 


l—-a(t—s)@ 
Dp 1 
l—a(t—s)*’ 


< eett—s) 


Therefore, 


elt-s) Ci pM t evlt-s) 
——__|Us — 25|8,d5 + el 
(t — s)% l-a Jo (t—s)® 


lus — Zs|g, ds. 


t 
Ale < kMa | 
0 


Moreover, since for all 9 € (—co, 0], u(9) = z(@), then one has for all s € [0, ¢], 


u(t) — 2(t)| 


|us — Zs|g, < max 
O<t<t 


Thus, 


CipM, P pot 
Ih@la < (kM + ale “)( c dt) max 
1 0 O<t<p 


—a Te 


u(t) — z(t) 


| a 


Using Lemma 8.3.1, one obtains 


CipMa\/ f? 6% 
lar — Zr, S (kMa + na “)(f : dr) max 
0 


l-a T% O<t<p 


uery= z(t)| 


One can choose p > 0 small enough such that 


(kMe es oem dr) 21, 


—a Te 


It follows that u = z in (—ov, p] and that leads to u continuously differentiable 
on [0, p] with respect to the w-norm. In order to extend the solution to [p, 2p], we 
consider the following problems: 


t 
D(w,) = Tt - p)DWw,) +f T(t —s)f'(us)wsds for t € [p, 2p] 
p 
w= Up» 


and Z € C((—o0, 2p]; Xq~) defined by 


t 
up(0)+ f w(s)ds for t € [p, 2p] 
Z(t) = P 


z(t) for t < p. 
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Using the same technique, one obtains that u = Z on (—oo, 2p]. Proceeding 
inductively, solution u is uniquely extended to [np, (n + 1)p] for all n € N* with 
respect to the a-norm. Since Xz <> X, one obtains that u € C!({0, +00); X). 
Finally, using Theorem 8.2.2 , u is the strict solution defined on R. Oo 


8.4 Smoothness Results of the Operator Solution 


Let K : D(K) C Y > Y be aclosed linear operator with dense domain D(K) ina 
Banach space Y. We denote by o(K) the spectrum of K. 


Definition 8.4.1 The essential spectrum o¢;;(K) of K is the set of all A €¢ C such 
that at least one of the following relations holds: 


(i) The range Im(AI — K) is not closed. 
(ii) The generalized eigenspace M)(K) = U ker(AI — K)" of A is infinite- 
n>0 
dimensional. 
(iii) X is a limit of o(K), that is, A € o(K) — {A}. 


The essential radius denoted by res; (K) is given by 
ress(K) = sup {|A| : A € Gess(K)}. 
Definition 8.4.2 The spectral bound s(A) of the linear operator A is defined as 
s(A) = sup{ReA: 24 € a(A)}. 


Definition 8.4.3 The type of the linear operator (T (t));>0 is defined by 
wo(T) =inf}oeR: sup{e'|T(t)| < co} p. 
t>0 


In the sequel, we recall the x measure of noncompactness, which will be used 
in the next to analyse the spectral properties of semigroup solution. The x measure 
of noncompactness for a bounded set H of a Banach space Y with the norm |.|y is 
defined by 


x(A) = inf{e > 0: HA hasa finite cover of diameter < €}. 


The following results are some basic properties of the x measure of noncompact- 
ness. 
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Lemma 8.4.1 ((17]) Let A, and Az be bounded sets of a Banach space Y. Then: 
Gi) x(A1) < dia(A,), where dia(Ai) = sup |x — yl. 


x,yeEA 
(ii) x(A1) = 0 ifand only if A, is velaivelycompaee inY. 
(iii) x(A1 U Az) = max {x (Aq), x(A2)}- 
(iv) x(AA1) = |Alx(A1), A ER, where XA, = {Ax : x € Aj}. 
(v) x(A1+ A2) <= x(A1) + x(A2), where Ay + Az = {x +y: x € Al, y € Ad}. 
(vi) x(A1) S x(A2) ff Al © Ad. 


Definition 8.4.4 The essential norm of a bounded linear operator K on Y is defined 
by 


|Kless =inf{M >0O: x(K(B)) < Mx(B) for any bounded set B in Y}. 


Let V = (V(t)),>0 be a co-semigroup on a Banach space Y. 


Definition 8.4.5 The essential growth wes;(V) of (V(t));+0 is defined by 


Wess(V) = inf{w@ eR: supe “|V)less < ~| : 


t>0 


Theorem 8.4.1 ([7]) The essential growth bound of (V (t)),>0 is given by 


; 1 _ 1 
Wess(V) = a t log IVd)less = me ¢ log IV@)less. (8.18) 
Moreover, 
Tess (V(t)) = exp(t@ess(V)), for t = 0. (8.19) 


Assume now that: 
(Hs) The semigroup (7 (t)),+9 is compact for t > 0. 
Theorem 8.4.2 Assume that (H,), (Hz), (H3), (Ha), and (Hs) hold. Then, the 
solution u(., @) of Eq. (8.1) is decomposed as follows: 
ur(.,d) =U(Od+ Mt), for t= 0, 


where Wt) is a compact operator on By, for each t > 0, and U(t) is the semigroup 
solution of the following equation: 


4 DM) =-AD(x;) for t= 0, 
a (8.20) 


x = PE By. 
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Proof Let W(t) be defined by 


o(t+6) for t+0<0 
(A()P)(O) = (8.21) 
v(it+0) for t+0>0, 


where v is a unique solution of the problem 


Divy,) =THDO(@) for t>0 
(8.22) 
v(it)=¢(t) for t <0. 


We can write Wit)d = u;(., d) = ur(., 6) — Utd = ur, b) — v;(., @). Then, 


t 
DM t)$) = Dur, 6)) — Dr )) = [ T(t —s) f(us)ds. 


Consequently, 


t 
Dw) = n(t.@) = | T(t—s)f(us)ds for t>0, 
0 (8.23) 


wo =0 for ¢ <0. 
Let {@x}x+09 be a bounded sequence in By. We will show that the family {h(., ox) : 


k > O} is equicontinuous and bounded on C((0, 0]; Xq), for any o > 0 fixed. For 
allO0 < a < 6B < 1, there exists a positive constant C such that 


t 
\APACt, dy)| = iat T(t — 5) f (us(.. d4))d5| 
t 
=p |APT(t — 5) f (us. d,))Ids 


t pws 
< cara 
Ss myc | 5B ds, 


for every k > 0. 

Using the compactness of the operator A~’ : X —> Xq, we get that the set 
{h(t, dg) : k = O} is relatively compact in Xq for each t > 0. Now, let us prove the 
equicontinuity of the family {h(., 6) : k => O} in the a-norm. For this purpose, let 
t > to > 0. Then, 
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t t 
A“hit, bx) — A*A(t0, bk) = AeTO=s)flusids = f° ATT (a9 = 5) flus)ds 
0 0 
ri) 
=) AX[T (t — 8) — T(t — 8) f(us)ds 
0 
t 
+/ A°T(t —s) f (us)ds 
10 
10 
= [T(t — to) -— nf A°T (to — s) f (us)ds 
0 
t 
+f A*T(t — s) f (us)ds. 
to 
We obtain that 


t 
i A°T(t — s) f (us)ds 
t 


0 


t Ws 
e : : 
< Mak | —ds —>0O as t— % uniformly in dx. 
to S 


10 
Moreover, since {A / T (to—s) f(us(, e))ds : k => O} is relatively compact 


0 
in X, then there is a compact set Tin X such that 


t 
i ° A°T (to — 8) f Us, b&))ds CT forall dx. 
0 


It is well-known by the Banach-—Steinhaus theorem that 
lim sup |(T (t — to) — I)x| = 0. 
t> fo xeP 
Thus, 
im |h(t, bc) —h(to, dela =O uniformly in x. 
> 10 
Using the same argument, we also obtain for fo > f, 
im |h(t, bx) —h(to, dela =O uniformly in x. 
10 
Therefore, the family {h(., dx) : k => O} is relatively compact on C([0, 7]; Xa) 
for each o > 0. Then, there exists a subsequence {@g : k => O} such that h(t, dx) 
converges as k — +00 uniformly on [0, 0] to some function A(t) with respect to 


the w-norm. Let wk be the solution of problem (8.23) with the initial data @ = ¢x. 
Then, 


Dw) — w') = h(t, 6)) — h(t, by). 
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Using Lemma 8.3.1, we obtain 


|w) — w*|g, < b(t) sup |A(t, bj) — h(t, Ola. 
O<s<t 


which implies that {w*}iso = {urz(., bx)}e>0 is a Cauchy sequence in By. 
Therefore, W(t) is compact in By. oO 


Definition 8.4.6 D is said to be stable if the zero solution of the difference system 
D(x;)=0 for t>0, 
xo(t)=@(t) for t<0 


is exponentially stable. oO 


Now, we give the definitions of fading memory spaces that will be used later on. 
For ¢ € 8, t > O and 6 < 0, we define the following: 


@(0) if t+0>0, 
[S()@](@) = (8.24) 
édt+0) if t+0<0. 


Then, {S(t)};>0 is a strongly continuous semigroup on 8. We set 
So(t) = S(t)/Bo, where By = {6 € B: H(0) =O}. 


Definition 8.4.7 [7] We say that 8 is a uniform fading memory space if the 
following conditions hold: 


(i) If a uniformly bounded sequence (¢y)neNn in Coo converges to a function ¢ 
compactly on (—ov, 0], then ¢ is in B and |¢, — ¢|g > 0asn > +00. 
(ii) |So(t)|g > Oast > +00. oO 


Lemma 8.4.2 ([7]) If 8 is a uniform fading memory space, then K and M can be 
chosen such that K is bounded on R* and M(t) > O.as t > +00. oO 


Lemma 8.4.3 /f 8 is a uniform fading memory space, then By is a uniform fading 
memory space. Oo 


Proof Let (¢n)nen in Coo be a uniformly bounded sequence that converges to a 
function @ compactly on (—oo, 0]. Then ¢ is in B and |¢, — ¢|g > O0asn > +00 
since 8 is a uniform fading memory space. Using (Hz), one can write A~%¢ € B 
since 6 € B. A-%d € B leads to the existence of A~*¢(O). We know that 
R(A~%) = D(A®). For this reason, A~*(9)| is well-defined. The fact that A~% 
is bounded linear operator implies |¢(@)|, exists. Therefore, (6) € D(A®) for all 
6 < 0. Also, 


|A-“A*@ 


g = l¢lg < ©. 
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Using again the boundedness of A~%, one obtains the existence of |A%@|g. Thus, 
A%@ € B. Hence, we establish that @ € B,. Moreover, 


lon — lg = |A °A* (hn — 0) 


a> O as n>-+o. 
Since A~® is a bounded linear operator, one obtains 


|A° (bn _ Pg = |bn — élg, >0O as n> +o. 


Consequently, the condition (7) of Definition 8.4.7 is satisfied. 

Now, we have to show that the condition (ii) of Definition 8.4.7 is verified. In 
order to do this, we use the fact that A~® is a bounded linear operator and 8 is a 
uniform fading memory space to write 


ISo@lg = |A“A*So)|g > 0 as t—> +00 
and 


[So(t)lg, > 0 as tf — +00. 


Hence, the condition (ii) is satisfied. Finally, By is a uniform fading memory space. 
oO 


Now, we have to prove that @/(f) is exponentially stable. It is known that (rf) in 
Theorem 8.4.2 is defined by 


@dt+6) for t+0<0 
(U(t1)b) (0) = 
v(it+0) for t+0>0, 
where v is a unique solution for the same initial data @ of the following problem: 
Dury) =THD(@) for t>0 
v(it)=¢(t) for t <0. 
Using the superposition principle of solutions of linear systems, we have 
v(t) = x(t) + y(t) fort ER, 
where 


D(x) =0 for t>0, 
(8.25) 
x(t)=¢(t) for t<0O 
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and 


Diy) = THD) for +20, 
(8.26) 
y(t) =0 for ¢<0O. 


Now, let Koo = sup K(s). We have the following result. 

s>0 
Theorem 8.4.3 Assume that (H,), (Hz), and (H3) hold. Moreover, suppose that 
By is a uniform fading memory space, D is stable, the semigroup {T(t)}1>0 is 
exponentially stable, and Kyo|Do| < 1. Then, the semigroup solution {%(t)}i>0 
defined in Theorem 8.4.2 is exponentially stable. oO 


Proof Since y verifies problem (8.26) and 8, is a uniform fading memory space, 
then, using Axiom (A)-(iii), one can write fort > s >e« >0 


lysla, =< K(e) sup ly(t)le + MCE) Ys—elB, 


S—E<T<S 


< K(©)|Do| sup lycla, + Ke) sup |T()D@)la + M(©)|ys—els, 


S-€<T<S S—-E<TSS 
< K(e)|Dol sup |yrlg, + Ke) sup |T(t)D@)la 
S-E€<T<S S—€<T<S 


+M(e) sup lyrlg,- 


S-€<TS<S 


Therefore, taking « > 0 such that s — € > t — 2e > O, then 
lysla, < K(©)|\Dol sup |yclg, + Ke) sup |T(t)D@)la 
t—2e<t<s t—2e<t<s 
+M(e) sup lyrlg,- 


t—2e<tK<s 


Now, one can write 


sup lyslg, S sup }KoolDol sup lyri, 


t—2e<s<t t—2e<s<t t—2e<t<s 


+Koo sup |T(t)D@)la + MC) sup lyri, } 


t—2e<t<s t—2e<t<s 


< Koo|Dol sup lysla, + Koo sup |T(s)D@)la 


t—2e<s<t t—2e<s<t 


+M(e) sup |ysla,- 


t—2e<s<t 
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Since M(€) — O as € — +0, then we choose ¢€ big enough such that 0 < 
1 — Keo|Do| — Me). We obtain that 


Koo 
sup. |T(s)D@)la- 
1 — Kyo|Dol -— M@) t—2e<s<t 


lw1B, s ( 


Since {T (t)};>0 is exponentially stable, then there exist positive constants a’ and 
B' such that |y;|g, < p’e*" for all t > 0. 
Since D is stable, then x;(@) — 0 as t + +00. On the other hand, we have 


U(t)\b = x1(b) + yr 9). 


Then, it follows that W(t) > 0 ast > 0 and {W(t)};>0 is exponentially stable. O 
In the sequel, we give the following. 


Theorem 8.4.4 Assume that there exists r > 0 such that the elements @ € By are 
continuous from [—r,0] to Xq. If D(d@) = (0) — ged(-7r) for all 6 € By with 
0 <q < 1 and By a uniform fading memory space, then D is stable. Oo 


Proof Since D(x;) = 0 and x9 = @, then for all t € [0,7], we have x(t) = 
qx(t — r). Therefore, 


Ix@la < glo —T)la- 


Also, for all t € [r, 2r], 


Ix(t, Mle < g7lo(t — 2r)la- 


Inductively, for all t € [(n — 1)r, nr], we have 


x(t, Dla < gq" b(t —nr)la; 


since t € [(n — 1)r, nr], then t — nr € [—r, 0]. Furthermore, 8, is assumed to be 
the space of functions from (—oo, 0] to Xq that are continuous on [—r, 0]. Thus, for 
allt € [(n — 1)r, nr], 


x(t, Pla <q" sup |P(s)la, 


—r<s<0 


for all d € By. 
Thus, there exist a = — in(a) > 0 and C > 0 such that 


Ix(t, la <q” sup (Pole 


—r<s< 


<Ce™,” 
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Hence, for all 6 € By, 
lim *@, g) = 0. 


Now, let @ € By such that |¢|g, < 1. 
Using again Axiom (A)-(iii) and the fact that 8, is a uniform fading memory 
space, we have fort > s >« > 0 


Ixs(.. Pla, S K(e) sup |x(t, P)la + M(€)|xXs—e(, HB. 


S—-E€<TSS 


< Koo sup |x(T, bla + M(E)|Xs—e(., P18, - 


S—€<T<S 


Choosing € > 0 such that s — € > t — 2e€ > 0, we have 


Xs, PIBy S Koo sup [x(T, bla + M(E)|xs—e6, HB, 


S—E€<T<S 


< Ko sup |x(t, bla + M(€)|xs—e(., OB, 


t—2e<t<s 


< sup [Koo sup |x(t, bla + MOMs. I. | 


t—2e<s<t t—2e<t<s 


< Ko sup [x(s,b)la+ Me) sup [xs(., @)|a,- 


t—2e<s<t t—2e<s<t 


Thus, 


sup [xs(,@)|a, S Koo sup |x(s,b)la+ Mle) sup |xs(., Pl, - 


t—2e<s<t t—2e<s<t t—2e<s<t 


Since M(e) — 0 as € — +00, then we can choose € big enough such that 
0 < 1 — Mee). Therefore, 


es 
lxr(., |B, < —————__ sup__|x(s,)la, forall ¢ € By with |dlg, < 1. 
(=Meyeo- “ 


Thus, x;(.,¢) — 0 as tf — +00 whenever @ € By and |¢|g, < 1. Hence, D is 


stable. oO 


Example 8.4.1 Let y be a real number, 1 < p < +o, andr > 0. We define 
the space C; x Le that consists of measurable functions gy : (—co,0] > X that 
are continuous on [—r, 0] such that e”? |@(@)|” is measurable on (—oo, —r]. Let us 
provide the space C; x i with the following norm: 


=r 
lylg = sup worl f ce" |p(9) |? dd. 
0 —c 


—r<0< 


(C; x Ly , |-|g) is a normed linear space satisfying Axioms (A) and (B). 
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Corollary 8.4.1 Suppose that assumptions (H,), (H2), and (H3) hold, and there 
exists a positive constant r such that all 6 € By imply that @ is continuous on 
[—r, 0] with values in Xy. Moreover, suppose that By is a uniform fading memory 
space, Did) = (0) — gd(-r) for all @ € By, the semigroup {T(t)}:>0 is 
exponentially stable, and Koo|Do| < 1. Then, the semigroup solution {W(t)}i>0 
defined in Theorem &.4.2 is exponentially stable. oO 


8.5 Linearized Stability of Solutions 


Coming back to the operator U(t) for t > 0 defined on By by 


U(t)(p) = ur(., >), 


where u;(.,@) is the unique mild solution of the problem (8.1) for the initial 
condition @ € By, it is proved that the following result holds. 


Proposition 8.5.1 ([4]) The family (U(t));>0 is a nonlinear strongly continuous 
semigroup on By, that is: 

Gg) U(O)=T. 

Gi) Ut +s) = U(@)U(s), fort, s = 0. 
Gii) For all @ € By, U(t)(@) is a continuous function of t > 0 with values in By. 
(iv) Fort => 0, U(t) is continuous from By to By. 

(v) (U(t))t>0 satisfies the following translation property, for t > 0 and @ < 0: 


(UG+0)@))0), if t+e=0, 
(U(t))(0) = (8.27) 
o(t+0) if t+0<0. 


It is now interesting to investigate the stability results of the equilibriums of 
the problem (8.1). Recalling that equilibrium means a constant solution u* of the 
problem (8.1). To preserve the generality, we can suppose that u* = 0. 

Now, let us assume that: 


(He) f: 8, — X is differentiable at zero. 


It is well-known that the linearized problem associated to problem (8.1) is given by 


d 
Fac, = —-AD(y;)+LOrx), for t= 0, 
(8.28) 


yo= 6 € Ba, 


with L = f’(0). 
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Let (V (t));>0 be the semigroup solution on By associated to the problem (8.28). 


Theorem 8.5.1 Assume that (H,), (H2),(H3), (H4), and (H¢) hold. Then, for every 
t > 0, the derivative of U(t) is V(t). oO 


Proof Let t > 0 be fixed and ¢ € By. One has 


o[uwe— vine] = | Tes FU) — LEVN(@))]s 
Let us set 
= UN) = VN) 
and 
h(n) = i Ta —s[ FU) — LVO@)]as 


Then, we can write 
t 
no =f ra-9[ FU) — FYE) as 


t 
+ [ T(t —s)| F(V(s)(@)) = LV) @)) Jas 
Using Lemma 8.3.1, we obtain 


|wrlg, < b(t) sup |h(s)la, for +t € [0,7]. 


<s<t 


Moreover, 


eott— Ss) 
nla SkMe ff * foe lslauds 


pe 
+ M ——_——_. 
“ fe (t — 5) 
Using the fact that f is differentiable at zero with differential L at zero, we can state 
that for all « > 0, there exists 7 > O such that 


te | 


F(V(s)(b)) — L(V (s)()) ds 


L(V(s)(@))\ds < lola, 


Vd € By with |d|g, < 7. 
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Note that wo = 0, so we can write 


|ws|g, < sup |w(t)la < |wrlg,, for s € [0, fr]. 
<t<t 


Therefore, for t € [0, T], 


Ws 


e 
sup |h(s)la < eldla, + kMa( f° ds) lula, 
0 


O<s<t 


T os 


cil, + kMa( f° ds)hula,. 


IA 


T os 


We can choose T > 0 small enough such that kmab(T)( f —ds) <i. 
o.6UCUS 
Consequently, for all |¢|g, <n, 


b(T) 


lwrlB, < 7 
1=kMab(T)( [o Seas 


€|$1g,,- 
) 


Thus, U(t) is differentiable at zero for all t € [0,7] with dgU(t)(0) = V(t). 
Proceeding by steps, one can prove that dgU(t)(0) = V(t), for all t > O. oO 
Theorem 8.5.2 Assume that (H,), (H2), (H3), (Ha), and (He) hold. If the zero 
equilibrium of (V(t)):>0 is exponentially stable, then the zero equilibrium of 


(U(t))1>0 is locally exponentially stable, which means that there exist n > 0, B > 0, 
and C > 1 such that for t = 0, 


[U())|a, < Ce *'ldla, forall ¢ € By with |¢lg, <n. 


Moreover, if By can be decomposed as By = gi ® B, where Bi are V -invariant 
subspaces of By and gi a finite-dimensional with 


1 
Hae 22d | h)/B2 
oo =, lim 5 log V(A)/By 


a 


and 
inf{JA]: A € o(V(t)/Bl)} > e?, 


then the zero equilibrium of (U(t))t>0 is not stable, in the sense that there exist 
€ > 0, a sequence (¢n) nen converging to 0, and a sequence (ty) nen Of positive real 
numbers such that |U (tn)dnla > €. oO 


The proof of this theorem is based on the Theorem 8.5.1 and the following 
theorem. 
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Theorem 8.5.3 ([12]) Let (W(t)):>0 be anonlinear strongly continuous semigroup 
on the subset & of a Banach space (X; ||.||). Assume that xo € Q is an equilibrium 
of (W(t))i>0 such that W(t) is differentiable at xq for each t > 0 with Z(t) 
the derivative of W(t) at xo. Then, (Z(t)t>0 is a strongly nonlinear continuous 
semigroup of bounded linear operators on X, and if the zero equilibrium of 
(Z(t))t>0 is exponentially stable, then the equilibrium xo of (W(t))t>o0 is locally 
exponentially stable. Moreover, if X can be decomposed as X = X, ® X2, where 
Xj; are Z-invariant subspaces of X, X, a finite-dimensional with 


. 1 
w= lim = log ||Z(h)/X2l| 
and 
inf(|Al: 4 € o(Z(t)/X1)} > e”, 


then the zero equilibrium of (W(t)):>0 is not stable, in the sense that there exist 
€ > 0, a sequence (¢n)nen Converging to 0, and a sequence (ty) nen Of positive real 
numbers such that 


IWitn)Onla > €. 


Lemma 8.5.1 ({19], Corollary 1.2, page 43) Let © be a continuous and right 
differentiable function on [a, b). If the right derivative function d* ® is continuous 
on [a, b), then © is continuously differentiable on [a, b). oO 


Now, we make some sufficient conditions on 8 in order to determine 
(Ay, D(Ay)), the generator of the semigroup (V(f));>0. So, we assume the 
following axiom: 


(C): Let (¢n)n>0 be a sequence in 8 such that ¢, — 0 as n — +00 in 8; then, 
on(O) > Oasn > +0e0 for all 6 < 0. 
We can state the following result. 


Theorem 8.5.4 Assume that (H,), (H2), (H3), (H4), and (H6) hold. Moreover, 
suppose that B satisfies axioms (A), (B), and (C). If 8 is a subspace of the space of 
continuous functions from (—oo, 0] into X, then (Ay, D(Ayv)) is given by 


bay= {o € By: $! € By, Did) € D(A) and 
Dp) = -AD@) + LO}, 
Avyo=¢ for ¢€ D(Ay). 


Proof Let B be the infinitesimal generator of the semigroup (V(t)):+0 on By and 
d € D(B). Then, one can write 


212 K. Ezzinbi et al. 
_ 1 aa 
lim —(V(t)¢ — ¢) = w exists in Bg, 
t>0t ft 


Bo=vV. 


Using axiom (C), one obtains 
an “(ot +06)—¢(0))=w@)_ for 6 € (—oo, 0). 
t> 


It follows that the right derivative dt exists on (—o0, 0) and is equal to w. The 
fact that each function in By is continuous on (—oo, 0] leads to d*¢ continuous on 
(—oo, 0). 
Using Lemma 8.5.1, we deduce that the function ¢ is continuously differentiable 

and ¢’ = w on (—oo, 0). Moreover, 

lim d*$(0) = vO), 

6-0 
which implies that the function @ is continuously differentiable from (—o0o, 0] to 


Xq and ¢’ = y on (—co, 0]. 
We have 


1 1 1 f' 
SOI) =O) = IV? = 0) — al T(t — s)L(V(s)o)ds. 
It is well-known that 
’ 
lim T(t —s)L(V(s)o)ds = L(p) 
t>0Tt Jo 
in X-norm and 
1 
lim —D(V (1) — ¢) = DY’) 
t>0 ft 
in a-norm. The fact that X, — X implies 
1 
lim —D(V(t)¢ — ¢) = D¢’) 
t>0 ¢ 
in X-norm. Consequently, 


1 
ING) e DAY and, bn TOD G) ee) = 420) 
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in X-norm. It follows that 


D(B) c {$ € Ba: o! € Ba, Dip) € D(A) and DG’) = - AD) + LO}, 


Bb) = ¢". 
Conversely, let ¢ € By be such that 
b' € Bu, Dp) € D(A) and Dig’) = —AD(P) + L(). 
Since t > T(t)@ is continuously differentiable from R* to Xy, then @ € D(B). 


| 


Now, let us study the spectral of the linear equation. We assume that By satisfies 
the following axiom: 


(D) There exists a constant v € R such that for every x € X anda e€ C with 
H(A) > v, one has 


€-.@x EB, and sup je, @x| < Hw, 
|x|<1 
where (€, ® x)(9) = ex for @ < 0. 


For 4 € C such that (A) > v, we define the linear operator A(1) by 
D(A(Q)) = [x € Xe: Dex) € D(A) and AD(e*x) — L(e*-x) € Xo}. 


A(QA) = AD(e*'T) + AD(e*' 1) — L(e*'T). 


Let (Ay, D(Ay)) be the infinitesimal generator of the semigroup (V (f));>0 and 
op(Ayv) be the point spectrum of Ay. 


Theorem 8.5.5 Assume that (H,), (H>), (H3), (H4), and (H6) hold. Assume 
furthermore that the axioms (A), (B), (C), and (D) are satisfied. Let } € C with 
NA) > v. If By is a uniform fading memory space and D is stable, then the 
following are equivalent: 


(i) 4 € 0,(Ay). 
(ii) ker A(A) # {0}. 
Oo 


Proof Let d <€ op(Ay) with (A) > v. Then, there exists ¢ € D(Ay), d ¥ 0, with 
Avo = i@. That leads to 


. i 
Be SO: Oa ee 
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and 
1 
bt 7DV OE — $)(0) = AD(G(0)). 


Since for all t > 0, 


1 1 1 f¢' 
7 FODEO) — €=¢(0))) = GOW He — $)(0) — -f T(t —s)L(V(s)o)ds, 


then letting t goes to 0, and one obtains 
D(~(0)) € D(A) and =— AD(P(O)) = AD(H(O)) — 1). (8.29) 
Moreover, using the spectral mapping (Theorem 2.4 in [18]), we have 
e“ eo,(V(t)) and V(t)}p=e"@ forall r>0. 


Letting t > O and 6 < O such that t + 6 > O, the translation property of the 
semigroup solution leads to 


(V (t)h)@) = (V(t + 0)6)O) = eG) = "FG (0). 
Thus, ¢(@) = e° 6(0) for 90 => 0. Since @ ¥ O, using (8.29), it follows that 
D(o(0)) € kerA(A). 
Conversely, if ¢ verifies all conditions of Theorem 8.3.3, then Ay¢ = ¢’. Taking 
x € D(A) such that x ~ 0 and A(A)x = O, then the function €, ® x satisfies all 


conditions of Theorem 8.3.3, and we deduce that 


Ay(e, @x) =A(E, @ x). 


Now, let 
vo =inffve R: suchthat (D) is satisfied}. 


Lemma 8.5.2 ([18]) Jf 8 is a uniform fading memory space, then vo < 0. Oo 
Definition 8.5.1 4 € C is a characteristic value of Eq. (8.28) if 


MA) > vo and kerA(A) $ {0}. 
Let 


s'(Ay) = sup{R(A): 4 € (Ay) — dess(Ay)}. 


8 Existence, Regularity, and Stability in the a-Norm for Some Neutral Partial. . . 215 


It is well-known that o (Ay) — o¢ss(Ay) contains a finite number of eigenvalues of 
Ay. Consequently, the stability of (V(t));>0 is completely determined by s’(Ay). 


Theorem 8.5.6 Assume that (H,), (Hz), (H3), (H4), (Hs), and (H6) hold. Further- 
more, assume that the axioms (A), (B), (C), and (D) are satisfied. If B is a uniform 
fading memory space and D is stable, then the following holds: 


(i) Ifs’(Ay) <0, then (V(t)):>0 is exponentially stable. 
(ii) If s’(Ay) = 0, then there exists 6 € By such that |V (t)dlg, = |¢lg,- 
(iii) If s’(Ay) > 0, then there exists ¢ € By such that ai IViQdlg, = +o. 
t—>+00 
| 


We deduce the following stability result in the nonlinear case, from Theo- 
rem 8.5.2. 


Theorem 8.5.7 Assume that (H,), (Hz), (H3), (H4), (Hs), and (H¢) hold. Further- 
more, assume that the axioms (A), (B), (C), and (D) are satisfied. If B is a uniform 
fading memory space and D is stable, then the following holds: 


(i) If s’(Ay) < 9, then the zero equilibrium of (U(t));+0 is locally exponentially 
stable. 
(ii) If s’(Ay) > 0, then the zero equilibrium of (U (t))1>0 is unstable. 


8.6 Application 


To apply the theoretical results of this chapter, we consider the following nonlinear 
system with infinite delay: 


a a? 

ay LP 8) — ale —78)] = sex[¥e 8) — ave — 89] 

+b9% [ve 8) — qv -7,8)| 

+e f g(6, v(t +6,&))dé fort > 0 and é € [0,z] (8.30) 


u(t, 0) — qu(@t —r,0) = v(t, 7) —qvu(t —r,7) =0 for t>0 
v(0,€) = W@,&) for @ € (—oo, 0] and — € [0, 7], 
where g : (—oo,0] x R — R is a function and c € Ri, b € R.g isa 


positive constant such that |g| < 1. H : R* > Risa Lipschitz continuous with 
H(0, 0) = 0. The initial data y will be precised in the next. 
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In order to write system (8.30) in an abstract form, we introduce the space X = 
L?((0, 71); R). Let A be the operator defined on X by 


D(A) = H?((0, 7); R) M Hy ((O, 7); R), 
Ay =—y” for y € D(A). 


Then, (—A) generates an analytic semigroup (T(t))s+9 on X. Moreover, T(t) 
is compact on X for every tf > 0. The spectrum o(—A) is equal to the point 
spectrum Po(—A) and is given by o(—A) = {=n? n> LT and the associated 


eigenfunctions (@,)n>1 are given by ¢, = G2 sin(nx) for x € [0, zr]; the associated 
analytic semigroup is explicitly given by 


[oe] 
T(t)y = eo (y,¢n)¢n for t>0and ye X, 


n=1 
where (., .) is an inner product on X. 


Lemma 8.6.1 ([21]) Ifa = 5, then 


+00 


Ay = )*n?(y, bn)on for y € D(A), 


n=1 


+00 
Aty =) nly, 4n)on for y € X, 


n=1 


+00 


AIT (Hy = dine", én)on for y € X, 


n=1 


A“ty =) (-)0. non for y eX, 


n 
and 


+00 


A2TOy=)~ (Jeo, n)on for ye X. 


n=1 


There exists M > 1 (see [21]) such that for t > 0, |T(t)| < Me® for some —1 < 
wo <0. 
Then, the semigroup {7 (t)};>0 is exponentially stable. 
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Note also that (see [21]) there exists M je 0 such that 
1 1 
|A27T(t)| < Mit’ 2e™ for each t > 0. 
2 


Therefore, hypotheses (Hj) and (Hs) are satisfied. 


Lemma 8.6.2 ((7]) [fm € D(A2), then m is absolutely continuous, om Ee X. 
Moreover, there exist positive constants No and Mo such that 


Nol|A2m|x < mlx < Mo|A? mlx. 
Let y > 0. We consider the following phase space 
S20) = {¢ € C((—00, 0); X) + tim e”°|6(6)| exists in x| 
provided with the following norm: 


Idle, = supe”’|b(O)|x for ¢ €Cy. 
6<0 


According to [7], 8 satisfies Axioms (A), (B) and is a uniform fading memory space. 
Moreover, it is well-known that K(t) = 1 for every t € Rt and M(t) = e~”' for 
t € R™. Therefore, the norm in 8 1 is given (see [7]) by 


1 
ltl, = supe” |A2@(6)|x. 
2 @<0 
One can write ( see, [21], p.144) 


[ (o@@) a <1ato@e = [" (Zoe) az. (831) 
0 ~ 0 \d0g 


Next, we assume the following. 


(H7) For@ < Oand (1, f2 ER, |g (9, 61) -—8@, £2)| < s(O)|b1 — Sal, 86, 0) = 0, 
8, 0) 4 0, where s is some nonnegative function that verifies 


0 
/ e°79s(0) <0. 
—co 


Let fi, f2, and f be defined on Bi by 
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0 
89, 6(9)(§))d@ for & € [0, x], 


A)E) = cf 


0 
fAloé) = bsg [PO®) = go(—r)) | for € € [0, x], 


and 
FE) = flO) ) + fo) E) for &€ € [0, zr]. 


Proposition 8.6.1 For each @ € Bi, f(@) € L*((O, 2); R), and f is continuous 
on 8 1. oO 


Proof Let @ € 81. Since for all € € [0, 7] and for all 6 € (—ov, 0], we have 
2 


Ig, €)| < s@)|é| + |g@, O)| 
= s()[é|, 


then for all € € [0, z], 


0 
IA(P)E)| S cf |s(9)| |b (@)E)|d0. 


Let us set 


0 
B&) =) |s(A)|1P(@)(E)|d@ for § € [0, 7]. 


Using Holder inequality, one can write 


0 
B() = / 2-27 | s@)|Ip(@)(E)Ie2¥%a0 


—oo 


1 1 
0 2 0 2 
<(f_te*sera) (f wower'rae) 
Then, using the above inequality and the inequality (8.31), 
0 0 0 0 
[iserras = f° (( [te ?*s@rae)(f @ee”*Pas)) ae 
0 0 —oo —oo 


54 0 
= [ Gas / Joon)” Pad) a 
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0 T 
7 sliam-) (/ ef” (2” h jo(o)(@)Paé ) a?) 


< 
0 
< |e M's lia : i oe aa ae 7) 
(oe) 
0 
—2y. 12 20 ( 2v 
0 
< |e7?”"s|? ° (super ork dé 
= L2(R-) rags 9<0 L?({0,7];R) 
< |e 2-6/2 : 20 2y0 Ad 9) (2 do 
ae S L2(R- ) igh Bene | p( M72¢0.01:R) 
0 
a ers 2 eV lg? d0 
aie L?(R-) nee a 
0 
< |e rs 2@-y/ Pla, i edo 
< ©. 


Also, we refer to Minkowski inequality to obtain 


: <5 ats : 
[ inmeras = [|Z [oe -ao-ne]] as 


< [| Zoe) ae+ [Ja Zone] as 


2 [" |Zomefae)'(["|e2ocnefas)' 


At Ja} 
<|43 OL ao At oC; Ding ((0,7]:R) 
2 [a2 [a2 
hea AZ OO) 12({0,7];R) Aas ee ({0,7];R) 
< upev"|a# 
ee $(6)|~ Ce 


+9q7e"" uD perr"|aig(@)), 


L?({0,2];R) 


evr 


2 sala! 
anne Bee OO) 95, aie 


x supe?”?|A26(0 ) 
6<0 


L2({0,7];R) 
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< supe”? 
6<0 


Aigo) 


12({0,7];R) 


+q7e 2yr sup ev 


Arb yf 


12((0,7];R) 


+2qe-” BES A260 | 


L2({0,2];R) 


< ©. 


We conclude that f(@) = (fi + f2)(@) € L?({0, 2]; R) for all PE Bi. 
Let us show that f is continuous. For this purpose, let (@;)nen be a sequence in 
Bi and @ € Bi such that dy, > pinBy asn — +00. Then 


0 


0 
(filer) = fil) &) = a 8, bn(O)(E))dO — cf 8, PO) (E))dO 


0 
=cf [s@.6@€) - 26. 6)¢))]a9 


and we obtain that 


(fin) — AAP) | S ef |s(9)| Ibn (O)(E) — 6) (E))|d0. 


Let us set for all € € [0, x], 


In(§) = ef |s(9)| 


bn(0)(E) — G0)(E)|d0. 


Then 


0 
In(E)| < cf e215) 


= is rola) (/ : (ne) - oye)er fan)’ , 


which leads to 


i 2 2 2 2 : 2y0 2a : 
[po ncerPas = leP esti, f (« rene f 
0 —0o 0 


2 
— g()@)| ae) do 


bn(0)(E) — 0) E)|e*” a0 


$n (9) (E) 
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0 T) 9Q 
lel esl ras / (erreve Pa 


9 2 
— 79 OH) aé do 


0 TU 
= 0 
Bele OMS aaa 7. gre (spe [ gn) 
—0o < 


- 5,00006)| 7) do 


0 
2g 2 [2 e 6 2v0 
< Iel?le ‘thao ha 7° (supe 
= 6<0 
Jao 
12((0,2]:R) 


2 0 
—o / e-¥ dé. 
a —00 


us 
Since ¢, > ¢ in Bi, then [ | Jn (&)|7dé — Oasn — +00. Therefore, f; is 
0 


continuous. Moreover, 


A? (Gn (0) 


—o@ yf 


bn 


2 
< icP[e?"'s as 


[ |n(@-0@)/ a8 = [|Z] (2 -0@)e 


a(dn(—r) — 0-9) @)]] a8 


< [| 5-(#e) -— oe) | ae 


oh ase (ut ry(E) — 6 n@))| a8 


+2( [| 5 (entre) - woe) | ae)? 


«(flare (om-n@ - 6-n@)|- ae)’ 


<|43(dn0) — 90) 


12((0,7];R) 


+4°|43(dn(-) — 6-9) |. 


L?([0,7];R) 
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1 


+2q|A3(4n(0) — (0) 


L2({0,7]; | 


x(Gn(-r) - 6(-r)) 


L?({0,7];R) 


< supe?”*|4} (n(0) — 909) |. 


0<0 


12({0,7];R) 


4°27" supe” |A? (Gn) — 0 »)| 


L?({0,2];R) 


+24 supe?”*|A3(dn(0) — 4(0)) 


L2({0,2];R) 


xe" sup e*”"|A3(n(0) — 4(6)) 


6<0 L?([0,2];R) 
2 e r 2 
< ma), qe e* on, 
5 
+2qe-"" |oy - 9. 
a 


ie 
Using the fact that dé, > ¢in8 pasn > +oo, we obtain that / (¢n (€) — 
0 


2 
o(6))| dé — 0 whenn —> +00. 
Hence, f(¢n) > f(@) in L?({0, 7]; R) as n — +00 and the proof is complete. 


oO 
Let 
u(t)(x) = v(t, x) fort >0O and x € [0,z], 
ug(O)(x) = WO, x) for 6 € (—oo, 0] and x ¢€ [0, z]. 


We need the following result to prove that (H3) is satisfied. 
Proposition 8.6.2 Assume that (H7) holds. Then, f is Lipschitzian. 


Proof We have to show that f; and f2 are Lipschitz functions. So, let @ and y be 
in Bi. Then, for € € [0, 2], one has 


0 
(fi) — A) E) = cf [s@. P(O)(E)) — 8, ¥(0)(&)) Jao for § € [0, 7]. 


Note that using Holder inequality, one can write 
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0 
(fi) = AYE < lel f_|a@.@E) — 8. WoOreD|a9 
0 
<cf weilo@e —vere|de 


0 
=e f e112” pore) — vOe|a0 


0 37 70 
<e(f je *7°s(@) 0) (/ 7/6 OE) 


2 \2 
- we] a0) 
Therefore, 
0 0 
ACE) — AODEP steP(f_ le**s@Pao)(f e”*oere 


— yo] 40), 


for which we deduce that 


; Ifi(@)(E) — AWE) Pde 
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0 0 T 
= 1e?(f je?r*s(@)Pad8) x f an ([ Jo(0V(E) — WOE) dB) do 


0 
< (fp le~*”s(6)°d8 ) 
2yv0 
« [2 (spe [eo 
< + le?” (6) /?8) 
yé f) 
xf 2 (a i 0 VE 
0 
< |el?( r le" 5(0) 248) 


a) dé 
2: 
“s) dé 
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2 
0 1 
a e2v9 (speriakiow = HODenan8 ae 
= 


0 0 
<teP( le *”*s(@)Pas) a, 21" 1p — wih, a0 
= = 3 


CO 


z 
Cc 
< Ie er2r-sf 


L-(R-) 


Finally, we obtain that 


fi) — fa) Iz2qo,0;:R) SK 1b - Vie, for 6, f € B1, 


where 
I 
vows (f je *”*s(@)P a8) 
V2yY \J-c 
Moreover, 
Ae) — A). < |¢- es + re?" o-vf, + 2ge°”" 
12((0,7];R) By 
<k'lé— ; 
<k\o-yv a 
2 
Therefore, f is Lipschitzian and (H4) is satisfied. Oo 


Let us define the operators D and Do on B 1 by 
(D(P)E)) = GOVE) — o(—r)) forall & € [0, 7] 
and 
(Do())(E) = 9(-r)(§) forall & € [0,7]. 


Then, D(¢) = $(0) — Do). 
Proposition 8.6.3 De L(8 43 X). oO 
Proof Let ¢ € Bi. Then, Do(¢)(€) = g@(—r)(&) for all € € [0, 2]. We can write 


[ Doo) \?dé = [ q’\o(—r)(&)?dé 
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pee i ; Ip(—r)()/? 
TO 

— ,2,2yr ,—2yr = 2, 

=qer'e [ee r)(é)| 


2,2 2y0) a4 2 
= q e vy, at 4 A? b@)l72¢0,2):R) 
s 


= qe" ble, 
z 
Hence, Do € L(B); X). It is obvious that (0) € LB); X). Therefore, we can 
conclude that D € £(81; X) and the proof is complete. Oo 
2 


Since 0 < g < 1, then D is stable and |Mo| < 1. Thus, hypothesis (H3) is 
satisfied. 


Now, let g be defined by 9(0)(€) = W(@, &) for all 6 € (—oo, 0] and é € [0, z]. 
We make the following additional assumption. 


(Hg) (6) € D(A?) for all 6 < 0, with 


/ i 
supe”? / (ve) dé <o 
0<0 0 \0& 


and 


™/ 9 a 2 
Jim ; (10. Bx 9g ¥ Oo: ») dé =0 for all @ <0. 


Remark that (Hg) implies g € 81. Then, Eq. (8.30) can be written as follows: 


<Dlus) = —AD(u;) + f (uz) for t = 0, 
t (8.32) 


uo = @. 
Consequently, we obtain the existence and uniqueness of a mild solution of prob- 


lem (8.32). Furthermore, it is clear that f| and fo are continuously differentiable and 
their differential functions are given for ¢, w € Bi andé e [0, z] by 


9 4 
Fi@W)E) = cf ge 8 OF POE O)E)48 


and 


a 
AOE) = 6. [WOE) — avr] for § € 10. 71, 
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Letvp = WE 8 1 such that: 


(a) v9 (0, .) — qvo(—r, .) € H7(0, 2) 0 Hy 0, m) and Fy < Bi. 


v0.8) Avo(—r.g) _ a 
(b) aay = pga |2000.8) — a0. 8)] + 55 [ 000. 8) - 
quo(—r. 8] 


0 
+ef g(@, vo(8,&))d@ for and € € [0, z]. 


We deduce that 
we Bi, ye Bi, Dw) € D(A) ,and Di’) = -AD(W) + f(y). 


Then, problem (8.32) has a unique strict solution for every ¢ € B1. 


Now, we can see that f = f; + fo is continuously differentiable, and zero is a 
solution of (8.30), ,i.e., f(0) = 0. The differential of f in 0 is given for ¢, y € Bi 


and & € [0, 2] by 


9 9 
LW)E) = f OWE) = cf po. O)w (0) (E)d0 


en 08 
+b [vO® -avi—ne)]. 
dg 
Consequently, the linearized equation of (8.30) can be written as follows: 
a2 
ag? : 
+be. [ve £) —qu(t—r, §)| rs cf p(O)v(t +6,£)d0 fort >0 andé € [0,7] 
—oo 


© [ott.8) gut 7,8)] = Sy[ote.8) aut -7.8)] 


v(t, 0) — qu(t —r,0) = v(t, m7) — v(t —r, a) = 0 for t>0 


v(6,&) = W(6,&) for @ € (—oo, 0] and é € [0, x], 
(8.33) 
where p = 7 g(., 0) : (—oo, 0] = R is a continuous and measurable function. 
We state the main result of the stability of the solutions. 


Theorem 8.6.1 Assume that (H7) and (Hg) hold. Furthermore, suppose that 


0 b2 
0< a |p(@)|d@ < (1 + =)a —q). (8.34) 


Then, the semigroup solution of (8.33) is exponentially stable. oO 
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The proof of Theorem 8.6.1 makes use of this following lemma. 


2 - . o a 
Lemma 8.6.3 ([4]) The spectrum o(A) of the operator A = a2 + ar is equal 
é b? 
to the point spectrum Po (A) = {—n? air : neN*}. oO 


Proof of Theorem 8.6.1 The exponential stability of (8.33) is obtained when 
s’(A) < 0, which is true only if 


sup [R@) » 2 €0(A) —Oe55(A) and SA) > -y} <0. 
Moreover, the characteristic equation is given by 


WAY>—-y, feD(A), fF 


0 
MI = ge) fae yep" bf) — of | pe re*dd) f =0. 


(8.35) 
which leads to 
0 2 
Cc a C) 
1 - ———— 0)e*" de b—). 
qe" [_Pmeeae eo, ie ¥ 7 
Since 
a? a F 5 
op (= +z.) = Po(A) = {—n* — : neN*}, 
then the characteristic equation (8.35) becomes 
HAn) > —y, 
‘ 0 pe (8.36) 
y= ——=/ p(0e*"8d@ —n* — — forsome ne N*. 
1—qe-*"" J_o 4 


b? 
Let k, =n+ a Then, using (8.36), we obtain that 


0 


(an + kn) — qe") = / payed. 
CO 
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Therefore, 


0 
[An + knll1 — qe~*”"| = Ic / p(oye""do| 
[o,e) 


IA 


0 
cf | payer da. 


—oco 


We have also 


|An + kn] = V(RAn) + kn)? 


and 


—hnr = | = ge Ant), 


> || = ge" 


i= ge 


It follows that 


(On) + kn)? | 1 = gen) 


0 
<cf_ip@yle™ao. 
=O 


Now, assume that St(A,,) > 0. Then, 


1 - ge Onn) 


> (1-4). 


Consequently, 
0 
(1 @)[ROn) + in] cf Ip(0)|d9. 
=60 
Finally, since (1 — g)#(A,), we obtain 
0 
(l= akn se f_ |pt@lao. 
—oo 


Taking n = 1, we obtain a contraction with condition (8.34). That leads to (A) < 0. 
Oo 
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Chapter 9 

Pseudo-almost Periodic Solutions of Class wv 
r in the w-Norm Under the Light of 

Measure Theory 


Issa Zabsonre, Abdel Hamid Gamal Nsangou, Moussa EI-KhalilL Kpoumie, 
and Salifou Mboutngam 


Abstract We consider the existence of weak solutions for discrete nonlinear 
problems. The proof of the main result is based on a minimization method. 


Keywords Discrete nonlinear problems - Minimization method - Anti-periodic 


9.1 Introduction 


In this chapter, we present a new approach dealing with weighted pseudo-almost 
periodic functions and their applications in evolution equations and partial func- 
tional differential equations. Here we use the measure theory to define an ergodic 
function, and we investigate many interesting properties of such functions. Weighted 
pseudo-almost periodic functions started recently and becomes an interesting field 
in dynamical systems. We can refer to [2—4] and the bibliography therein. 

In this chapter, we study the existence and uniqueness of a — (ju, v)-pseudo- 
almost periodic solutions of class r for the following partial functional differential 
equation 


u'(t) = —Au(t) + L(u;) + f(t) fort ER, (9.1) 
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where —A : D(A) — X is the infinitesimal generator of a compact analytic 
semigroup of uniformly bounded linear operators on a Banach space X, Cy = 
C([-r, 0], D(A")), 0 < a@ < 1, denotes the space of continuous functions 
from [—r, 0] into D(A%), and A® is the fractional a-power of A. This operator 
(A%, D(A“®)) will be described later, and 


IPllcy = WA* glleq—r.o},x)- 


For t > 0, and u € C({[-r, a], D(A%)), r > 0 and u; denotes the history function 
of Cy defined by 


u;(0) =u(t+ 6) for —r<6<0. 


L is a bounded linear operator from Cy into X, and f : R > X is a continuous 
function. 

Some recent contributions concerning pseudo-almost periodic solutions for 
abstract differential equations similar to Eq. (9.1) have been made. For example in 
[2], the authors have shown if the inhomogeneous term f depends only on variable 
t and it is a pseudo-almost periodic function, then Eq. (9.1) has a unique pseudo- 
almost periodic solution. In [4], the authors have proven if f : Rx Xo > X isa 
suitable continuous function, where X9 = D(A), the problem 


x/(t) = Ax(t)+ f(t,x(@)),t ER 


has a unique pseudo-almost periodic solution, while in [3] the authors have 
treated the existence of almost periodic solutions for a class of partial neutral 
functional differential equations defined by a linear operator of Hille—Yosida type 
with non-dense domain. In [1], the authors studied the existence and uniqueness 
of pseudo-almost periodic solutions for a first-order abstract functional differential 
equation with a linear part dominated by a Hille—Yosida type operator with a non- 
dense domain. 

In [7], the authors introduce some new classes of functions called weighted 
pseudo-almost periodic functions, which implement in a natural fashion the clas- 
sical pseudo-almost periodic functions due to Zhang [13-15]. Properties of these 
weighted pseudo-almost periodic functions are discussed, including a composition 
result for weighted pseudo-almost periodic functions. The results obtained are 
subsequently utilized to study the existence and uniqueness of a weighted pseudo- 
almost periodic solution to the heat equation with Dirichlet conditions. 

In [6], the authors present a new approach to study weighted pseudo-almost 
periodic functions using the measure theory. They present a new concept of 
weighted ergodic functions that is more general than the classical one. Then they 
establish many interesting results on the functional space of such functions like 
completeness and composition theorems. The theory of their work generalizes the 
classical results on weighted pseudo-almost periodic functions. 
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The aim of this chapter is to prove the existence of (uu, v)-pseudo-almost periodic 
solutions of Eq. (9.1) when the delay is distributed on [—r, 0]. Our approach is 
based on the spectral decomposition of the phase space developed in [4] and a new 
approach developed in [6]. 

This chapter is organized as follows: in Sect.9.2, we recall some preliminary 
results about analytic semigroups, and fractional power associated to its generator 
will be used throughout this chapter. In Sect. 9.3, we recall some preliminary results 
on spectral decomposition. In Sect.9.4, we recall some preliminary results on 
(wu, v)-pseudo-almost periodic functions and neutral partial functional differential 
equations that will be used in this chapter. In Sect. 9.5, we give some properties of 
(2, v)-pseudo-almost periodic functions of class r. In Sect. 9.6, we discuss the main 
result of this chapter. Using the strict contraction principle, we show the existence 
and uniqueness of (jz, v)-pseudo-almost periodic solution of class r for Eq. (9.1). 
Last section is devoted to some applications arising in population dynamics. 


9.2 Analytic Semigroup 


Let (X, ||.||) be a Banach space and @ be a constant such thatO < a < 1 and —A 
be the infinitesimal generator of a bounded analytic semigroup of linear operator 
(T(t))r>9 on X. We assume without loss of generality that 0 € (A). Note that 
if the assumption 0 € p(A) is not satisfied, one can substitute the operator A by 
the operator (A — oJ) with o large enough such that 0 € p(A — a). This allows 
us to define the fractional power A® for 0 < a < 1, as a closed linear invertible 
operator with domain D(A“) dense in X. The closeness of A® implies that D(A%), 
endowed with the graph norm of A®, |x| = ||x|| + || A%x||, is a Banach space. Since 
A® is invertible, its graph norm |.| is equivalent to the norm |x|_ = ||A%x||. Thus, 
D(A“), equipped with the norm |.|,, is a Banach space, which we denote by Xq. 
For 0 < 6 <a < 1, the imbedding X, <> Xg is compact if the resolvent operator 
of A is compact. Also, the following properties are well known. 


Proposition 9.1 ({10]) Let 0 < a@ < 1. Assume that the operator —A is the 
infinitesimal generator of an analytic semigroup (T(t));>0 on the Banach space 
X satisfying 0 € p(A). Then we have: 


(i) T(t): X > D(A*) for every t > 0. 
(ii) T(t)A%x = A°T (t)x for every x € D(A“) andt > 0. 
(iii) For every t > 0, A®T (t) is bounded on X, and there exist My > 0 and w > 0 
such that 


| A°T (t)|| < Myer fort > 0. 


(iv) f0<a<B <1, D(A®) & D(A®). 
(v) There exists Ny > O such that 


(T(t) — DA || < Nat® fort > 0. 
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Recall that A~® is given by the following formula: 


—a 1 as a-—l 
A%= WO) t* TT (t)dt, 
0 


where the integral converges in the uniform operator topology for every a > 0. 
Consequently, if T(t) is compact for each ¢ > 0, then A~% is compact. 


9.3 Spectral Decomposition 


To Eq. (9.1), we associate the following initial value problem: 


Lane = —Au(t) + L(uz) + f(t) for t > 0 
dt (9.2) 


ug=PECg, 


where f : Rt > X is acontinuous function. 
For each t > 0, we define the linear operator U/(t) on Cy, by 


Ute = v4(., 9), 


where v(., g) is the solution of the following homogeneous equation: 
d 
ae = —Av(t) + L(v,) for t > 0 


vw =~ECy. 


Proposition 9.2 ([3]) Let Aq defined on Cy by 


D(Ay) = {e E Cy, vo € Cy, (0) € D(A), 
(0)' € D(A) and 9(0)' = -Ag(0) + L)| 
Auy =" for g € DiAy). 


Then Ay is the infinitesimal generator of the semigroup (U(t)),;>0 on Cg. 
Let (Xo) be the space defined by 


(Xo) = {Xoc baa OR wt X}, 
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where the function Xoc is defined by 


0 if 6 €[-,r,O[, 
(Xoc) (0) = 
c if 6=0. 


Consider the extension Aq defined on Cy © (Xo) by 


| D(A) = |v € C'([-r, 0]; Xa): gO) € D(A) and y(0)' « DA) 
Auy = y' + Xo(Ae0) + Ly) ~ 9(0)'). 


We make the following assertion: 


(Ho) The operator —A is the infinitesimal generator of an analytic semigroup 
(T (t))+>0 on the Banach space X and satisfies 0 € p(A). 


Lemma 9.1 ([4]) Assume that (Ho) holds. Then, Au satisfies the Hille—Yosida 
condition on Cy ® (Xo); there exist M > 0,  € R such that ]®, +oo[C p(Aw) 
and 


M 
\(Al — Ay) a < O— a for n N and A> O. 


Now, we can state the variation of constants formula associated to Eq. (9.2). 


Theorem 9.1 ((3]) Assume that (Ho) holds. Then for all p € Cy, the solution u of 
Eq. (9.2) is given by the following variation of constants formula 


t 
uy = U(t)ho + : fe / Ut — s) By (Xo f (s))ds for t= 0, 
—>+00 0 


where By, =AQAI— Ay). 

Definition 9.1 We say that a semigroup (U(¢));>0 is hyperbolic if 
a (Ay) NiR = @. 

For the sequel, we make the following assumption: 

(Hy) T(t) is compact on D(A) for every t > 0. 


We get the following result on the spectral decomposition of the phase space Cy. 


Proposition 9.3 ((3]) Assume that (Ho) and (Hy) hold. If the semigroup (U(t)):>0 
is hyperbolic, then the space Cy is decomposed as a direct sum 


Ca = SOU 
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of two U(t) invariant closed subspaces S and U such that the restriction of 
(U(t))t>0 on U is a group, and there exist positive constants M and w such that 


IU(t)elc, < Me |o|c, for t=0 and ge S 


IM gle, < Melglc, for t<0 and yeU, 


where S and U are called, respectively, the stable and unstable spaces, and 11° and 
II" denote, respectively, the projection operator on S and U. 


9.4 (pu, v)-Pseudo-almost Periodic Functions 


In this section, we recall some properties about z-pseudo-almost periodic functions. 
The notion of jz-pseudo-almost periodicity is a generalization of the pseudo-almost 
periodicity introduced by Zhang [13-15]; it is also a generalization of weighted 
pseudo- almost periodicity given by Diagana [7]. Let BC(R; Xq) be the space of 
all bounded and continuous functions from R to Xq equipped with the uniform 
topology norm. 

We denote by & the Lebesgue o-field of R and by M the set of all positive 
measures jz on & satisfying ~(R) = +00 and p((a, b]) < oo, foralla,beE R (a < 
b). 


Definition 9.2 A bounded continuous function ¢ : R — X is called almost 
periodic if for each e > 0, there exists a relatively dense subset of IR denoted by 
K(e, ¢, X) such that |f(t + tT) — d(f)| < e« forall (t,t) Ee R x Ke, d, X). 


We denote by AP(R; X) the space of all such functions. 


Definition 9.3 Let X,; and Xz be two Banach spaces. A bounded continuous 
function @ : R x X; — Xz is called almost periodic in t € R uniformly in 
x € X, if for each ¢ > 0 and all compact K C Xj, there exists a relatively dense 
subset of R denoted by K(e, ¢, K) such that |@(t + t,x) — P(t, x)| < e for all 
teR, xe K, t€ Ke, ¢, K). 


We denote by AP(R x X1; X2) the space of all such functions. 
The next lemma is also a characterization of almost periodic functions. 


Lemma 9.2 ({12]) A function @ € C(R, X) is almost periodic if and only if the 
space of functions {¢; : t € R}, where (¢,)(t) = o(t +T) is relatively compact in 
BC(R; X). 


In the sequel, we recall some preliminary results concerning the a — (1, v)-pseudo- 
almost periodic functions. 
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&(R; Xq, 4, v) stands for the space of functions 


1 te 
@(R: Xo, fl, v) = {u € BC(R: Xy): lim = / lu()ladw(r) = 0. 
t>+00 v([—T, T]) J_, 
To study delayed differential equations for which the history belongs to 
C([-r, 0]; Xq), we need to introduce the space 


. rl 
G(R; Xa, , vsr) = [we BCR; Xa): lim qeee 


x [Cs le@)la ate =o}. 


[t—r,t 


In addition to the above-mentioned spaces, we consider the following spaces: 


G(R x Xa, ft, v) = {uw € BCR x Xai Xa): lim a: 


+T 
x | lu(t, ladsu(t) = 0}, 


=f 


@(R x Xu, M,V,r) = {u € BC(R x Xy:Xq): lim ———— 
rtoo v(—t, t) 


«f(s lu(O, x)la)duect) = Of, 


—T [t—r,t] 


where in both cases the limit (as tT + +00) is uniform in compact subset of Xq. 

In view of previous definitions, it is clear that the space @(R; Xq, u,v, r) is 
continuously embedded in &(R; Xa, , v). 

On the other hand, one can observe that a p-weighted pseudo-almost periodic 
function is j4-pseudo- almost periodic, where the measure ju is absolutely contin- 
uous with respect to the Lebesgue measure, and its Radon—Nikodym derivative is 


p: 
du(t) = p(t)dt, 


and v is the usual Lebesgue measure on R, ie., v({[—t, t]) = 27 for all t > O. 


Example ([6]) Let p be a nonnegative %-measurable function. Denote by pz the 
positive measure defined by 


way = f p(t)dt, for Ac &, (9.3) 
A 
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where dt denotes the Lebesgue measure on R. The function p, which occurs in 
Eq. (9.3), is called the Radon—Nikodym derivative of jz with respect to the Lebesgue 
measure on R. 


From yp, v € M, we formulate the following hypothesis: 


u([—t, T]) 
(Hz) Let uw, v € Mbe such that lim sup ————— = 6 < o. 


t>+oo V([—-T, T]) 


We have the following result. 


Lemma 9.3 Assume (H2) holds, and let f € BC(R;Xq). Then f € 
&(R; Xq, LL, Vv) ifand only if for any € > 0, 


li LM, .(f)) 
im ———— = 
t+00 p([—t, 7] 


Ff 
where 


Mz(f) = {t €[-1, tT]: |f Ola = é}- 
Proof Suppose that f € @(R; Xq, “, v). Then 


1 ot 


1 
2 i ad 
7 ee ae If Oladu(t) 7 ee [fo L(t) 


1 
eo a 
+ v({—t, T]) Ieee If Dladu(t) 


1 
eo wid 
= cnn hp ZO! y(t) 
5 Mee f)) 
> Plea 


Consequently, 


(Mz e(f)) _ 


roto vt, t] 
Suppose that f ¢ BC(R; Xj) such that for any ¢ > 0, 


(Mz e(f)) _ 


t>+o0 v([—t,Tt] 


We can assume | f(t)|q < N for all t € R. Using (Hz), we have 
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1 tt \ 
ao, +l) ad ee ad 
v({-T, T]) iB If@| L(t) v({—t, T]) —_ If@| L(t) 
1 


es ee 3 
"Oder, T]) Pat lf Oladu(t) 


N 


—__ d 
~ v(l-t, tT) Jee (f) a 


1 
i 5 
+ v({—t, T]) ae If Oladu(t) 


< | du(t) 
ee eed) ery ae, : 


E 
—— = d 
er ae) i ve) 


N euu(l—r, cD) 
Se Rs Mr. Fey a RS 
Sea wea 


which implies that 


1 au 
lim | If@Mladu(t) < de for any ¢ > 0. 
t>+00 v([—T, T]) J_r 


Therefore, f € G(R; Xq, u,v). | 


Definition 9.4 Let w~,v € M.A bounded continuous function ¢ : R > Xq is 
called ({1, v)-pseudo-almost periodic if 6 = ¢; + ¢2, where ¢; € AP(R, Xq) and 
$2 € &(R; Xa, HM, v). 


We denote by PA P(R; Xq, 4, v) the space of all such functions. 


Definition 9.5 Let u,v € M. A bounded continuous function ¢ : R x Xy > X 
is called uniformly (j1, v)-pseudo-almost periodic if ¢ = $; + $2, where ¢; € 
AP(R x Xq; Xq) and d2 € @(R x Xq, MW, Vv). 


We denote by PAP(R x Xqy, 4, v) the space of all such functions. 


Definition 9.6 Let u,v ¢€ M. A bounded continuous function @ : R > Xz, 
is called (uw, v)-pseudo-almost periodic of class r if ¢ = $, + 2, where ¢; € 
AP(R; Xq) and ¢2 € &(R; Xq, HM, V,7). 


We denote by PA P(R; Xq, 1, v, r) the space of all such functions. 


Definition 9.7 Let u,v €¢ M. A bounded continuous function ¢ : R x Xy > Xa 
is called uniformly (jz, v)-pseudo-almost periodic of class r if ¢ = ¢; + $2, where 
od, € AP(R x Xq; Xq) and g2 € G(R X Xq, WM, V,P). 


We denote by PAP(R x Xq, , v, r) the space of all such functions. 
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9.5 Properties of (4, v)-Pseudo-almost Periodic Functions of 
Class r 


Lemma 9.4 Assume that (H2) holds. The space €(R; Xq, “, v,r) endowed with 
the uniform topology norm is a Banach space. 


Proof We can see that @(R; Xy, “,v,r) is a vector subspace of BC(R; Xq). 

To complete the proof, it is enough to prove that @(R; Xq, 4, v,1r) is closed in 

BC(R; Xq). Let (Zn) be a sequence in G(R; Xq, , v,r) such that limy-, +9 Zn = 

z uniformly in R. From v(R) = +00, it follows v([—t, t]) > 0 for 7 sufficiently 

large. Let ||Z||oo,¢ = sup |Z(t)|¢ and no € N such that for all in > no, ||Zn — Zllooa < 
teR 


€. Let n > no; then we have 


1 tt 
———— O)\q Jd 
(ean ee (se ila due 


1 oe 


<Saceap |, (up len) ~ la) anco 


[t—r,t 


1 ne 


a 8, O04 
‘ons. (, aur ) ) L(t) 


1 +1 
<Sqceap |, (splen -2Ole)auio 


1 +t 
ie qBees / (sup Izn(@)la)dHe(0) 


[t—r,t] 


u([—t, t]) 
v((—t, t]) 


1 3 


a es ae 


S WlZn — Zlloo,a X 


(sup len()la dre. 


[t—r,t] 


We deduce that 
1 +t 
lim sup ———_—— ( sup Iz()le )dntt) < de for any e > 0. 
totoo V([-T, T]) Jer \oetr—rr] 


From the definition of PA P(R; Xq, 4, v,r), we deduce the following result. 


Proposition 9.4 Assume that (Hz) holds, and let u,v € M. The space 
PAP(R; Xq, LL, v, 7) endowed with the uniform topology norm is a Banach space. 


Next result is a characterization of a — (i, v)-ergodic functions of class r. 


9 Pseudo-almost Periodic Solutions of Class r in the a-Norm Under the Light. . . 241 


Theorem 9.2. Assume that (H2) holds, and let u,v € M and I be a bounded 
interval (eventually I = ©). Assume that f € BC(R, Xq). Then the following 
assertions are equivalent: 


() f © BOR, Xan, v0). 
(i) in ea eee cen Nocti If )la)d u(t) = 0. 


£8405 v(—t, T1\ D (3 [t—r,t] 
w({ret-rel\r: sup 1f@lu> ef) 
7 6e[t—r,t] = 
(iii) For any € > 0, a v([-t, tT] \ 2) 7 


Proof (i) = (i) Denote by A = v(J), B= / ( sup If la) du). We have 
I S6e[t—r,t] 
A and B e€ R, since the interval J is bounded and the function f is bounded and 


continuous. For t > 0 such that J Cc [—t, t] and v([—T, t] \ J) > 0, we have 


O)\q)d 
—T,T] TEER es rt]\I (sup if ” ) a 


wc iz “ (, sue ; lf la) dn(e) = B| 


— vt, tI) B 
~ v(t. t) ala =e ee fea Lf Ola )an(o) — I 


From the above equalities and the fact that v(R) = +00, we deduce that (i7) is 
equivalent to 


i 1 ("sup 1F@la)ane) = 0 
IM. su a Ja =U, 
roo vt, t) Je Meera 


that is (7). 
(iii) > (i) Denote by Af and BF the following sets 


At={re[-nr]\ I: sup [fla > e| and 


de[t—r,t] 
Be={rel-rr]\D: sup [fle <el. 
de[t—r,t] 
Assume that (ii7) holds, that is 
u(At) 


eae (9.4) 
r>too v(I—r, T]\ D 


From the equality 
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i ( sup Flu)ance) = | ( sup If )la) awe) 
[—r,t]\l ‘@e[t—r,t] A= \@e[t—r,t] 


+f (sup r@l)aue) 
Be \6e 


[t—r,t] 


we deduce that for t sufficiently large 


1 MA) 
a ee O)\a Jad < 00,0@ 
=n tI\D has (, S07 fle) dH = Wloe a eT 
L(Bz) 
Ten \D 
By using (Hg), it follows that 
. 1 7 
re Kee - (0p If@la)d u(t) <dée, forany ¢>0, 


and consequently (ii) holds. 
(ii) => (iii) Assume that (ii) holds. From the following inequality 


[ (se 1 ia)awer = f (sup 1F@ laa) 
[-t,t]\/ ‘6e[t—r,t] A& ‘@e[t—r,t] 

1 M(At) 
poe O)\a)d Se" 
v(—t.t1\D Eo Ge, FOla)due = *y=t, )\ D 

1 U(At) 

nee O)\q )d > —_ _, 
ev(—t, t]\1 Fo Get? FOla)due = =n. t1\D 
for t sufficiently large, we obtain Eq. (9.4), that is, 777). a 


From yz € M, we formulate the following hypotheses: 


(H3) Foralla, b, andc € R, such that 0 < a < b < c, there exist dg and ap > O 
such that 


|d| > 69 > w(at6,b+4+ 8) > agu(6,c +4). 
(H4) For all t € R, there exist 6 > 0 and a bounded interval J such that 
u(la+t: ae A} < Bu(A) when A € & satisfies ANI =@. 


We have the following results due to [6]. 
Lemma 9.5 ([6]) Hypothesis (H4) implies (H3). 
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Proposition 9.5 ([5,8]) u,v € M satisfy (H3) and f € PAP(R; X, uw, v) be such 
that 


f=sth, 
where g € AP(R, X) andh € @(R, X, pw, v). Then 
{g(t), t € R} c { f(t), t € R} (the closure of the range of f). 


Corollary 9.1 ((8]) Assume that (H3) holds. Then the decomposition of a (1, v)- 
pseudo-almost periodic function in the form f = g + $, where g € AP(R; X) and 
ob € &(R; X, t, v) is unique. 


The following corollary is a consequence of Theorem 9.2. 


Proposition 9.6 Let u,v € M. Assume (H3) holds. Then the decomposition of a 
a — (wu, v)-pseudo-almost periodic function @ = ¢, + $2, where ¢; € AP(R; Xq) 
and $2 € G(R; Xq, LM, v, 1), is unique. 


Proof In fact, since as a consequence of Corollary 9.1, the decomposition of a 
(4, v)-pseudo-almost periodic function @ = ¢; + ¢2, where ¢; € AP(R; Xq) and 
d2 € G(R; Xq, u,v), is unique. Since PAP(R; Xq, u,v) C PAP(R; X, u,v) 
and PAP(R; Xq, “,v,r) C PAP(R; Xq, 4, Vv), we get the desired result. |_| 


Definition 9.8 Let w1, u2 € M. We say that 2; is equivalent to 42, denoting this 
as [L1 ~ [12 if there exist constants a and 6 > 0 and a bounded interval I (eventually 
I = @) such that 


ap(A) < 2(A) < Buy(A), when A € & satisfies ANI =@. 


From [6] ~ is a binary equivalence relation on M. The equivalence class of a 
given measure jz € M will then be denoted by 


cl(u) = {mw EM: wpr~o}. 


Theorem 9.3 Let 1, 2,¥1,¥2 € M. If wy ~ po and vy ~ v9, then 
PAP(R; Xa, 11,451) = PAP(R; Xq, 2, v2, 1). 


Proof Since 4, ~ [2 and vy ~ v2, there exist some constants a, a2, 61, B2 > 
0, and a bounded interval I (eventually 7 = @) such that a,1(A) < f2(A) < 
By 1 (A) and avy (A) < v2(A) < fov4(A) for each A € & satisfies ANI = @ 
1.€., 


1 1 1 
< < : 
Bovi(A) ~ v2(A) ~ a2vi(A) 
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Since 41 ~ j2 and & is the Lebesgue o-field, we obtain for t sufficiently large 
that 


ai({rel-rc]\F: sup |f@le > e}) 


Oe[t—r,t] 


oui (—t, t1\D 
po({ret-c.c]\7: sup [f@)la > e}) 


de[t—r,t] 


< 
. va([—t, T1\ D 

—T, rT: Ole 
Pca mE: sup Ife) > e}) 


a2v1([—t, tT] \ L) 


By using Theorem 9.2, we deduce that @(R, Xy, 41, 1,7) = @(R, Xq, U2, 2,7). 
From the definition of a (jz, v)-pseudo-almost periodic function, we deduce that 
PAP(R; Xa; /1,%1,r) = PAP(R; Xq,; 2, V2, 1). | 


Let x, v € M. We denote by 
cl(u, v) = {mw}, 02 €E M: w~ wand v~ w}. 


In what follows, we prove some preliminary results concerning the composition 
of (uw, v)-pseudo-almost periodic functions of class r. 


Theorem 9.4 Let u,v € M @ € PAP(R x Xqg,u,v,r), and h € 
PAP(R; Xq, “,v,1r). Assume that there exists a function Lg : R — [0, +00 
such that 


I(t, x1) — b(t, x2)| < Lg |x1 — x2la for t eR andfor x1,x2 € Xq. 


(9.5) 
If 
np — ie sup L())du() < oo and 
t>+oo V([-T, T]) Jer de[t—r,t] 
: 1 a 
Pea. OO - 


for each € € &(R,R, u,v), then the function t > (t,h(t)) belongs to 
PAP(R; Xa, LM, v, r). 


Proof Assume that ¢ = ¢,+¢2, h = hi +hz2, where d} € AP(Rx Xq; Xa), $2 € 
@(R x Xq,M,v,r) and hy € AP(R; Xq), ho € G(R; Xq, , v, r). Consider the 
following decomposition: 


P(t, h(t)) = bit, A1(t)) + [H(t AD) — OC, A1O)) + G2, h1(0)). 
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Since hy € AP(R; X,_), Lemma 9.2 implies that the set K = {h1, : t € R} is 
relatively compact in BC(R, Xq,). Consequently, since d; € AP(Rx Xq; Xq), then 
for all e > 0, there exists a relatively dense subset of R denoted by K(e, $1, K) such 
that |@(¢+1,x)—@(t,x)|q < ¢forallt eR, x € K, t € K(e, gy, K). It follows 
that ¢1(., 21(.)) € AP(R; Xj). It remains to prove that both 6(., h(.)) — ¢., M1©)) 
and $2(., 41(.)) belong to @(R; Xq, lu, v,r). Consequently, using inequality (9.5), 
it follows that 


w({ret-r.r1: sup 166.006) — 6, h(6))le > ¢}) 


6e[t—r,t 
vet) 
; w([ret-e rl: sup CLo@)lh2@)le) > ¢}) 
. v=, t) 


[t—r,t] 6e[t—r,t] 


v({—t, t]) 


u({e e€[-t,T]: (| sup Lo(6))( sup \12()le) > e}) 


= 


Since h2 is (4, v)-ergodic of class r, Theorem 9.2 and Eq. (9.6) yield that for the 
above-mentioned ¢, we have 


w({e € [-t,T]: (_ sup Et) (sup : \12(0)|a) > el) 
eats ia. = 


and then we obtain 


w(frel-z.r]: sup 166, h@)) - 4.11 @))la > ef) 
: 6e[t—r,t] 
lim = 0. 
P00 v=, 7) 
(9.7) 


By Theorem 9.2, Eq. (9.7) shows that t  @(t, h(t)) — (ft, hi (t)) is (u, v)-ergodic 
of class r. 

Now to complete the proof, it is enough to prove that tf b ¢2(t, h(t)) is 
(wu, v)-ergodic of class r. Since ¢@2 is uniformly continuous on the compact set 
K = {h,(t): t € R} with respect to the second variable x, we deduce that for 
given € > 0, there exists 6 > 0 such that, for all t € R, & and &) € K, one has 


1&1 — | < 6 = |dbo@, &1) — dot, &2)la < €. 


Therefore, there exist n(e) and {z; ae Cc K, such that 
n(e) 
K C(J Bs, 9), 


i=l 
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and then 
n(e) 
got, Ai) I| Se + DY Idole, zd 
1 
Since 
1 Ya 
Vie {1,...,n(e)}, tim ——— | (_ sup Io, zi)la)du(t) = 0, 
t>+00 v([—T, T]) Jer \oep—rr 


we deduce that 


Tt 


1 
Ve >0, limsup——— | (_ sup |d2(6, hi())la)du(t) < 88, 
t>+oo V([-T, T]) Jr 6¢[t—r,t] 


which implies 
1 T 
li ——— 6,h du(t) = 0. 
lim ae ap If ( s07 lt @ Ola) dacs =0 


[t—r,t 


Consequently, t > @2(t, A(t)) is (wu, v)-ergodic of class r. | 
For x. € Mand 6 € R, we denote jz the positive measure on (R, &) defined by 


us(A) = w(la +6: a€ Al). (9.8) 


Lemma 9.6 ([6]) Let uw € M satisfy (H4). Then the measures tt and js are 
equivalent for all 6 € R. 


Lemma 9.7 ([6]) (H4) implies 


forall o > 0 limsup PAR? ete) < +00. 
T>+00 H([—t, t]) 


We have the following result. 


Theorem 9.5 Assume that (Hq) holds. Let 1, v € Mand ¢ € PAP(R; Xa, Lt, v,r); 
then the function t > ¢; belongs to PAP(Cq, LL, Vv, 1). 


Proof Assume that ¢ = g +h, where g € AP(R; Xq) andh € @(R; Xqy, LW, v, 1). 
Then we can see that ¢; = g; + h;, and g; is almost periodic. Let us denote by 


1 TE 
M., = —__ h(O)\q Jd t), 
= aay | (07 hla) dus 


where jg and vs are the positive measures defined by Eq.(9.8). By using 
Lemma 9.6, it follows that 23 and jz are equivalent and vs and v are also equivalent. 
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Then by using Theorem 9.3, we have @(R; Xq, Ms, V3,7r) = S(R; Xa, UU, V,1); 
therefore, h € G(R; X, js, vs, r), that is, 


lim Ms;(t)=0, forall 6€R. 
T> +00 


On the other hand, for r > 0, we have 


+T 
Lf sup | sup |A(@ +§)la])dn@) 
—T, aoa 


(3 mI €e[—r,0] 


=f (sup |h@)la) duce) 
vce rt \6e[t—2r,t] 


1 “+t 
sich (, uP hla + sup |hO)le)du(e) 


—T t—2r,t—r] de[t—r,t] 


ice tay (gest Oe)aHe +9 
+T 
Poe / (sup [h@)la)ani) 
v([-t, T]) —T 6e[t—r,t] 
+tT+r 
Zo (sup |h@la)awle +r) 
v([—-t, t)) —Tt-r 6e[t—r,t] 
1 +t 
—— h(O)\q )d 
wz a) Ie (0 lu)au( 


2 [s* —reté+ a 
=. v([—t, t]) 


1 +tT+r 
‘ sup |h(6)| Jane +r) 
v([—-t —r,tT+7] [. (2, . 


1 a 


vd-t, t) h@)la)d pit). 
+ Seep Le (aeitt y MOe)awen 


Consequently, 


=H 
I ( sup [| sup h@+&)le] dn) 
—T, qe dE 


[t mI €e[-r,0] 


2 "ast —r,t+r]) 
~ v([-t, t]) 


1 a 


* iden ep I, 


| x M(t +1) 


(| sup In@)la auto, 


[t—r,t] 
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which shows using Lemmas 9.6 and 9.7 that ¢; belongs to PAP (Cy, 4, v, r). Thus, 
we obtain the desired result. | 


Lemma 9.8 ([8]) Let u,v € M satisfy (H4). Then PAP(R, X, (4, v) is invariant 
by translation, that is, f € PAP(R, X, u,v) implies fy ¢ PAP(R, X, u,v) for 
ally ER. 


Corollary 9.2 Let u,v € M satisfy (H4). Then PAP(R, X, , v,1r) is invariant 
by translation, that is, f €¢ PAP(R, X,u,v,r) implies fy € PAP(R, X, u,v, r) 
forally €R. 


Proof It suffices to prove that &(R, X, , v, rr) is invariant by translation. Let f € 
&@(R, X, u,v, 00) and F‘(9) = sup | f(@)|. Then F’ € &(R,R, p, v), but since 
6e[t—r,t] 

&(R, R, yw, v) is invariant by translation, it follows that 


, 1 ‘a ; 1 T 
lim —W— F'(@+y)du(t) = lim —— su (@+y)|du(t) = 0, 
roo v—t, t) Je ae Aiea 


which implies that f(.+ y) € PAP(R, X, uw, v,r). a 


9.6 (mu, v)-Pseudo-almost Periodic Solutions of Class r 


In what follows, we will be looking at the existence of bounded integral solutions 
of class r of Eq. (9.1). 


Proposition 9.7 [3] Assume that (Ho) and (H1) hold and the semigroup (U(t)):>0 
is hyperbolic. If f is bounded on R, then there exists a unique bounded solution u 
of Eq. (9.1) on R, given by 


t 


u; = lim Us (t — s)TI° (By, Xo f (s))ds 


A>+00 J_ 
t 


+ lim U" (t — s)TI"(B, Xo f(s))ds for te R, 


A>+00 J 400 


where B, = MAI — Aq)! for . > ©, and IT® and 11" are the projections of Cy 
onto the stable and unstable subspaces, respectively. 


Proposition 9.8 Leth € AP(R; X) andT be the mapping defined for t € R by 


t 
A(t) = [im | Uf (t — s) TS (By Xoh(s))ds 
t 


+ lim U(t — s)T1"(B, Xoh(s))ds | (0). 
A>+00 Joo 


ThenTh € AP(R, Xq). 
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Proof We can see that "h € BC(R; Xq). In fact, 


t 
IPAM < , im / U (t — s)T1°(B, Xoh(s))lads 
A>+00 J_o9 


+ lim W(t — s)T1"(B, Xoh(s) lads (0) 
A>+00 Jt 
t 
< lim | AGU (t — s) 11 (B, Xoh(s))|\ds 
+ lim f heagetetce — 1" B,Xoh(o) ds] 


eT ot— S) 
<M nf < —|T1] /h(s)lids 


+00 evlt-s) 
Mi ae [FI] a(s)|lds 


— 1% 
Sats t ee 
< MM ———|T]°| ||h d 
< i Gas! | |2(s)||ds 
were: +00 evlt—s) 
+MM - |I1“| ||A(s)||ds 
tr  (s—t) 
eee t —w(t—s) 
<MM |TT"| |A(s)|lds 
oo (t — s)* 
ses +00 e? s—t) 
+MM a — |II"| ||h(s)||ds 
t (s —t) 
+00 a 
a = | o's"ds = 2K ||AlloVC a) 
@\-@ 0 w'- -—a 


where K = max(MM |I1*|, MM |I1“|). Since A is an almost periodic function, then 
the set of functions {h, : 6 € R}, h(t) = A(t + T), is precompact in BC(R; X). 
On the other hand, we have 


(Ph)r(t) = (PANE + oo 


—| lim we 4+ —s)T(B, Xoh(s))ds 
[ im, 
t+T ats 
+ lim U(t+t— s)I1"(B, Xoh(s))ds | 


A>+00 Joo 


=| lim ue t — s)T°(B, Xoh(s + t))ds 


[ im, 


250 


I. Zabsonre et al. 


t 


+ lim Ut" (¢ = s)1"(B.Xoh(s + 1))ds | 
A= +00 +400 
—| tim _wo-o (By Xohz(s))ds 
[ tim, 
t 
+ lim Pecan ae 


A>+00 J4o0 


= (Th;)(t) for allt € R. 


Thus (CA); = (TA_), which implies that {([)s : 6 € R} is relatively compact in 


BCc( 
AP(I 


R; Xy) since I is continuous from BC(R; Xq) into BC(R; Xq). Thus, Th € 
R, Xq). | 


Theorem 9.6 Let u,v € M satisfy (H4) and g € @(R; X, uw, v,r). Then Tg € 


&(R; 


Xa, L, V, r). 


Proof In fact, for t > 0, we get 


L (| sup IPg@)la)du(r) 


[t—r,t] 


T 0 
=| ( sup [ lim / IU" (6 — s)TT*(B, X0g(s)) lads 
6e[t—r,t] 4A +00 J—o0 
+00 


+ lim (U" 6 — s)T1"(B, Xog(s))lads |(0))du(e) 
A>+00 fa) 


i 6 
< li aU (0 — s) TI (B,X. d 
=f (7, Lim, [latte @ — 9B Xoeo lds 
+00 7 
+ lim f AGU — 9)T1"(B,Xog(s))llds |) auc) 
A>+00 fa) 


T 


eee 6 ee O- S) 
<MM su |e ————|I]*| |g(s)|ds )du(t) 
(, st oo (8 — s)* e ) 


ately T +00 ev S) 
+MM sup i ——__|I1"| |g(s)ids ) dnt) 
(, se @ (s—d)j% 


i 6 ,-w(0-s) 
- ef (se | Goa (@—s)* Ig(s)lds)dur) 


T +00 ev (9-5) 
+ su ———_|8(s)|ds )du(t)], 
[ (vf (s — @)% ) 


T 
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where K = max(MM |I1*|, MM |I1“|). On the one hand, using Fubini’s theorem, 


we have 
T 6 ee O-s) 
sup / ——_|g(s)|ds)du(t) 
[ (0p oo (9 — s)* ) 


T 


T +00 eT es 
<[ (sp [ise -syids)aney 


t ‘6e[t—r,t] 


+00 es T 
=f (swf ig@-syiduey)as, 
0 Ss de 


[t—r,t] J—t 


By the Lebesgue dominated convergence theorem and by using Corollary 9.2, it 
follows that 


+00 ees 1 T 
lim / ——__( sup i Ig(@ — s)idu(t))ds =0. 
0 Oe 


T>+00 se v({[-T, T]) [t—r,t] J—t 


On the other hand by Fubini’s theorem, we also have 


8 +00 ev O-s) 
sup / —— 5 la(s)|ds )du(t) 
[ (s , g  (s—6) ) 


T 


T +00 ,-—ws 
</ (sup [ “igs + 8)Ids) dt 


—t ‘6e[t—r,t] 


=F 


+00 es T 
< / —(_ sup / Ig(s + O)|du(t))as. 
0 s 6e[t—r,t] 


Reasoning like above, it follows that 


+00 ees T 
lim ( sup i Ig(s + @)ldy(t))ds = 0. 
dE 


ica | se [t—r,t] J—r 
Consequently, 
1 T 
lim ——— | (_ sup l(7g)@le)du(t) =0. 
t>+00 v([—T, T]) Jer \Gep—nr 


Thus, we obtain the desired result. | 


For the existence of (jz, v)-pseudo-almost periodic solution of class r, we make 
the following assumption. 


(Hs) f:R-—- X is incl(, v)-pseudo-almost periodic of class r. 
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Proposition 9.9 Assume (Ho), (M1), (H3), and (Hs) hold. Then Eq. (9.1) has a 
unique a — cl(L, v)-pseudo-almost periodic solution of class r. 


Proof Since f is a (tu, v)-pseudo-almost periodic function, f has a decomposition 
f = fit fo, where fi ¢ AP(R;X) and fp € @(R;X,py,0,r). Using 
Propositions 9.7, 9.8 and Theorem 9.6, we get the desired result. a 


Our next objective is to show the existence of (2, v)-pseudo-almost periodic 
solutions of class r for the following problem: 
u'(t) = —Au(t) + L(u;) + f(t, uz) for t € R, (9.9) 
where f : R x Cy — X is continuous. 
For the sequel, we make the following assumption. 
(H6) Let u,v € Mand f : Rx Cy — X cl(u, v)-pseudo-almost periodic of 


class r such that there exists a positive constant L ¢ such that 


If, 1) — ft. gl < Lelie: —gallc, forall re R and g, g € Cy, 


and L f satisfies (9.6). 

Theorem 9.7 Assume (Ho), (H1), (H2), (H3), and (Hg) hold. If 
2KL‘TA - 

OE ag 


@'-4 


’ 


then Eq. (9.9) has a unique a — cl(1, v)-pseudo-almost periodic solution of class r. 


Proof Let x be a function in PAP(R; X, uw, v,r), and from Theorem 9.5, the 
function t > x; belongs to PAP(Cy, “, 7). Hence, Theorem 9.4 implies that the 
function g(.) := f(., x.) isin PAP(R; X, uw, r). Consider the mapping 


H: PAP(R; Xu, UW, ,r) > PAP(R; Xq, LU, V,Tr) 


defined for t € R by 
t 
(Hxy(0) = | lim i. U' (t — s) T° (B,Xof (8, xs))ds 
A> +00 J—99 


t 
+ lim U" (t — s) TI" (By, Xof(s, x5))ds| (0). 
A> +00 +00 


From Propositions 9.7, 9.8 and taking into account Theorem 9.6, it suffices now 
to show that the operator H has a unique fixed point in PAP(R; Xq, u,r). Let 
x1,xX2 € PAP(R; Xq, u,v, r). Then we have 
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t 
[Hel — Hele <|, tim f West B,Xol fs. x1)) 


—FCUs, X15) Ids 


t 


+| lim Uf (t — s) TI" (By XoLf ((s, X25) 


A>+00 Jo 


a 


— FCs, X25))]ds 


a 


t eT olt—s) 
< Koy (f Goes — x25 |ds 
+00 eo o(s—t) 
+ ———|x1; -—x ds) 
/ Gone IxX1s — X25| 


t —w(t—s) 


< KL,([ a= dg 
: co (t — 5)” 
+00 eo Os—t) 
ds) 
+f one 8 )|x1 — x2| 
1 +00 es 
< Ki(— | ds 
y 1) —a 0 
1 OO ig -® 
ae a e ds)|x1 x2| 


2KL + 
< = (f e*s~*ds) |x — X9| 
0 


2 2KL/TU —a) 


@m\-@ 


|x] — x9]. 


This means that #/ is a strict contraction. Thus by Banach’s fixed point theorem, #f 
has a unique fixed point u in PAP(R; X, “, v,r). We conclude that Eq. (9.9) has 
one and only one c/(j, v)-pseudo-almost periodic solution of class r. a 


9.7 Application 


For illustration, we propose to study the existence of solutions for the following 
model: 
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d (t,x) = a (t +f cw (t +0, x)d0 t : (/21) 
ate 7X = a 7X - ZL. 5X cos va 


+ arctan(t) + n(r, att +8, x)) fort ¢ Rand x € [0,7] 
Xx 


z(t, 0) = z(t, 7) =O fort ER, 
(9.10) 


where G : [—r,0] — R is a continuous function and h : R x R > R is Lipschitz 
continuous with respect to the second argument. To rewrite equation (9.10) in the 
abstract form, we introduce the space X = L?({0, gc]; IR) vanishing at 0 and z, 
equipped with the L* norm that is to say for all x € X, 


uw I 
Ista = (f° ieoyPas)’. 


Let A: X — X be defined by 


ee! = H?(0,1)N Hj, 2) 
Ay=y". 


Then the spectrum o (A) of A equals to the point spectrum o, (A) and is given by 
o(A) = op(A) = {—n?: n> 1), 


and the associated eigenfunctions (e,)n>1 are given by 


€n(s) = [2 sintns), s €[0, z]. 


Then the operator is computed by 


+oo 
Ay =) n’(, enden, y € D(A). 
n=l 
1 ns il 
For each y € D(A?) ={yeEX: Yin, €n)en € X}, the operator A2 is given by 
n=l 
+00 


1 
A?y = "ny, en)en, y € D(A). 


n=1 


9 Pseudo-almost Periodic Solutions of Class r in the a-Norm Under the Light. . . 255 


Lemma 9.9 ([11]) Jf y € D(A), then y is absolutely continuous, y' € X, and 
1 
ly'| = |A2yI. 


It is well known that — A is the generator of a compact analytic semigroup (T (t))+>0 
on X that is given by 


+00 5 
T(t)x = ye" (x, en)en, X EX. 


n=1 


1 
Then (Hg) and (Hj) are satisfied. Here we choose a = e 


We define f: Rx C; > X and L: C1 > X as follows: 


f(t, g)(x) = —cost — = cos(V2r) + arctan(t) 
@ = V3 


a 
+h(t, ~ (6.x) for x €[0,x] and teR, 
Ox 


0 
L(g)(x) =) G(@)e(0,x))d@ for —r<6<0O and x € [0,7]. 


—r 


Let us pose v(t) = z(t, x). Then Eq. (9.10) takes the following abstract form: 
v(t) = Av(t) + L(v,) + f(t, v,) fort € R. (9.11) 


Consider the measures jz and v where its Radon—Nikodym derivatives are, respec- 
tively, 01, 02 : R > R defined by 


1 for t>0 


pit) = 
e’ for t<0 


and 


p2(t) = |t| for te R, 


i.e., du(t) = pi (t)dt and dv(t) = p2(t)dt where dt denotes the Lebesgue measure 
on R and 


(A) =, pi(t)dt for v(A) =f oxnar for AE &. 
A A 


From [6], wu, v € M, and pw, v satisfy Hypothesis (H4). 
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We have 


=, 


i u(L De es 

im sup = lim sup + 

t>+oo V([-T, T]) T>+00 2 | tdt 
0 


= lim sup 
T>+00 


which implies that (H2) is satisfied. 


1 
Since At (- cos t — 3 cos(V21)) = sint+ sin(V/21) andt > sint+sin(/2r) 


1 
belongs to AP(R, X), it follows that t > ( cost A cos(V2r)) belongs to 
AP(R, X1). On the other hand, we have the following: 
2 


1 4 
—_———_—_ sup | arctan(@)|1 dt = c————_ 
VI-t, T) Jor befe—rt] 2 v([-t, t]) 


+t 1 
xf sup |A2 arctan(@)|dt 
—t 6e[t—r,t] 
1 ve 1 
= ——_ su ——,)adt 
vU=2, FD Joe eter (2 
u([—-T, t]) 


Se ee 


It follows that t + arctan t is (uw, v)-ergodic of class r; consequently, f is uniformly 
(tL, v)-pseudo-almost periodic of class r. Moreover, L is a bounded linear operator 
from Ci to X. 


2 
Let k be the Lipschitz constant of h; then for every g1, g2 € C 1 and t > 0, we 
have 


Ife.enc9 — fe.ereon= (f° [i(o, e162) 


—(t, 2 o.c,3)) as)! 
1 


= tal [° (S010. - 2-90.29) ax]! 
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< Lh sup [f° (910.0) 


—rs6<0 


Nie 


0, x) dx] 


< Lallg: — ¢gaile. 


Consequently, we conclude that f is Lipschitz continuous and cl(j1, v)-pseudo- 
almost periodic of class r. 


0 
Lemma 9.10 ((9]) Jf |G(0)|d@ < 1, then the semigroup (U(t))r>0 is hyper- 


= 
bolic. 


6? — 
For example, let us pose G(@) = @ 42 for 8 € [—r, 0]. Then we can see that 
[ IG (6)|d6 a Blakey \a0 [ 2 i z lifr<1 
= = = < Wwr< 
= _, 1(02 + 1)2 624 1]-- r24+1 


and 


0 0 62 —] -1 62 —] 0 _9241 
G(@)|d@ = ————~ |d@ = —_———d@ —————d@ 
[i oy [ O24 Ta [, @ + +f, @? +1 


<lifr2>1. 


r2+1 


By Proposition 9.7, we deduce the following result. 


Theorem 9.8 Under the above assumptions, if Lip(h) is small enough, then 
Eq. (9.11) has a unique cl(t1, v)-pseudo-almost periodic solution v of class r. 
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Chapter 10 m) 
Global Stability for a Delay SIR seis 
Epidemic Model with General Incidence 
Function, Observers Design 


Aboudramane Guiro, Dramane Ouedraogo, and Harouna Ouedraogo 


Abstract In (Connell McCuskey, Nonlinear Anal RWA 11:3106-3109, 2010), the 
authors presented an SIR model of disease transmission with delay in a particular 
nonlinear incidence. In their work, they showed the global stability of the endemic 
equilibrium for the reproduction number Rp is greater than one. In this chapter, we 
reviewed on the same model with delay in general incidence function. The global 
stability of the endemic equilibrium is studied for Ro > 1 by using a Lyapunov 
functional. With supposed well-known parameters, we built simple observer and a 
high-gain observer using a canonical controller form. Then, we proposed nonlinear 
auxilary dynamical systems which are used for the implementation. Numerical 
simulations are included in order to test the behaviour and the performance of the 
given observers. 


Keywords Epidemic model - SIR - Delays - Global stability - Lyapunov 
function - Reproduction number - General incidence function - Observability - 
Observer - High gain 


10.1 Introduction 


In the modelling of the dynamics of infectious diseases such as dengue [7] and 
chikungunya [14], a common model structure involves dividing the population into 
three classes: susceptible, infectious, and recovered individuals. In this chapter, 
we consider an SIR model of disease transmission in [4]. In this chapter, it is a 
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refinement of hypothesis and a genraralization of earlier models based on incidence 


* T 
function 


. The model in [4] keeps pointing out the saturation in the force of 


a 
infection by using the general incidence function f(S, /;). 

In [4], a detailed analysis of the current model is presented. It is shown that 
if the basic reproduction number Ro is less or equal to one, then the disease- 
free equilibrium is globally asymptotically stable. If Ro > 1, then the endemic 
equilibrium is globally asymptotically stable, without any further conditions on the 
parameters. 

Our approach is to use here a Lyapunov functional similar to those used in [5, 6, 
16] for various mass action types. 

In this chapter, we show that when Ro > 1, the endemic equilibrium is globally 
asymptotically stable by using a suitable Lyapunov functional. 

Now by considering the system 


x = g(x) (10.1) 


and assuming that (1) is a good model of the system under consideration, when it is 
possible to get the value of the state at some time fo, then it is possible to compute 
x(t) for all t > fo by integrating the differential equation with the initial condition 
x(t9). Unfortunately, it is often not possible to measure the whole state at a given 
time, and therefore, it is not possible to integrate the differential equation because 
one does not know an initial condition. One can only have a partial information of 
the state, and this partial information is precisely given by y(t) the output of the 
system. Therefore, we shall show how to use this partial information y(t) with the 
given model in order to have a dynamical estimate X(t) of the real unknown state 
variable x(t). This estimate will be produced by an auxiliary dynamical system 
that uses the information y(t) given by the system (10.4). This auxiliary dynamical 
system form is 


= gk, y). (10.2) 


The estimated error is e(t) = X(t) — x(t) and satisfies the following equation given 
by 


é = g2(%, y) — g(x). (10.3) 


e(t) = x(t) — x(t) > 0 when t > +00, regardless of initial conditions of system 
(10.1) and system (10.2). A dynamical system (10.2) satisfying these conditions is 
called an observer for system (10.1). When the convergence of <(t) towards x(t) 
is exponential, the system (10.1) is an exponential observer. More precisely, system 
(10.2) is an exponential observer for system (10.1) if there exists 4 > O such that, 
for all t > 0 and for initial conditions (x(0), x(0)), the corresponding solutions of 
(10.1) and (10.2) satisfy ||<(t) — x(t)|| < exp(—Ar)||x (0) — x(0)||. In this condition, 
a good estimate of the real unmeasured state is rapidly obtained. One must notice 
that the observer is not linked to the choice of initial condition of the observer. 
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The use of observer theory in biological system is scarce; however, some authors 
have reviewed on that (see Ngom et al. [15]; Guiro et al. [10]). In [15], an observer 
has been constructed for a stage-structured discrete-time fishery model that exhibits 
an unknown recruitment function. In [10], a stage-structured continuous model 
is considered, and it is assumed that only the last class (mature individuals) is 
harvested. So, in this present work, we use control theory (observability theory) to 
construct an estimator (observer) for the system (10.4) when the measured (output) 
variable is the infectious population, i.e., y(t) = 7 (t). 

In this chapter, we construct a so-called simple observer as opposed to Gauthier— 
Kupka-type observers [1, 8, 9] who require an extension by continuity of compact 
space at the risk of the explosion of the system. The observer constructed here is 
quite simple and is a copy of the original system augmented by a corrective term 
that gives satisfactory results for the estimation of the states. 

This chapter is organized as follows: The model description and basic results 
are given in Sect. 10.2. In Sect. 10.3, the basic reproduction number and equi- 
libria are presented. Section 10.4 contains the local and global stabilities of the 
free-equilibrium point; in this part, we also study the global stability of the 
endemic equilibrium. Section 10.5 introduces methods for designing an observer. 
Section 10.6 is devoted to numerical simulation. Finally, in Sect. 10.7, we give 
conclusions. 


10.2. Model Presentation 


In this model, the population is divided into susceptible, infectious, and recovered 
classes with sizes S, J, and R, respectively. Recruitment of new individuals is into 
the susceptible class, at a constant rate B. The death rates for the classes are (11, [12, 
and 13, respectively. The average time spent in class J before recovery is 1/y. For 
biological reasons, we assume that 1 < 2 + y; that is, removal of infectives is at 
least as fast as removal of susceptibles. Transmission of the disease is done through 
vectors that undergo fast dynamics and a fixed latent period t. In order to avoid 
excessive use of parameters (t, f — T), we use the following convention: S = S(t), 
I =TJ(t), and J, = I(t — T); then, we generalize the problem from [4] as follows: 


: ST 
ms a im 
a 
;_ Sk one - (10.4) 
=a et 
and 
R=yl—p3R. 


Our aim is to study the same system with general incidence function f(S, J;). 
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B f (S,T) Y 
iS | —_______________»| 


M H2 3 


Fig. 10.1 The compartmental diagram for the SIR model 


As general as possible, the incidence function f must satisfy technical condi- 
tions. Thus, we assume that: 


H1 ff is non-negative C! functions on the non-negative quadrant. 
H2 For all (S, 7) € RZ, f(S,0) = f(0, 7) =0. 


Remark 10.2.1 f is an incidence function that explains the contact between two 
species. Therefore, H2 is a natural assumption that means that if there is not a new 
infection when there is not an infectious human or a susceptible human. 


Let us denote by f; and fo the partial derivatives of f with respect to the first 
(S) and second (/) variables. Using the same notations, the model is given by the 
following system (Fig. 10.1): 


S=B-—psS— f(S, 1), 


P= f(S,ik)-Q@aty)h 


(10.5) 


and 


R=yl—p3R. (10.6) 
Since R does not appear in the equations for S and /, it is sufficient to analyse the 
behaviour of solutions to (10.5). 
We assume that system (10.5) holds with given initial conditions 


S(O) € Ry and /(6) = ¢(@) for 6 € [—r, 0], 


where @ € C([—T, 0], R+), the space of continuous functions from [—rT, 0] to R_. 


oO 
Theorem 10.2.1 The positive orthant 
{(S, 1, R) € R°:S>0,1>0,R>0} 
is positively invariant for system (10.5). oO 


To prove Theorem 10.2.1, we need the following lemma. 
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Lemma 10.2.1 ((3]) Let L : R” — R be a differentiable function, and let a € R. 
Let X (x) be the vector field, and let G be the closed set G = {x € R” : L(x) < 
a} such that VL(x) # 0 for all x € L7\(a) = {x € R" : L(x) = ah. If < 
X (x), VE(x) >< O forall x € L~'(a), then the set G is positively invariant. ol 


Proof of Theorem 10.2.1 Let 
x = (S,J, R). (10.7) 
We will prove that {S > 0} is positively invariant. So, let 
L(x) = -S. 
L is differentiable, and 
VL(x) = (—1, 0,0) 4 0 forall x € L~'(0) = {x € R°/L(x) = 0}. 
The vector field on {S = 0} is 


B 
X(x)= | —-(ot+y)l |. (10.8) 
—H3R 


Then < X(x), VL(x) >= —B < 0. This proves that {S > 0} is positively invariant. 
Similarly, we prove that {J > 0}, {R > 0} are positively invariant. 
Then {(S, 7, R) € R?:S>0,1>0R> 0} is positively invariant for system 


(10.5). Oo 
Therefore, the model is mathematically well-posed and epidemiologically rea- 
sonable since all the variables remain non-negative for all t > 0. oO 


Theorem 10.2.2 Any solution (S,1I,R) of system (10.5)-(10.6) with the initial 
conditions satisfies 


B 
lim sup(S(t) +1) + R@)) < =, where pw = min{“1, 12, 43}. 
LL 


t— +00 ms 
Proof With N(t) = S(t) + /(t) + R(t). 
Adding the two equations of (10.5) and (10.6), we get 


N(t) = B— 4S — pol —y3R 
< B-UN(t). (10.9) 
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According to [2], it follows that 


B — 
N(t)<=—+(N(0)-—)e™. 
im Be 


Thus, as t > ++oo, M(t) < 


El] be 


10.3. Basic Reproduction Number and Equilibria 


The disease-free equilibrium is given by 


B 
Ep = (S°, 1°, R°) = (+.0. 0) ; 
M1 
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(10.10) 


(10.11) 


Proposition 10.3.1 The basic reproduction number for model system (10.5) is 


defined by 


0 
ee fx(S 9) 
Ma+y 


The basic reproduction number Ro represents the average number of new cases 
generated by a single infected individual in a completely susceptible population. 


Proof Note that in this case the disease-free equilibrium 
B 
Eo = (S°, 2°, R°) = (=. 0, 0) 
taal 


and 
A= f2(S°, 0) — (ur +). 
Hence, M = fr(S®, 0), D= pw2+y, and 


_ A(S°,) 


Ro = MD~! 
Ma+y 


Now, let us study the behaviour of system (10.5) with respect to Ro. 


Theorem 10.3.3 


(i) If Ro < 1, then model (10.5) has a disease-free equilibrium Eo. 
(ii) If Ro > 1, then model (10.5) has an endemic equilibrium. 
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Proof Let E = (S, J, R) be an equilibrium point of system (10.5). 
Using the second equations of (10.5), we have 


f(S, 1) = (Hoa + yd; 
therefore, we have 


FISD 
De 


Ma+y 


Let 


f(S° = at ye T) 


O(I) = ns (uo + y) 


lim ®(U/) = fa-—(uot+y), 
I->0+ 
nue O(T) = (u2 + y)(Ro — 1), 


7 wo Sout 
and we also have ®(J) = —(u¥2+ y) with J = 


. When Ro < 1, we have 
M27, Y 

lim, ®(/) < 0; thus, there is not any /* > 0 such that ®(/*) = 0. So system 

I-0 


(10.5) has a free-disease equilibrium Eo. _ 
When Ro > 1, we have lim, ®(/) > 0, so there exists /* €]0, /[. This implies 
I>0 


that system (10.5) has an endemic equilibrium point E*. Oo 


10.4 Stability of Equilibria 


10.4.1 Stability of the Disease-Free Equilibrium 


In this section, we study the local and global behaviours of the disease-free 
equilibrium. 


Theorem 10.4.4 Disease-free equilibrium Eo is locally asymptotically stable if 
Ro <1. Oo 


Proof The characteristic equation of linear system of (10.5) at Eo gives the 
following equation: 
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(<13 - 4) [ (11 = filS°, 0) = 218°, 0) = G2 +) — 9) 


+ fi(S°, 0) fa(S®, 0)| = 0. (10.12) 
We can see that any solution A of equation (10.12) is negative. 
Indeed, the equation (10.12) has negative root 7 = —j3, and other roots are 
given by 


(—p1 — fiS°, 0) — A)(f2(S®, 0) — (ua +) — A) + fi(S®, 0) fa(S°, 0) = 0. 
(10.13) 
By developing (10.13), we get 


+ (wi + fi(S®, 0) — fo(S®, 0) + wa + y)A— 11 fo(S®, 0) + wi(u2 t+ y) 
+ fi(S®, O)\(u2 + y) = 0. (10.14) 


Since Ro < 1, we obtain 
wa + fi(S°, 0) — fa(S°, 0) + ua +y > 0. 


Therefore, by the Routh—Hurwitz criterion, all the roots of equation (10.14) have the 
negative real parts. This shows that equilibrium EF is locally asymptotically stable. 
This completes the proof. Oo 


H3 For all (S, 7) € R*, f(S, Iz) < fo(S®, OVI. 


Theorem 10.4.5 Disease-free equilibrium is globally asymptotically stable if 
Ro< lL. oO 


Proof The proof is based on comparison theorem [13]. Note that the equations of 
infected components in system (10.5) can be expressed as 


i< (AG 0) — (w2 + "Jt (10.15) 


So, we deduce that the constant BS 0) — (u2 + vy) is negative since Ro < 1. 
Thus, /(t) — 0 as t — oo for the system (10.15). Consequently, by a standard 
comparison theorem [13], /(t) — 0 as t — ov, and substituting 7 = 0 into system 
(10.5), S > S° ast > oo. 
Thus,(S, 7, R) > (S°, 0,0) as t + o for Ro < 1. Therefore, Eo is globally 
asymptotically stable if Ro < 1. oO 
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10.4.2. Global Stability of the Endemic Equilibrium 


In this section, we study the global dynamics for Ro > | by using some technical 
conditions. We recall that the endemic equilibrium E* exists if and only if Ro > 1. 


So let: er 
H4: V(S, 1) R2, 4 2s a 
Remark 10.4.2, Assumption H4 can be seen as a technical assumption to have 


dV 
— < 0 and biologically correct because at the endemic equilibrium S* > 0, 


I* > 0, and f(S*, I*) > 0. Oo 


Theorem 10.4.6 Jf Ro > 1, the endemic equilibrium E* is globally asymptotically 
stable. o 


Proof Evaluating both sides of (10.5) at E*, we have 


B= w1S* + f(S*, 1*) (10.16) 
and 
f(S* 1") = (ua t+ yy", (10.17) 
which will be used as substitutions in the calculations below. 
Let 
g(x) =x—-—1-Inx 
and 
S(t) 
Vs(t) = (>) 
I(t 
“ ) (10.18) 
rT I(t-s) 
Vl) = faa )as. 
We study the behaviour of the Lyapunov functional 
S* I* 
V(t) = ———— J; (t) + ———. Vi(t) + Vit). 10.19 
Om tea Ose Oro (10.19) 
We note that g : Ro — Rso has the strict global minimum g(1) = 0. Thus, 
a = I(t) I(t—s) 
V(t) > 0 Vt => 0 with equality if and only if —— = 1, and ———— Tt =1 


for all s € [0, T]. 
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By Theorem 10.2.2, solutions are bounded above and bounded away from zero 
for large time. Without loss of generality, we may assume that the solution in 
question satisfies these bounds for all tf > 0. Thus, V (f) is defined for all t > 0. 

For clarity, the derivatives of V;, V;, and V1 will be calculated separately and 


; _ dv 
then combined to obtain rs 


dv; 1 i S*\ dS 
dt ‘S* S ) dt 


1 iS? 
= (1 Fe wS — f(S, Ie)): 


Using (10.16) to replace B, we have 


aVe 1 (, s* s*_§ st ey 
7 ==( 5) a —S+S.P)— #5.) 
- Fis - s+ =) (1 a). 
Ss S* S F(S*, F*) 
Let 
s t 
a= Ge? Y,=z and oe 


Additionally, let 


f(S,I*2) _ f(S, In) 


F(= = ; 
= FKP) FST 
Then we may write 
ave... Sa=S) JEEP) I F(z) 
qo ae (1 . Fa +=), (10.20) 
i 


Next, we calculate cad 
dt 
dv; __ 1 1 I*\ dl 
dt ‘I* I} dt 
_# 
(f(S, Ip) — Ga + yD) 


: F(S, It) wf 
- 5) (40 I* eT) = —(woty)l =): 


ll 
rile 
a ™~ 

— 


| 
Fle 

_ 
ac e ? 
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Using (10.17) to replace (442 + y)/*, we have 


dV; = ro =)( S(S, Ir) =) 


di r TFSI) FF 
-e—" (1 y “24 F@), (10.21) 


The derivative of V+ (t) is calculated as follows: 


dV4. d f[* I(t—s) 
— g ds 
dt dt 0 [* 


Tad I(t-s 
=f <¢( ee "as 
rod I(t—s 
=) -Fa( = "Vas 
I(t) I(t —T) 
-«(Fe)- (7) 
= g(y) — a(z) 
= y—z4+In(z) —InGy). (10.22) 


Combining Eggs. (10.20)-(10.22), multiplying appropriately by coefficients deter- 
mined by (10.19), we obtain 


dV (S — S*)? 1. F@)  F®) 
= ) In(z) — In(y). 
7 ee rans + In(z) — In(y) 


Fe) ), and inte ©), we obtain 
Xx 


dV _ (S — S*)? (1) (*) @) (2) 
a ' see "lap hg ae Grae | 


By using H4 and the fact that the function g is monotone (decreasing and increasing) 
on each side of point 1 and minimized at this point 1, we get 


(2) 2 (2). 
x y 


dV 
Thus, Te < 0. By Theorem 5.3.1 of [12], solutions limit to M, the largest invariant 


By adding and subtracting the quantity In x, In( 


bset pe 0} 
subset O —_—_ = 5 
dt 
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dV 
We note that a 0 if and only if x = y = z = 1. In particular, this requires 


that for any solution in M we have S(t) = S* and /(t) = I* for all t, and so M 
consists of the single point E*. Thus we see that all solutions limit to the endemic 
equilibrium. E* is globally asymptotically stable. oO 


10.5 Observer Design 


This section is devoted to observers construction, so we consider a dynamical model 
described by 


X(t) = B- pyxi(t) — F(n0. Xo(t — 0). 
Xo(t) = F(n00. Xo(t - 0) — (ur + y)Xo(0), (10-23) 
X3(t) = yX2(t) — 43x3(6), 


where: 


x1(t) = S = the susceptible 
X(t) = I = the infected 
x3(t) = R = the recovered 


and f (x1, X2) = x1 X2, the mass action. We construct two observers, a simple one 
and the high-gain one, and we compare them with respect to their convergence. 


10.5.1 A Simple Observer for an SIR Epidemic Model 


Let us consider system (10.23). The compact set 
D=({(S,I,R) €R?:S>0,1>0,R>0} 
is positively invariant set under the flow of the system (10.23). 


Let y(t) = X2(t) = I be the measurable variable that is the output. A simple 
candidate observer for system (10.23) on the set D is given by 


i) = B- wiki) — f(t. Xo(t — 0). 
Xo(t) = F(t. Kot - 0) — (uy + y)Xa(t) + Lily — Xo), en 


43(t) = yXo(t) — 43.83(0). 
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This system (10.24) is simply a copy of system (10.23) plus a corrective term given 
by L1(y — X2). The parameter L, is a positive constant that will be chosen in order 
to ensure the convergence of estimation error. 


We will denote x(t) = (0, 210) the state vector of the system (10.23) 
and x(t) = (a0, X ) the state vector of the candidate observer (10.24). The 


estimation error is e(t) = (« (t), a(0) = x(t) — X(t). 


Let us make the following assumptions: 
HS: 


1 1 
i, filse(t) + x)ds > 0 and i fa(se(t) + x)ds > 0. 
0 0 


Proposition 10.5.2. The system governed by (10.24) is an exponential observer for 
system (10.23) for L, satisfying 


1 
L, > max (/ fo(se(t) + X)ds — (ua + y); 0), 
0 


ie., there exists a positive real number i such that for all initial conditions 


(so. x(0)) € D x D, one has |X(t) — x(t)| < e~*"|£(0) — x(0)|. Oo 


Proof The estimation error e(t) = (« (t), e2 @) = x(t)—X(t) obeys the following 
differential equation: 


é = Age+ F(x) — F(x), (10.25) 


where 


= 0 -t(me, Xo(t — ») 
Ag = ( , FQx)= 
—wa2-—y—-Li F(n, x09) 


Let us consider the following candidate Lyapunov function for the error equa- 
tion(10.25): 
as 
V(e) =e! Pe where P = 2H 1 
2(u2 +y + L1) 
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we can write 
‘ MOF 4 : 
F(x) -— F(®) = i —(sx + (1 —s)x)dse = R(X)e. 
0 ox 

The explicit expression of the matrix R(x) is 

5 ri ri2 

R(e, x) = ( ; 
r21 122 

where 


1 1 
TI --| filse(t) + x)ds, m=-{ fa(se(t) + X)ds, 
0 0 


1 1 
ro = / fi(se(t) + &)ds, 22 = / fa(se(t) + X)ds. 
0 0 


Therefore, é = (Ag + R(%))e, and then the derivative of V(e) with respect to time 
along the solutions of the estimation error equation is 


Vie) = (PAu + Al P+ PR(k)+ Ry! Pe 


Viejyaer Ge ea Z 
Aa Azz 


aw ‘ 
Au=-1-— [ filse(t) + x)ds 
M1 Jo 


1 fi P 1 I " 
An=-z— false) + ds + = | fi(se(t) + x)ds 


1 ! ‘ae ie 
Ay = oop! i(se(t) + X)ds — =| a(se(t) + x)ds 
2(u2 +y +L1) Jo : 21 Jo f 
1 
Aa =-1+ / a(se(t) + x)ds 
Maty+Li Jo f 
so 


Ve) = (Aiser + Azier)er + (Aize1 + Axer)er 


1 
= (- i ee — | filse(t) + ds )e} 
L1 Jo 
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(Gore | fise() + X)ds — ae false() + Sas Jere 


1 7! £ 
+(- A fo(se(t) + x)ds 4 of filse(t) + Ads Jere 


( ue et: frlse() + ds) 


1 
a (- is — | filse(t) + ds) 
M1 Jo 


% (aaa AGE) pads +f false() + Adds Jere 


( Pa es false(t) + ds) 


1 
ve=(14 ~ [ fivset) + as) 
L1 JO 


1 1 . 1 fr) , 
«(4 | ae. ficsen+ Hast f SE ee 


a e1e2 


1 
1+— f filse(t) + %)ds 
Ki JO 


IS d 
aaah frase(t) + 5) 2 


i iE filse(t) + X)ds 
L1 Jo 


Let 
er — f filse(t) + X)ds), 
Hi Jo 
b = apf filse(t) + X)ds + if eas 
det i ih filse(t) + X)ds 
and 
de sal false(t) + X)ds 


Lt af filse(t) + £)ds 
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The derivative of V(e) can be seen as a quadratic form in e;. Applying the Gauss— 
Lagrange reduction to this quadratic form leads to 


_ V(e) =]; (< + lejeo + he) 


1 i al 2 2 
=| (er + 3/22) - (5 /2e2) + I3e5 


_ 1 2 7) 2 
=1]{ (ey + 3/22) + ar + 13)e5 ), 


where /1, /2, and /3 are functions of the parameters. 
Taking into account the conditions on L;, we can argue that the V is negative 
definite, and this ends the proof. Oo 


10.5.2 High-Gain Observer for an SIR Epidemic Model 


Here, we construct a high-gain observer for system (10.23) using the techniques 
developed in [8, 9]. We denote by x(t) = (a0, xa(0) the state vector of the 


system (10.23). Let g be the vector field defining the dynamics of the system (10.23) 
and h be the output function, that is, y(t) = h(x(t)) = X2(t), and 


B— pixi(t) — fit), X2(t — T)) 


f (xi), X2(t — T)) — (uo + vy) X2(t) 


Q9 
ll 


To construct a high-gain observer for (10.23), one has to perform a change of 
coordinates in order to write the system in a simpler form. Usually, this is done 
by using the output function together with its time derivative. 

Let ® be the function ® : D —> R? defined as follows: 


D(x) = , 
Leh(x) 


where Ly denotes the Lie derivative operator with respect to the vector field g. Thus 


X2(t) 


f (x(t), X2(t — T)) — (u2 + vy) X(t). 


O(x) = 
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The Jacobian of ® can be written: 


dd _ ( 0 1 
dx \ fi, X2@—1) fo@a, Xo —1))-Gaty)/]- 
. d® 
The determinant of aa can be expressed by 
x 
PQ; X2) = — fir; X2(¢ — 7)). 


_ ad. eas. & : 
The Jacobian ae is nonsingular in the region D, and moreover, ®(x)is one-to-one 
x 


from D in (D). So the map ® is a diffeomorphism from Dto &(D). This implies 
that the system (10.23) with the output y(t) = X2(t) is observable. In the news 
coordinates defined by (z1, a)i =z = P(x) = (h(x), Lgh(x))', our system can 
be written in the canonical form as follows: 


w= & ,) 0 ( e 
00 W(z(t)) : (10.26) 


y(t) = 21) = CO, Iz) 
where: A = (5 : C = (0, 1) and 


W(z) = Leh(®!(z)) = LzA(x) = Wa). 


The function w(x) is smooth (it is a polynomial function of x = (x1; X2) on the 
compact set D). Hence, it is globally Lipschitz on D. Therefore, it can be extended 
by v, a Lipschitz function on IR? that satisfies w(x) = W(x), for all x € D. Doing 
as before, we define © the Lipschitz prolongation of the function V. So we have the 
following system (10.27) defined on the whole space R?. The restriction of system 
(10.27) to the domain D is the system (10.26): 


_ 0 
ores ee (10.27) 


y = Cz. 
According to [8], an exponential (high-gain) observer for system (10.27) is given by 


_ AG i a on ee 
=42+( 90) Sg CC’ (y — Cz), (10.28) 


Ne 
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where S(@) is the solution of —OSg — A? Sp — SpA’ + C'C = O and @ is large 


enough. 
Here, 
1 1 
6 
0)= 
S(O) i 9 
2 68 


This observer is particularly simple since it is only a copy of system (10.27), 
together with a corrective term depending on @. For more details of the proof, we 
refer to [8, 9]. 

An observer for the original system (10.23) can then be written by 


os ~ 0 —1 T ss 
=A 7 — $C —C 
Zz :+(,%, | 9 (y Z) 


R(t) = ©! (z(t). 


(10.29) 


Or more simply, a high-gain observer for the original system (10.23) can be given 
by 


A aA d® “Lat " 
$= f@+]— | x S71CTy—h@)). (10.30) 


The expression of observer system is 


1 
AG, X2@—0) 
[0°( fai (1), Xa(t — 1) — w2 — y) — 0°] (X2 — X2) 
Xo = f (RO), Xa(t — 1) — (ua +) X2(0) + 07(X2 — Xr). 


f= B- wiki) — fi, Xt — 1) 


(10.31) 

However, the set D that is positively invariant for system (10.23) is not necessary 

positively invariant for the observer (10.30), and ®(D) is not positively invariant for 
the observer (10.28). 


Therefore, the expressions [les and ®~!(z(t)) are not well-defined in 
x 


xX=X 
general. 

If there exists ® a prolongation of the diffeomorphism © to the whole space R’, 
that is, ® is a diffeomorphism from R? to R? whose restriction to D is ®, then it 
will be sufficient to replace ® by ® in (10.29) and (10.30) and so all the expressions 
will be well-defined. oO 
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10.6 Numerical Simulation and Comments 


In this section, we expose the computation work that supports our study. In this 
computation, the function f is chosen as follows: f (x1, X2) = x1 X2 (mass action). 
x1 represents the state of the susceptible state and X2 the infectious one. In this part, 
we have simulated systems (10.5), (10.24), (10.31) using the parameters given in 
the table below. The results of the simulations are presented in Figs. 10.2 and 10.3 
and illustrate the evolutions of the original state variables and the estimated states 
given by the high-gain observer and simple observer (Table 10.1). 


Susceptible population dynamic when RO>1 


Population 


Oe | 
0 0.5 A 15 2 2.5 3 3.5 4 4.5 5 
time t 
Susceptibles 
Estimate state of Susceptibles by High Gain observer 
Estimate state of Susceptibles by simple observer 


Fig. 10.2 The temporal evolution of the number of susceptible persons (red line) given by (10.4) 
its estimate (blue line) delivered by the high-gain observer given by (10.31) and its estimate (black 
line) delivered by the simple observer given by (10.24) 
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Infectious population dynamic when RO>1 
30 


25 


20 


Re 
uw 


Population 


10 


0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 


‘ time t 
Infectious 


Estimate state of Infectious by High Gain observer 
Estimate state of Infectious by simple observer 


Fig. 10.3. The temporal evolution of the number of infectious persons (red line) given by (10.4) 
its estimate (blue line) delivered by the high-gain observer given by (10.31) and its estimate (black 
line) delivered by the simple observer given by (10.24) 


Table 10.1 Parameters 


Symbols | Values Sources 
values of the model ss 
B 20 Estimated 
Ly 0.1 Estimated 
L2 0.003 Estimated 
y 0.0000027 | Estimated 
6 2 Estimated 


10.7. Conclusion 


In this chapter, an SIR epidemic model with delay in the general incidence function 
is derived. In one hand, the global behaviour of the model system was studied. 
We proved that, if Ro < 1 holds, then the disease-free equilibrium is globally 
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asymptotically stable, which implies that the disease fades out from the population. 
If Ro > 1, then there exists a unique endemic equilibrium that is globally 
asymptotically stable, and this implies that the disease will persist in the population. 
In the second part of this chapter, we deal with state identification, which is 
called nonlinear observer design. We just supposed that the infectious population 
is measured and gave an algorithm that allows to estimate the unmeasured states 
(S(t) and R(f)) that are the susceptibles and the recovered. We construct two 
kinds of observers, a simple one and the so-called high-gain observer. With both 
observers, we reconstruct the unmeasured states. We corroborate the convergence 
of our observers with numerical simulation. For that, we present the curves when 
Ro < land Ro > 1. 
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Chapter 11 m) 
Threshold Parameters of Stochastic SIR ches or 
and SIRS Epidemic Models with Delay 

and Nonlinear Incidence 


Ali Traoré 


Abstract In this chapter, we study stochastic SIR and SIRS epidemic models with 
delay. A nonlinear incidence function that includes some special incidence rates is 


. pany : ‘ 
also considered. Two thresholds Re and Ro of the two models are derived by using 
the nonnegative semimartingale convergence theorem. The disease goes extinct 


. : . aS : 
when the value of RS is below 1, and it prevails when R, value is above 1 for 
any size of the white noise. The comparison between the two thresholds is made. 


Keywords Delays - Stochastic SIR model - Nonlinear incidence - Extinction - 
Persistence in mean 


11.1 Introduction 


The use of mathematical model for understanding the infectious disease dynamics is 
well-established. An SIR (Susceptible, Infected, Removed) epidemic model is often 
used to describe the prevalence of the disease in a population. The deterministic and 
stochastic models are applied to capture the propagation of the epidemic depending 
on the appropriate circumstances [1-3]. The transformation of a deterministic 
model into a stochastic model has been analysed by many authors [4-7]. The 
approach of that modelling random fluctuation consists of introducing parameter 
perturbations in the ordinary differential equations. The noise is introduced by 
replacing the model parameters by the fixed parameters plus an amplitude randomly 
fluctuation. In general, the parameters have great variability depending on the errors 
in the observed and measured data. The noise is hence introduced when some 
variables cannot be measured, and there is a lack of knowledge to illustrate the 
presence of random environment. Recently, Yang et al. [8] introduced a stochastic 
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perturbation into an SIR epidemic model with saturated incidence and investigated 
their dynamics according to the basic reproduction number. In [9], Zhao extended 
the work of Yang et al. by establishing a method to obtain the threshold values of 
the system in [8, 10]. Liu et al. [11] studied the equilibria of the following model: 


dS(t) = (A — pS(t) — Be SGU (t — t)))dt + o1S(t)dBi(t), 


dI(t) = (Be S@)GU — 1) — (uty Fea) ())dt + 091 ()d Bolt), 
(11.1) 


where S(t) and J(t) denote the number of susceptible individuals to the disease 
and the number of infective individuals, respectively. A is the recruitment rate 
of the population, 4. represents the natural death rate of the population, 6 is 
the transmission rate between compartments S$ and J, y is the recovered rate of 
infectious individuals, ~ is the disease-caused death rate of infectious individuals, 
t > 0 is the incubation time, and Be~“* S(t)G(U/(t — T)) is the force of infection. 
The term e~“* denotes the survival of vector population in which the time taken 
to become infectious is t. By(t) and Bz(t) are mutually independent standard 
Brownian motions defined on the probability space (a, P) with a filtration 
{Fi}+>0, and o; and o2 denote the intensities of the white noise. The parameters 
are all supposed to be positive. The initial conditions of system (11.1) are set as 
follows: 


S(@) = 10), 1) = @2(8), 
gi(@) > 0,0 € [-T, O],i = 1, 2, (11.2) 
(91, 92) € C, 


where C denotes the Banach space C([—t, 0]; R?) of continuous functions map- 
ping [—T, 0] into Ri. The threshold value of the epidemic is an important concept 
in mathematical epidemiology and is also important when studying properties of 
the extinction time [12]. However, in [11], the authors did not accurately point out 
the threshold whose value can completely determine the dynamics of the considered 
model. In this chapter, we derive the threshold parameters of system (11.1) and the 
threshold parameters of its corresponding SIRS epidemic model. 

We organize the remainder of this chapter as follows. We establish the threshold 
parameter of model (11.1) that will allow the disease to fade out exponentially 
in Sect. 11.2. In Sect. 11.3, we derive the threshold parameter of model (11.1) for 
the disease being persistent in mean. In Sect. 11.4, we extend the model (11.1) 
to a stochastic SIRS epidemic model, and by using the method stated in previous 
sections, we establish the threshold parameters. In Sect. 11.5, this chapter ends with 
a conclusion. 
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11.2 Extinction of the Epidemic Model (11.1) 


Liu et al. [11] have shown that the model (11.1) admits a unique positive solution 
(S(t), 7(t)) ont > O and that this solution remains in R? with probability one. We 
now focus on establishing the threshold of (11.1). We assume that the function G is 
continuous on [0, oo) and is a twice differentiable function satisfying the following 
hypotheses: 


(H1) G() => 0 with equality if and only if J = 0. 
(H2) G (1) > 0. 
(H3) G (J) <0. 


Remark 11.2.1 From biological view, the three hypotheses are reasonable: 


— Hypothesis (H1) means that if there are no infectives, then obviously there is no 
disease transmission. 

— Hypothesis (H2) expresses the fact that increasing the number of the infective 
hosts increases the chance for the occurrence of new infections. 

— Hypothesis (H3) describes the fact that susceptible individuals take measures to 
reduce contagion if the epidemics breaks out. 


We first start by preparing some previous results. 


Lemma 11.2.1 (See [13]) Let U(t) and W(t) be two continuous adapted increas- 
ing processes ont > 0 with U(O) = W(O) = O as. Let M(t) be a real-value 
continuous local martingale with M(O) = 0 a.s. Let Xo be a nonnegative Fo- 
measurable random variable such that EXq < oo. Define X(t) = Xo + U(t) — 
W(t) + M(t) for allt => 0. If X(t) is nonnegative, then jim U(t) < oo implies 
> 00 

lim W(t) < o, lim X(t) < oo, and —cw < lim M(t) < © hold with 
t00 t>00 100 

probability one. Oo 


Lemma 11.2.2 (See [14]) Let M(t), t = 0, be a local martingale vanishing at time 


0 and define 
t 
out = ff HEME, ¢0, 
0 


(1+)? 
: _ M(t) 
where (M, M\(t) is Meyer’s angle bracket process. Then jim = = Oas 
oo 
provided that jim pm(t) < &. oO 
—> oo 


We now start the study of the model (11.1). 


Lemma 11.2.3 Assume that (S(t), I (t)) be the solution of system (11.1) with initial 
value given by (11.2), and then 


lim sup(S(t) + I(f)) < 00, as. 
t>oo 
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Proof From (11.1), we get 
d(S(t) + I(t) = (A — w(S() + 1M) — (vy + @)t + 0 Sd By (t) + 021d Bo(t). 


(11.3) 
The solution of Eq. (11.3) satisfies the following inequality: 


A A\ _ 
Mees > (so +1(0) *) ect 
Mb bh 


t 
=@= y | e HUI T(s)\ds + M(t), 
0 


IA 


A A\ _ 
— + (sm +10- *\e HT M(t), 
HM Hu 


t t 
where M(t) = oj / e HC—® S(k)d By (k) + op / e "1 (k)d By(k) is a con- 
0 


0 
tinuous local martingale with M(0) = 0 a.s. 
Define X(t) = X(0) + U(t) — W(t) + M(t), with X (0) = S(O) ++ 7(0), U(t) = 


A a _ 
“(1 — eM), and W(t) = (S(O) + 1(0))(1 — e~*) for all t > 0. 


It follows that S(t) + I(t) < X(t) a.s. Moreover, U(t) and W(t) are continuous 
adapted increasing processes on t > 0 with U(O) = W(O) = O. In addition, X(t) 


is clearly nonnegative and jim U(t) = — < o. Then, from Lemma 11.2.1, we 
oo (2a 
deduce that lim X(t) < oo, which implies lim sup(S(t) + I(t)) < 00. Oo 
t+ oo too 


Lemma 11.2.4 Assume that (S(t), I (t)) be the solution of system (11.1) with initial 
value given by (11.2); then 


t t 
lim al 0 S(E)dB (€) =0 a.s: lim -[ oI (E)dBo(E) = Oa.s. 
t>o t Jo t>o t Jo 


Proof Let denote 


t t 
M(t) =01 [ S(E)d Bi (&); Mp(t) = 02 i 1(&)d B(E). 


18 t 
Compute that (M1, M;)(t) = of | S?(é)dé and (Mp, M>)(t) = o} [ Pee. 


t S(é)d 
Then, lim py,(t) = lim of ()d5 < 
too t—> 00 0 d+ &)2 


Lemma 11.2.3, we get a? sup{S7(t)} < oo. Thus, jim pm,(t) < oo, and by 
1>0 00 


o; sup{S?(t)}, and from 
t>0 
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= 0 as. By the same technique, we 


M(t) 
t 


Lemma 11.2.2, it follows that lim 

t>oo 

M(t) 
t 


prove that lim =Oas. 
too 


1 t 
In the remaining part of this chapter, we set (y(t) —% / y(s)ds. 
0 


Theorem 11.2.1 Let (S(t), [(t)) be the solution of system (11.1) with initial value 
given by (11.2). Let define 


1 poe ae 
Rs = —_——_( BAG (0 = 4.) 
Te ae OG a) 
If R> <1, then 
InJ 
ie Shree a)(R§ — 1) <0as. 
t—0o t 
| 
In addition, 
: A 
lim (S(t)) =—. (11.4) 
t>oo (co 
Proof By summing the two equations of (11.1) and integrating, we get 
S(t) + T(t) — SO) -— 10) — Milt) — Mat) 
t t t 
=A-pn(S@)—-(ty +a). 
Therefore, 
1 M(t) Mot) S(t)+J7(t) — S(O) — 10) 
(sq) = [A+ le Be (u+y+ay(1o)]. 
pL t t t 
(11.5) 


On the other hand, applying It6’s formula to the second equation of (11.1) yields 


G(/(t — T)) 


2 

9% 
— — By(t). 
TO (uty tas 2) lar + ond 2(t) 


din(I(t)) = Be" 50 
(11.6) 


If assumption H2 holds, then 


2 
din(I(t)) < [BG (O)e"* S(t) — (u +y+at “2 ) jar + ord Br(t), 
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and by integration, we get 


In(/(t)) — In (0)) 
t 


2 
< BG (Oe (S(0)-(wty tae 2), 280. (11.7) 


Substituting (11.5) into (11.7), we obtain 


, pT 2 , PT 
ntO < pac oo — -%— wry +ay+peo— [MO , BO 
t wb 2 LL t t 
S T(t) — S(O) —I10 
qty +t) SOHO = 80-10) 
4 22 Balt) 4 Inet (0) (11.8) 


t t 


From inequality (11.8), we derive 


In I(t) Mi(t) | Mo(t) 


t t 
S(t) + I(t) — S(O) — 10 
t 


s ! et 
S(u+y +R} — 1) +86 O——| 


—(uty tal) 
4, 2Bo(t) | Int) 


t t 
(11.9) 
Further, from the law of large number, we have 
Bott 
tim 22 _ 9 (11.10) 
t>oco ff 
Moreover, 
M(t Mot S(t) + I(t) — S(O) — TO 
sim | Oe 0 (t)+ en (0) O'} =0. (LAD 
> 00 


due to Lemmas 11.2.3 and 11.2.4. 
In view of (11.10) and (11.11), taking the limit superior on both sides of (11.8), 
if RS < | and by the fact that /(t) > 0, we get 


. In/(t) 
lim sup ——— 
t>00 t 


< (uty +a)(Ro - 1) <0as., 


which implies that 


lim I(t) =Oa-s. (11.12) 
t> © 
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We now verify (11.4). From (11.5), (11.11), and (11.12), we obtain 
. A 
lim (S(t)) =— as. 
t>oo pL 


This completes the proof. oO 


11.3. Persistence in Mean of the Epidemic Model (11.1) 


In this section, we derive a sufficient condition for the persistence in mean of the 
epidemic model (11.1). For that, we start by defining the notion of persistence in 
mean. 


Definition 11.3.1 ({10]) System (11.1) is said to be persistence in the mean if 


liminf(Z(t)) > Oa.s. 
t>oo 


The following previous results will be used to attend our goal. 


f G I 
Proposition 11.3.1 ((15]) G () < uae oO 


Lemma 11.3.1 (See [16]) Let f ©€ C([0, 00), (0,00)). If there exist positive 
constants X49 and id such that 


t 
In f(t) => At — io f f(s)ds + F(t), as. 
0 
_ Fi) 
for allt => 0, where F € C[[O, c), (—00, 00)] and jim eee = 0as., 
—>oo 
then 


liming fa) S = 
im inf ( f(t)) > via 


oO 


Lemma 11.3.2 (See [16]) Let f € C([0, 00), (0,00)). If there exist positive 
constants X09, 4 such that 


t 
In f(t) < At — ro f f(s)ds + F(t), as. 
0 


F(t 
for allt => 0, where F € C((0, 00), (—o, c©)) and jim “oO = Oas., 
—> oo 
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then 


ny 
lim sup (f (t)) <—ass. 
t>oo ho 


We now state the result of this section as follows. 


Theorem 11.3.1 Let (S(t), [(t)) be the solution of system (11.1) with initial value 
given by (11.2). Define 


If R, > A, then 


pelt 
ot) 


Proof From (11.6) and by using Proposition 11.3.1, we obtain 


lim inf (7 (0) > (R —l)a.s, lim n sup (I()) < He (RS —las. 


7 3G (0) 


2 
din(I(t)) > Be" 5(NG (1) - (u +y+a4 72.) Jar + ond Bo(t). 
A : a : ; 
Note that S < —, and if condition (H3) is satisfied, then 
i 
RY nis o5 
din((t))>|BG(—Je"S@-lutytat a dt + ord Bx(t), 
a 


which yields after integration 


In (¢)) 
t 


“— i o2B2(t) 


ae o5 
i de ae ee : 
(11.13) 
By substituting (11.5) into (11.13), we get 


InJ ee eee (A 
ns pag (2)° - 2 —+y+a+e0 (2) 


2 
M. 
+0 —(utyta)IO} 


Bolt InJ(O 
s% att) sae 


= Ee 
[pL t 
S(t) + T(t) — S(O) — ro 

t 
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This inequality can be rewritten as 


= 5 /(A\ et F(t) 
> (uty +a)(Ry — 1) po'(*) ; (uty +ayI(t)) + —, 


In I(t) 
t 


where 


1(A\ et 
FQ) = BG (*) [:Mi(e) + Ma() — S@) - 1) + $0) + 10 
wy be 
+ 07Bo(t) + In1(0). 
From Lemma 11.3.1, we have 


lim inf (1 (#)) = eae iy, 
pe) 


On the other hand, inequality (11.9) can be rewritten as 


/ SNe 
AIO SG ty +R} ~~ BOOTH ty rato} TP 


Therefore, from Lemma 11.3.2, we derive 


[LT 
lim sup (J (t)) 2a 


Pee] 
565 ~ BG'(0) 70: 


This completed the proof. Oo 


Remark 11.3.1 The value ean < 1 will lead to the extinction of the epidemic, while 


~S > : “ae aS, , 
the value Ry > 1 will lead to the disease prevailing. We have Re > Ro with equality 
if the incidence function G(/) = J, that is, when the mass action incidence function 
is considered. oO 


11.4 The Threshold of the Stochastic SIRS Epidemic Model 


Now, we will study an extension of the model (11.1). We are not interested on 
the existence of the unique positive solution for the considered model since it can 
be proved by the standard process (see [5, 11]). We consider that the recovered 
individuals lose immunity and return to the susceptible class at rate €, and then 
(11.1) takes the form 
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dS(t) = (A — pS(t) — Be“ SGU (t — t)) + eR(t))dt +0,S(t)dB(t), 
dI(t) = (Be SG (t —TtT)-(Qutyt a)I(t))dt + 021 (t)d Br(t), 


dR(t) = (v1) — (w+ OR())dt + o3R(W)AB3(0). 
(11.14) 


By summing the three equations of (11.14) and after integration, we get 


SO+IMO+ RO —~SO)-1M-RO) MO MoO M30 _ 


A 
t t t t 

—w(S(t)) — (uty +a)(I)) — u(RO), 

(11.15) 
t 
where M3(t) = of R(E)d B3(&). 
Moreover, from the last equation of (11.14), we obtain 
ol R(t)— RO) | M3(t) 

(R«) = [Mo +4 | (11.16) 


We state the following result. 


Theorem 11.4.1 Let (S(t), 1(t), R(t)) be the solution of system (11.14) with 
positive initial value. 


In (t 
(1) FRE <1, then imap" 


too t 


<(utyt+a)(Ri —1) <0as. 
(2) If Rp > 1, then 
(uty Fae 


a 
(= 4 ane 7) 
Ute 


lim sup (7 (t)) < (RS —1) a.s, 


or BG'(0) 


(uty Fee 


po (2)(r*" nm a) 


(RR, — 1) as. 


and lim inf (I(t) > 
tc 


Proof Equation (11.15) shows that 


(S(t) = : [A + M(t) + M2(t) 4 M3(t) 
LL t t t 
t 


—(u ty +ay{1) = n(RO)]. (11.17) 
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Plugging (11.16) into (11.17) gives 


(s@) = ~[A+ Milt) 4. Ma) € M3(t) 
a t t bre t 
S(t) + I(t) — S(O) — I(0) 
t 
€ sO) 
+e t : 


(uty+at FeO) 


(11.18) 


Since the second equations of systems (11.1) and (11.14) are the same, then 
equations (11.7) and (11.13) are also satisfied for system (11.14). 
Replacing (S (t)) by its expression in (11.7) gives 


: pT 2 ; PT 
nt < pac —-~%— wey +ay+ pe @2— [MO 4 BO 
t bw 2 t t 
€ M3(t) Yu 
ae 4 ~Gty teats @) 
S(t) + I(t) — S(O) — IO) € ROW BO) 
t Ute t 
o2Bo(t) InJ(0) 
t ft 
That is 
In I(t) M(t) Mo(t) « Ms3(t) 


! e ht 
<Uty FOR) —1) +66 O——|= re 


S(t) + I(t) — SO) — 10) 
t 


yu 
—(utytat not) 


e R(t)- AO) 2 02 Bx(t) a In (0) 
ute t t t — 


(11.19) 


As in Sect. 11.2, taking the limit superior on both sides of (11.19) yields 


In I(t) 


; <(utyta(Ri-) <0as., 


lim sup 
too 


which completes the result 1). 
Replacing (S (t)) in inequality (11.13) gives 
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—pTt 2 
In I(t) > gag (Ay? po fi Siar de ay espe (oy! [a0 a M(t) 
t iv 2 t t 
e Ms3(t) YE 
Ree a ee ease ree a) 
S(t) + I(t) — S(O) — 10) € | 

t Ute t 

otal ‘ a" 


which is equivalent to 


In I(t) 


~S§ i({ A\ eT H™ 
z= (uty +a)(Ro — 1 pa ( ) (uty tar 2 Jiro) 
wy) pb + 


t 


where 


if e Ht € 
E@ = BG (*) [ Mi) + Ma) + Ma - Si) - 10 
wu) pw +e 
+5(0) + 1(0) —- ——(R(t) — RO)] + 07By(t) + InI(0). 
Ute 


From Lemma 11.3.1, we obtain 


(uty +ajet™ 
([A\(et+ty+a 4 
G + 
(Z)( ML res 


Inequality (11.19) shows that 


lim inf (7(1)) > 
tc 


In J(t) 


! HE 
S(U+Y + a(R} ~~ BGO (utyta+ 2 Jin) 


E 
+20 
t 


Using Lemma 11.3.2, we get 


(uty tae s 
pay pe y 1) as. 


Me 


lim sup (7(2)) < 
oe BG'(0)( 


This completed the proof. oO 
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11.5 Conclusion 


In this chapter, we considered two stochastic delayed SIR and SIRS epidemic 
models. For both models, a nonlinear incidence function that includes some special 
incidence rates is considered. We established sufficient conditions for extinction and 
persistence in the mean of the epidemic for each model. The thresholds that allow 
extinction and persistence are obtained. We found that, for each epidemic model, 
these thresholds are equal when the mass action incidence function is considered, 
that is when G(J) = I. 
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Chapter 12 ®) 
Weak Solutions for Nonlinear eck oe 
Boltzmann—Poisson System Modelling 
Electron—Electron Interactions 


Mohamed Lazhar Tayeb 


Abstract The existence of weak solutions of an initial boundary-value problem of 
a Boltzmann—Poisson model is studied. A dynamics describing electron—electron 
and electron—impurity interactions is considered. A fixed-point procedure is used to 
construct a weak solution for a regularized system, using the compactness properties 
of dynamics. Useful uniform estimates are established and used to carry out the 
proof of existence of the unregularized system. 


Keywords Kinetic transport equations - Semiconductors - Entropy dissipation - 
Velocity-averaging lemma - Free energy 


12.1 Introduction 


Our aim is to analyse the existence of solutions for a nonlinear Boltzmann—Poisson 
system. Let f = f(t, x, v) be a distribution function depending on the time variable 
t and the phase variable, (x, v), belonging to a domain Q = w x R?, where the 
dimension d € {1, 2, 3} and w is a bounded subset of R?. The dynamics of collisions 
we considered in the present analysis takes into account the electron—impurity and 
electron—electron interactions [16]. Electron—impurity interactions are elastic, given 
by 


Qo(f)(v) = I. oo(v, |ulw)(f(ulw) — f(v))dw, (12.1) 


where S¢—! is the unit sphere of R¢ and oo is the cross-section of electron— 
impurity collisions, assumed to satisfy the detailed balance principle detailed later 
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on. Electron—electron interactions are trilinear, preserve mass, momentum, and 
kinetic energy, and satisfy the Pauli exclusion principle: 


O1(f)(v) = [aw v1, v', v,)S(v + vy — v! — v4)8(Jv/? + Juy|* — |v’|? — |v} /*) 
R 


x [fF AA- Ad - fi) — fAd — fd — f)]dvidv'dyy, 
(12.2) 


where 

f=fe), fi=feod, f=fe), =f, 
and 6 is Dirac distribution. We notice that the presence of the product term 5(v + 
vp—v v})d(jv/? + |u|? — |v’? — lv} |”) means that the first and second momenta 
(in velocity) are conserved during collisions. Indeed, if v and v are the velocities 


of two particles before collisions and v’ and vj their post-collisional velocities, then 
the conservation can be expressed by the following relation: 


v+u, =v +0}, 
. (12.3) 
Jul? + us|? = |v’|? + |v} | 

Using (12.3), we have 

v =v—(v—-v,-w)w, vp =v t(v—v-w)w, (12.4) 
where w belongs to S4—! and (v — v1) - w) is the inner product between v — v; and 
w. The function oj is the cross-section associated with electron—electron collisions, 
depending on |v — vy| and (v — vj - w) [31]. By writing 


o1(v, v1, 0’, vj) = Biv — v1, w), 


we can rewrite Q as follows: 


ain =f f Bw — v1, 0) [fd —Ad— Ad 
R¢xs¢-! 


FAA fA — fO]duidw, 


where v, v1, v’, and v} satisfy (12.4) [31, 45]. 
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The transport equation satisfied by the distribution function f is the following 
Boltzmann equation: 


af +u- Vif + E- Vo f = (Q0+ O1)(f) = O(f). (12.5) 
The electrostatic field is self-consistent solving the Poisson equation 


E=—V,®, 
-s.0=0= fav’ (12.6) 
Rd 


We assume that the initial value of f is given, its boundary satisfies the condition 
of specular reflection on the boundary 92 = dw x R¢, and the potential © satisfies 
the Dirichlet condition: 


f(t =0,x,v) = fot, v) (12.7) 
f(t,x,v) = f(t,x,v), (x, v) € dQ, (12.8) 
O(t,x) = Oot, x), x € da, (12.9) 


where v = v — 2(v- n(x))n(x) and n(x) is the unit normal vector to dw at the 
position x. 


12.1.1 Assumptions and Notations 


We assume that the cross-section oo of electron—impurity collisions satisfies the 
detailed balance principle [13, 14, 16]: 


0 < a0(v, |v|w) = oo(|v|w, v), V(v, w) € R4 x SA", 


(H1) 
i o(v, |vjw)dw<Co, WeR4, 

sd-1 
and the cross-section B of electron—electron collisions satisfies 


Be Li(R! x St), 
B(z, w) depends only on |z| and |(z- w)|, 
my lim B(z,w)=0, lim B(z, w) =0, 


|z|>0 \(z-w)|>0 


VR>0, |[z| > 1, / / Biv, w)dwdv = o(1 + |z|”). 
|u—z|<R J S@-l 
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The initial data fp and the boundary data ®o satisfy 


0<fox<l, [a + |v") fo(x, v)dxdv < +00, 
(H3) @ 


@jy > 0, Bo € LX (Rt; W2™(w)) and 4,29 € L® (Rt; L™(o)). 


loc loc 


In all the sequel, f, fi, jf’, and f{ denote, respectively, the functions 
f(v), fr, fv‘), and f(v;). 


The phase space and the incoming and outgoing parts are denoted by 


Q=oxR!, T=dwx RS, 
T* = {(x, v) € Q/ tv- n(x) > Of, 
do, is the elementary measure on the surface dw. 


The charge and current densities and the kinetic and potential energies stand as 


as) = [ fdv, jaf uf (t,x, v)dv, 
Rd Rd 


(12.10) 
Ko= f lvl? f(t, x, v)dxdv, ven = f ot.nea.ndx, 
Q o 


By extending the boundary data ®o in a harmonic way on @ (denoted also ®g): 
Eo = —Vx®o, — A®p = 0, 
we can rewrite our Boltzmann—Poisson system as follows: 
Of +u-Vef + (E+ Eo): Vof = (Q0+ Q1)(f) = Of), 


E=—V,®, 


—-A,®=o0= i fdv, 
Rd 


(BP) 
f(t =0,x,v) = fo(x, v), 
f(t,x,v) = f@,x,v), (x, v) € dQ, 
O(t,x)=0, x € da, 

where 


v=v—2(v-n(x))n(x), 
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Qo(f)(v) = I. oo(v, |ulw)(f(ulw) — f(v))dw, 


A(f)(v) = / eae wif Ad - fd fd 


R¢xS 


fAd— fd — fplduidw. 


Our main result is the following: 


Theorem 12.1.1 Assume that d < 3 and (H1)—(H3) are satisfied. Then, the 


Boltzmann—Poisson system (BP) has a weak solution (f, E) satisfying 


fEeLPRt; LINL™Q), O< fl, IFOlnig@ =Ifollzia, ae. 


d+2 


Ee L® (Rt; [Wt @)]%), 


t +f WP, x, vidxdv-+ f 1e@)Pax+2 f a(t, x)go(x, t)dx € L® (RT). 
Q 7) 7) 


The analysis of the existence of solution is detailed as follows. The next section 
is devoted to the properties of the collision operators Qo and Q, (Sect. 12.2). Then, 
we recall some basic properties of the Vlasov equation posed on the free space 
with a given and regular potential. These properties are useful to apply to the 
penalization method due to S. Mischler [49] constructs a solution satisfying the 
specular reflection boundary condition, giving a solution of our Boltzmann equation 
with prescribed potential. In Section 12.4.2, useful uniform estimates on 9, j and 
K are proved. These estimates are enough to prove the stability results obtained by 
P.-L. Lions [45], based on the fact that Q; is a pseudo-differential operator and a 
velocity-averaging lemma (Sect. 12.4). Section 12.6 is devoted to the proof of the 
existence for the coupled setting. 


12.2 Properties of the Dynamics 


12.2.1 Continuity of Qo 


Lemma 12.2.1 The operator Qo is continuous on L?(R¢) for all p €[1, oo]. O 


Proof of Lemma 12.2.1 This result is based on the co-area formula [32]. Let us 
consider the function ¢ : R4 + R* € C?(R%) with a finite number of critical 
points. By denoting dS, the unit surface: 


S, := {v € R¢/e(v) =r} 
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and N(r) := {v € R¢/e(v) =r}, then 


dS;(v) 
|Vye(v)| 


’ 


Ny) = i i: et GOS 
{v/e(v)=r} 


and if f € L'(R%), then 


+00 
i fdv =i {f roan ar. (12.11) 
Rd 0 {veR4 / &(v)=r} 


As a consequence, f € L©(R¢) implies for almost every R > 0, fisr € 
L™©(Sr, dNp) and 


lig: Le ney: (12.12) 
By denoting 
roves / oo(v, |vlw)dw, (12.13) 
gd-1 


we can rewrite Qo as follows: 


Qo(F 900) = ff ov(v, lulw)f(lvlw)dw — xo(v) £0. 


Using the assumption (H1) and the fact that x9 is bounded, we get the continuity of 
Qo on L™. Indeed, 


O< x0(v) < Co and |Qo(A)ilz~eay < 2Coll fll ropa): 


By the same argument, using the co-area formula (12.11), we can prove the 
continuity of Qo on L!(R¢) : 


/ OuCAidv = 2 xollzwll Flips: 
Rd 


The continuity of Qo on L? is deduced using interpolation argument due to M. 
Riesz-Thorin and Marcinkiewicz (see [18], page 77). 
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12.2.2 Entropy Inequalities and Invariants of Collisions 
Lemma 12.2.2 


1 
i Qo(f)gdv = -;f oo(v, |vlw)(f(vlw) — f(v))(g(ulw) — g(v))dudw, 
Rd 2 JRdy sd! 


1 / / 
/ aufedv = - [ Biu— v1, w)lg + 81-8 — sil 
Rd 4 JIR2dy gd-1 


{f/f -Ad—- fd — fAd -— (90 — fp}duduidw, 


where v’ =v—(v—vj.w)w and vi =v, + (v — vj.w)w. In particular: 


Lemma 12.2.3 H-theorem 
For all increasing function H, 


i Qo(f)H(f)dv < 0, 
Rd 


[outros A aav <0, ¥ f e011 
Rd dome 
Lemma 12.2.4 Invariants of collision and equilibrium state 
1 
i ovr ( , av =0 (12.14) 
Rd g(lul*) 
and 
1 
i O.(f)} v |dv=o0. (12.15) 
R¢ 2 
|v| 
Moreover, 
1 
(Qo+ O(f)=06 4u,T / fw) = ———. 216) 
1+ exp PEP =HGD 


12.3. Free-Space Vlasov Equation 


Some basic results related to the Vlasov equation for (x, v) € R74 (12.17) are used 
to construct a solution satisfying the reflexion boundary condition. To do this, we 
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expect some estimates on the trace of the solution of the Vlasov equation to give a 
sense of all solution satisfying (12.8). 

Let E € L}.(R? x Rt), A € L® (R™ x R*), and G € L® (R™ x Rt). We 
consider 


Agftaf = ftu.VxftE Vy fti(x,u,0f =G, (x,v)€R™4. (12.17) 


Definition 12.3.1 We say that a function f € L i (IR*4 x Rt) is a weak solution 
of (12.17)-(12.7) if for all yw <¢ Cl(R™ x R*), 


/ {fArw —Aw)+Gw}+] fow(O,x,v) =0. (12.18) 
Rt R2d JR2d 


We notice that the concept of weak solution is related to the sense we give to 
its trace on the boundary, which depends on the regularity of its coefficients. Such 
a problem was studied for example of the case of free transport (E = 0), for the 
netronics (EF = 0 andv e€ s¢-1) by V.I. Agoshkov [2], M. Cessenat [22], L. 
Arkeryd, C. Cercignani [4] and few years ago by S. Mischler in the context of the 
Boltzmann equation. The case of Lipschitz force field was analysed by C. Bardos 
[7] and N. B. Abdallah [12] using the characteristics: z = (x, v) and Z = (X, V) 
satisfying 


dZ 
a t, z) = (V(s; t, 2), E(t, X(s; t, z))), 
Z(t; t,z) =z. 


(12.19) 


This implies that the solution of (12.17)-(12.7) is given by: 


Theorem 12.3.2 ((Existence) [7, 49]) Let p € [l1,oo], fo € L? (R74), Ee 
wlocr? x [0, 7]), G € L}, (Rt; L?(R4)), and € LP (R74 x Rt). Then the 


solution of (12.17)-(12.7) reads as 


t 


f(t, 2) = fo(ZQ; t, z))exp {- A(s, Z(s; t, eds} 
0 


(12.20) 
t t 
+/ G(s, Z(s3 t, z))exp {-/ A(s’, Z(s's t, 2ds'| ds 
0 Ss 
and satisfies the weak maximum principle 
G>O0& fo=0, whichimplies f(t,x,v)>0. (12.21) 


Moreover, i € L®(R@ x [0, T]) and A > Ag; then f € L©(0, T; L?(R*4)) and 


t 
sup [f@)lze@ey < lollzeqaye + [ G(s) I gvqueaye Cds. 
se(0,t] 
(12.22) 
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12.3.1 Renormalized Solution 


This concept of solution also called weak—weak solution is introduced to give a 
sense for PDEs presenting coefficients without enough regularity [24, 25]. It consists 
in considering an equation satisfied only by some 6(f) for a class of functions £, 
generally, in ye . The definition of renormalized solution for the Vlasov equation 
is given by: 

Definition 12.3.2 Let f € Li Rn x R*). We say f is a renormalized solution 


for the initial value problem (12.17)—(12.7) if for all B € W!-(IR), the function is 
a weak solution of 


AEB(S) = BFMG — Af), 


B(f)(t = 0) = (fo). 


We notice that we need to deal with this concept of solution if the regularity of f 
and E is not enough to deal with E - V,wf in i . The functions B € LP. and 


loc 
Ee De This is enough to define E - V»WB(f). S. Mischler explained twenty 


years ago the relation with weak and weak—weak solution for a Boltzmann equation 
associated with a quadratic collision operator [50]. 


Theorem 12.3.3 ([49]) 


I. Let p € [1, oof. 
Let f € L®.(R*; L? .(R™)) be a solution of (12.17)(12.7). Then, for all 
re[0,T], f(t,.) € LP (R™) and 


fecm’; LL.) 


and for all open and regular subsets O of R4, the trace of vf is the unique 
function 


Vp € Lye (GO, (v.n(x))*doydvds) 


satisfying the following Green formula: 


J [tracy -2 + Gniaxavar 
to O 


t t 
= | f ft, | +f yr (u.n(x))do,dvdt 
O to tod dO 


for all to, t1, for all y € D(R*4 x Rt) such that y = 0 onTo x Rt, (To = 
PN {v-n(x) = 0}). 


(12.23) 
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2. Let p = +00. 

Let f € L® (R™4 x R*), a weak solution of (12.17)-(12.7). Then f (t, .) is 
defined for all t, and y¢ is given by the formula (12.23) and satisfies 

Feces 


loc 


) Va<oo and yp € LR(dQ x Rt, do,dvdt). 
- (12.24) 
Moreover, (12.23) is satisfied for all wy € D(Q x R*). 


12.3.2. Penalization Method 


We consider a force field E defined on w x [0, T]. We will denote, in the sequel, by 
E its extension by zero outside @ x [0, T]. Now, we shall explain how we construct 
a solution for the Vlasov equation satisfying the specular reflection boundary 
condition (12.8) in the sense of the following definition: 


Definition 12.3.3 A function f € Le (2 x Rt) is said to be a weak solution of 
(12.17)-(12.7)-(12.8) if 


[ {f(Agw —Av) + Gw)dxdvdt+] fow(O, x, v)dxdv = 0, (12.25) 
Rt+xQ Q 


for all y € C!(Q x Rt) and w(t, x, 0) = Wit, x, v) sur P~ x R*. oO 


The method of construction of a weak solution, in the sense of the previous 
definition, consists in using the free-space equation with a “strong force field” 
tending to confine in Q°. To do this, we define a function 6 € W2(R¢), which is 
equal, on a neighbourhood ‘VV of dQ, to the distance d(x) = dist(x, 0&2) and that 
d(x) = 69 > 0 outside V. Let 6(x) = d(x) X{reQe}; 6(X) := dist (x, Q) sur V. The 
vector n(x) = V,d(x) does not vanish on a neighbourhood W of dQ. We define, 
for all x € W, the projection IT, on (n (x))t by 


VueR?, v=(n(x)-v)n(x)+ Tv et n(x)- Tv =0, 
and we extend I, arbitrarily outside W. 


Let g € D(R! x Rt), supp(y) C Q x Rt, 6 € D(Rt), O(0) = O, and 
W € D(R®). We consider the set of functions y € D(R24 x Rt) such that: 


W(x, v, t) = g(x, 0 ((v.n(x))?) (Ty v). (12.26) 


Using density argument 12.3.3, the previous definition is equivalent with: 


Lemma 12.3.5 ([49]) A function f € Lh e(QxRt) is a solution of (12.17)-(12.7)- 
(12.8) if 
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/ {f(Agh — Aw) + Gw}dxdudt +] fow(t, x, v)dxdv =0 
RtxQ Q 


for all function satisfying (12.26). Oo 
The existence result of weak solution is given by: 


Theorem 12.3.4 Let p € [1,oo], fo € L?(Q), G € L'(0,T; L?(Q)), E € 
L'(0,T; W'?’'(w)), anda € L?’(Q). Then, (12.17){12.7): 


f €L@ (Rt; L™(Q))NC(Rt; L?(Q)), Vp € [1, oof. 


IfXi>do, a.e., then 


t 
sup If (Ilze@) < I follae@e*” + / IG(s)Iloqe "ds (12.27) 
se[0,t] 0 


for (p,q,r) such that 1/p + 1/q = l/s < 1, r = pU-—I1/q), E é€ 
L'(0, T; L4(@)), and for all compact subset K C dQ x [0, T], the function f 
has a trace 

vp € L'(K; |v.n(x)|doxdvds). 


Moreover, there exists a constant C(K,r, ||E|lr10,7: La(w))) Such that 


lyf llr cK: |u.n(x)|\do,duds) S C(K,r, WEllnie,r: L4(w)))* 
Proof The proof is based on the idea introduced in [25] and used in [49]. 
We define the force field E by 


Ef = E-— ——n(x). (12.28) 


EB’ e Le (Rt; Wee (R?)). An application of the previous results (Theo- 
rem 12.3.2) implies 


sup || f° @)Ilzooqqzay S C(T, II foll toca), IIGllizi(0,7; r-(R%))- 
se[0,T] 


By passing to the limit in the Green formula satisfied by the solution of the free- 
space Vlasov equation with the following family test functions: y~ € D(Q x R*), 
satisfying 


4, 0) 
We = OV = G(x, t)0 (« -n(x))° + 2) W(Ixv), 


306 M. L. Tayeb 


where ¢, 0, and W are defined in (12.26), we get 
i f° {O.V (9 + v.Vig — Ag) + PV: Vx0_ + E* -Vy6e)} 
R24 yRt+ 


+f {90.(v- Vx + E® - Vy) + Ged,W} dxdvdt = 0. 
R2¢dyRt+ 
By remarking that 6(x) = 0 on a, we infer that 


£0. = fPOXa(x) > fOXe(x) in L®, 


2] 9! 2, ©) 
v- Vx0¢ + E® - Vy0e = v- Vx [(u-n(x))*] O ( (v- n(x)? + | + E08, 


and 


E* Vy = (E- PO nw) »Vy (YC yv)) = Es (ATV Y]C1, 0), 


leading to 
/ f {OVO +u0- Vig —Ag) + QV: Vx9O+ E- VyO)} 
R24dyRt+ 


+f {p0(v-Vy»V + E- Vy WV) + GyOW} dxdvdt = 0, 
R2¢dyRt+ 


which is equivalent to 


i: {fw +u-Viw+E- Vow —Ap) + Gw}dxdvdt =0 
R2¢@xRt+ 
for all y satisfying (12.26). Then, f is a weak solution of 
Agf+af=G, (x,v) €Q, 
f@=0) = fo, 


f(t, x,v) = f(t, x, v), (x,v) eT, 


where v = v — 2(v- n(x))n(x). 
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12.4 Equation of Boltzmann with Specular Reflection 
Boundary Condition 


This section is devoted to the existence and uniqueness of a weak solution of the 
Boltzmann equation satisfying the reflection boundary condition (12.8), given by 
this formulation 


/ {fArw + O(f)Whdxdvdt + i fo(x, v) W (0, x, v)dxdv = 0 (12.29) 
QxRt Q 


for all y € C}(R*4 x R*) and satisfying (12.26). 


12.4.1 Existence of a Weak Solution 


Theorem 12.4.5 Let E € L}, (R+; W!(w)). Then (12.17) has a weak solution 


loc 
satisfying 
f €L™R*; LIN L™(Q)) NCR; L?(Q)), Vp €]1, +o, 
O0<f<l, (12.30) 


IFOllzicay = I follz1~@- 
Furthermore, its trace yt on 1 x]0, T[ satisfies: 
For all p,q €]1, «[, 1/p+1/q = 1/s < 1, r= pC — 1/q) = 2 and for all 
compact subset K CT x [0, T], we have 
yp € LOT x Rt, doydvds)N L'(K; |v.n(x)|do,dvds) 
lye Ilan: |u.n@)|doydvdsy < C(K,r, JE lltico,r: aw): 
Proof of Theorem 12.4.5 We define, for all f, its extension f by 
0 si f <0, 
fE.x0N=4 Cx.) si Off <1, 
1 si f>l. 


We also define the function F on [0, 1]* as 


F (x1, 2,3, X4) = x3X4(1 — x1) C1. — x2) — x1x2C1 — x3)(1 — x4). 
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We have 


sup || dx; F'llz°,1) = 2. 
l 


For all f and g, 
lf-al<lf—-el 
and 
|O(f) — O(8)| < (8IIBilzi@exse-1)) Lf — al, 


where Co depends only on (H1). 
Now assume that E € W!:(w x [0, T]), and for all f, we define t(f) is the 
weak solution of the following transport equation: 


Agt(f)=(@+u-V,+E-V,)t(f)=O(f), @, vn EQ, 
tT(f)(t,x,v)=t(f)@,x,v), (vel ,~ (12.31) 


t(f)(t=0)= fo © fo). 


The proof consists in proving that t has a fixed point. Indeed, let t(f) and t(g) 
be two weak solutions of (12.31) with the same initial data fo. The difference h = 
t(f) — T(g) is a solution of 


Agh = O(f)- Q(8), (x, v) €Q 
h(x, v, 0) = 0, 
h(x,v,t)=h(x,v,t), (,v)EeT,~, 


and 


t 
sup ||h(s)||L>@y S i OCA) — O(g)(s)Ilz-(ands < Ct ane I(f-s)()lze@, 
sE[O,t 


seé[0,t] 


where C depends only on the cross-section B. 

As a consequence, t has a fixed point in L° (0, to; L!(Q)) for to < 1/C. The 
constant C is independent of t. Then, we can construct a fixed solution on a sequence 
of intervals [ty, tr4i1[ with tp; —t, < 1/C with an initial data f(t = tf) = f(t) 
(in a weak sense). With this procedure, we can construct a weak solution on [0, T] 
for all T > 0. 
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We also remark that the solution of the Vlasov equation satisfying the specular 
reflection boundary condition on dQ is a weak limit (in L?(J0, T[xQ)) of g*, 
the weak solution of the same equation defined on hole space associated with the 
confinement force field (12.28), which satisfies the weak maximum principle. 

The operator Q satisfies 

— Cmax(f,0) < —Cf < O(f); 
then, g(f) = f — max(f, 0); thus 
Ag(@(f)) =9(fAk(f) = Ak(/)A — xfz0)) 
= —Cmax(f,0)(1 — xr f>0)) = 9, 
eA, =9(f)@,v,1), (vel, 
g(f)(t =0) =9, 


Implying that g(f) > 0, and f > 0. Furthermore, 


O(f) < CU — f) < CU —min(1, f)) 


so 
Agtmin(], fJ-f) =AgkAM fen — D 
= CU — min, f)) fey — I) = 9, 
o(f), dv, t) = 9(f)(x,v,1), (,veT, 
min(1, f) — f(t = 0) =0. 
So, 


max(f,0) < f <min(1, f) ae. O<f <1. 


To prove that the solution of the Boltzmann equation belongs to C({0, T]; L?(R*4)). 

We can proceed as in [49]. Indeed, f (= t(/f)) is a weak solution of a 
Vlasov equation with a force field E € Li (Rt; W!-©(w)) and a source term 
G = O(f) € L®(Q x R*). This implies using [49] (Theorem 4) that 


f ec Rt; L7.(Q)) Va < +o, 
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and its trace yf is well defined by the Green formula and satisfies 
ype LOOX Rt; do,dvds). 


If O is a smooth open subset of R*? and K is a compact subset of JO x R*, if 
we denote Eee = DARE LE -(&2)), then for all p, q € [1,+o00[ such that 
1/p+1/q = 1/s < landr= pa — 1/q) we have 


If llecK; (v.n(x))2doydvuds) S Cx + aa (Rt; La(wy)l fle. 


+CxlOI fly map 


The uniform bound 0 < f < 1 and the L!-estimate (verified later on) lead for all p 
and p’ such that 1/p + 1/p’ = 1, 


Fler SASL < Wolly 
HO Allus, < CMO Ng < CUBIS). 


1 1 1-1 
Ivellarces @nce)ederdrdsy $ CK + NET aI folly? + CKnsl fall Po”, 


r/2 
loc 


and ifr > 2, L* 


loc K ; (v.n(x))?do,dvuds) > L'!*(K; |v.n(x)|do,dvds), then 


vp € L'(K; |u.n(x)|do,dvds) Vr < +00 
and 
Ivf ller(K; |v.n@)|doxdvdsy S CCK, 4, Ell; 14.8, P. 9). 


The L!-estimate is the well-known consequence of the mass conservation 
property. 
Lemma 12.4.6 For allé € Cc (@ x R*), the charge and current densities @ and j 


satisfy 


i let x85, x) + f(t, x) + VxE(t, x) |dxdt + / fo(x, v)EO, x)dxdv = 0. 
wx Q 
(12.32) 


As a consequence, 
WO+Vr-j=0, in D(RExo). (12.33) 


oO 
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Proof of Lemma 12.4.6 The proof is a consequence of the mass conservation 
property of the collision operator: 


[ anav =o. 


12.4.2 Energy Estimate 


We shall establish a control on the charge and current densities and the kinetic 
energies depending on the force field E. 


Lemma 12.4.7 Let E € i (R+; L4+?(@)). The Boltzmann equation has a weak 
solution satisfying 


d 

D) < d+2 
loc), a2 S CrKG), (12.34) 

d+1 
WOM 4 Oy SCrK()e7, (12.35) 

d+2 

su t + K(t)) <Crdt+ E(s ds). 12.36 
sup fle, 42, @} <r | MEO g 49). 12.36) 
Moreover, sup f(t) belongs to a weakly compact subset of L'(Q). oO 


te[0,T] 


Proof of Lemma 12.4.7 The proof is based on truncation idea used by Horst [40]. 
We detail this idea for the (12.34). We start by writing the density as follows: 


aan =f fav | fdv. 
|u|<R |vl>R 
This implies 
d 1 2 
lox, | < CR |lfllz~ + a5 J lel’ fdv. 
R Rd 


1/d+2 
, we get 


By taking R = | lv? f@)dv/Cll flli~ 


ae 
lo, ey, <CrK OF. 
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To prove (12.36), we remark that if we multiply the Boltzmann equation by |v|* and 
integrate by parts using the properties of the collision operator, we obtain 


t 
[K(s)]o — i; / J (x, 8).E(x, s)dxds. 
0 Jw 
If Ee L©(a), 
t 
K@)< Ko+ f IVI ziw@lEOllL~ wads, 
t 
< K(0) +f (Il folln: + KG)IE()Ilte@yds 
t 
= cexp( | E(s)IlL@)ds), 
and if E € L“+?(@), using the Holder’s inequality, we infer that 


t 
KOS KO+ fA ge MOM Led: 


K@)<C {1+ [ K(s) a2 + ECM yds}. 


Using the Young’s inequality (ab < a?/p+b1/q, a,b >0,1/p+1/q = 1) with 
d+l 
a= K(s)t# and b = ||E(s)||;a+2, we get 


d+1 d+2 
K(t) < Cc (1 an d+2 Jo " K(s)ds + d+ af ECS) Mp asa (ys : 


The Gronwall lemma gives 


t 
sup K(s) <C (: + i Om) é, 


s¢[0,t] 
which ends the proof of (12.36). oO 
As a consequence of this lemma, we have sup f(t) belongs to a weak compact 
te[0,T] 


subset L!(Q). Indeed, 


Vx €]0, If, x|log x] < 2/x 
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implies 


[ fivospnasan =f pitogti+ f ,  fitosfl 
Q f<ell ell <f<l 


(12.37) 
< sup | fret 1? foldxa| agen 


t<T 


Moreover, 


1 2 Cr 
sup fdxdv < — \sup | |u|’ f()dxdup < —. 
t<T Jw |vj2>R R 1<TJQ R 


With these two inequalities, we verify that sup f(t) satisfies the assumptions of 
t<T 


Dunford—Pettis theorem [18], which completes the proof of the Lemma. Oo 


12.5 Stability Results 


Let 
JT := 0 +vu- Vy 
and the set 


F={feLRt; L1Q)/0<s f <1, KE LR, 
Tf € weakly compact subset of Lh 
We would like to prove that O(F®) := {Qo(f) + Qi(f), f € F%} belongs to a 


weakly compact subset of L'(Qx]0, T[). This property is trivial for the operator 
Qo. Let us detail for the nonlinear part. 


12.5.1 L}-weak Precompacity Q1(F“) 
We rewrite Q)(f) as follows: 


ain=f, , Be-mw{d- Arh fFih 


+ fff’ + fff, — ffi} dvuidw 
= (1- f$\Li(f, f) — Lah) + FL A + fLAh, f) — Ls), 
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where 


Life) =f Biv — v1, w) f'gidujdw, Lat) = f Biu—v,w)f' fi fiduidw, 

R¢x sd-1 Rd ga-1 

Lathe) = [ Biu—v,w)fig'dvidw, La(f, a= Biv — v1, w) figidvidw, 
R¢x gd-1 Rd gd-1 


Ls(f)= [ Biv — v1, w) fidvidw = (A xy, f)(v), 
R¢x sd-1 
and 
A(z) = i B(z, w)dw. 
gd-1 
To simplify the notations, we denote by a := ||A||;1@ga), and we define 


F" ={Li(f, f), fe F%}, i€{1,3,4,5} 
(12.38) 
FS = {Lo(f), f € F*). 


The property of stability of Q) is given by: 


Theorem 12.5.6 The set {Qi(f), ff © F%} is weakly relatively compact in 
L!(]0, T[xQ). 


The proof of this theorem consists in proving that the sets F satisfy the 
assumptions of the Dunford—Pettis theorem [18]. This will be the subject of the 
following lemmata. We begin by Ls. 


Lemma 12.5.8 The set {fLs(f), ff € F%} is weakly relatively compact in 
L! (0, T[xQ). g 


Proof of Lemma 12.5.8 Let f € F®. We have 


O<Ls(f) <a, 
(12.39) 
ILS MOM (ay = all FOlz@- 
The set FS is bounded in L°(0, T; L' NM L®(Q)). We define the function 
y(t) := t(Logt)* = t sup(0, Logt). (12.40) 


The function ¢ is increasing and satisfies 


g(t)20, lim 
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Vt>0, @(t)< ap (< ) + t|Logal, 
and 
[ vescrn < af eusih/a+ ILs(Plni@ylLogal. 


Biv — vj, w)dwd 
Using the convexity of g and the Jensen inequality withdy = al akc , 
a 


we get 


[ p(Ls(f)) < [ Ls(o(f))-+a|Logalll flue): 


We deduce, thanks to (12.37) and (12.39), that 
Wt <T, [ease <af{lle(Mlln + |Logal|lfllz1} < Cr, (12.41) 


leading to: y(Ls5(f)) is bounded in L™(0, T; L'(Q)), and to conclude that Ls(f) 
is in a weakly compact subset, we shall prove 


lim Ty Ls fnasds} = 0 (12.42) 
R>+00 | 0<1<T Jw J|vl>R 


Indeed, 


i / Ls(f)(t) < [ dx dv / Aa 9 ier 
oJ |vl>R |vl=R |vy|=R/2 
+f ax f av | A(u — v1) f(u)dv, 
lvl=R [v1|<R/2 


<a +f 1 A(v— v1) f(v)dxdvdvy 
Jjv= 


v|>R/2 


23 
< +I OM A(z)dz, 


|z|=R/2 


which implies (12.42) due to the fact that A € Ep (R?). 
We proceed in the same manner for f L5(f) using the uniform bound f ¢€ [0, 1]. 
We have 


O< fLs(f) < Ls(f) <a. (12.43) 
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Lemma 12.4.7 implies 


i [o(fLs(f)) + 0+ lwP)fLs(f)ldxdv < Cr (1+ [ XC) Moser 
(12.44) 
which leads to 


lim sup de fLs(f)dxdvt =0. (12.45) 
R>+00 | 0<1<T Jo J|vl>R 


Moreover, the set (fbs(f), f € F%} is bounded in L° (0, T; L'(Q)) and = 
relatively compact in L'(J0, T[ x) faible. 


Lemma 12.5.9 The set{fLi(f, f), f € F%} belongs to a weakly compact subset 
of L'(Qx]0, T[). o 


Proof of Lemma 12.5.9 Let f € F%; we have Vt €]0, T[, 


0<Li(f, NW <a, 


ie Lif, fdxdv < [ Aww — v1) fidxdvdyy < all fOllzv@s 


i lvl? Lif, paxav= ff B(v — v1, w)|v|? f’ f{dwdvidxdv. 
Q Q JR¢x sd-1 


Using the new coordinates: (v, v1) > (v’, v}), we get 


[wri fdxav= ff Biv — vy, w)|v' |? f fidwdvidxdv 
Q Q JR¢xs¢-1 
<{f A(v — v1)(lv2 + |i?) ffidoidxdv 
QJ/R¢ 


< 2f i A(v — v;)|v|? ffidvjdxdv < 2aK (t). 
Q JRA 


The properties of the function ¢ given in (12.40) lead to 
Lif, f) 
9 PE f\)<a 2 a ae FIL Mlle@lLogal. (12.46) 


The Jensen inequality (with du = 


L 
(PLP) ef vr fe. (12.47) 


B(v—-v,,w)dwdv : 
————) gives 
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Using again the coordinates ( (v, v1) > (v’, v}), we obtain 


a / (22) ey / / ole fd uid 
Q a Q JR¢xsd-! 


<[f Atv — v1 )p(ffi)dujdvudx. 
Q JRA 


The monotony of g implies that 


L 
af (FL) <[f Atv — v1 )g(f)duidudx < alle(Allzi(q): 
Q a Q JRA 


and (12.46) becomes 


T 
[oti fy < allo las + eeall fl) <Cra+ f° WOME ,€ 


and 


sup fiat lI? LiCf, f) + PLiCh AMO) < Cr + + [LEONE Ao, 


te[0,T] 
(12.48) 
This implies that the set {Li(f, f), f © F%} is a weakly relatively compact in 
L'(Qx]0, T[). 
Also, this inequality is satisfied by f fLi(f, f), because f e€ [0, 1] and ¢ is 
increasing, then the set {fLi(f, f), f € F%} is a weakly relatively compact of 
L!(Qx]0, T[), and it satisfies 


sup [ia + WPL N+ SLi MO < Cr + [LEO do, 


te[0,T] 


where the constant C7; depends only on the time T. oO 


Broa) of Theorem 12.5.6 Conclusion: The sets F;’ and FS are relatively compact 
in L'(Qx]0, T[). To extend this property to Fy, Fy , and “ps * we remark that, for 
all f € F%, 


O<hn(fAstbs(f), O< LAA sLs(f), 1=3,4. 


This implies that these quantities are bounded in L©(0,T; L! M L®(Q)). The 
function g given in (12.40) is increasing, and the inequalities (12.41) and (12.45) 
are satisfied by L2(f), L3(f, f), and L4(f, f). Then, the weak compacity of 
Fy, F;', and F;’ is in L'(Qx]0, T[)). The compacity of fL3(f, f) and fLa(f, f) 
is immediate because f € [0, 1] and ¢ is increasing. Oo 
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It remains to prove that Q;(F%) is closed for topology o(L!, L™) ; it is equivalent 
to proving that if (f,,), is a sequence of F'° weakly converge towards f, then for all 
vv € D(Q x R*) 


lim O1(fa)Wdxdvdt = / 
QxRt Q 


n—> oo 


O1(f)wdxdvdt. (12.49) 
+ 


xR 


To do this, we need a velocity-averaging argument. 


12.5.2 Velocity-Averaging Lemma 


We consider the operator J = 0; + v- Vx. 
Theorem 12.5.7 ((28]) Let f € C((0, T], D’(R™)), f € L? ({0, T] x R24), and 


loc 


Tf) — W%P0,T; We? (Rt; WE? (R2))), with p Ell, ool, a > —land B € 


x? 


R. Assume that f (0) € LTR). Then, there exists s(p, a, B,d) > 0 such that, 
for all y € D(R4), 


My(f) = i” fdv € W°?0,T; W,2?(R4)). 


Therefore, for R > 0, there exists R' > 0 such that 


|My (A) \lwseqo,7[x Be) < Cl, Il fllz7 qo, 71x Bp x Bp)» 


(12.50) 

IF Oz By xBy)s ITF llwero,r1x Bg: WEP By): 
The idea of the proof of this theorem in the case (a = 0, 6 = —1l, and 
P = 2) is given in [17]. We can prove a compacity L?(@x]0, T[) of the sequence 


Jira Sf’ wt, x, v)dv, where f” is a weak solution of 
af” +u-Vef" = O(f")-— E”-Vuf", (t,x, v) € Ri Xo. (12.51) 
We assume that 


|e" 200, 71x00) <Cr. 
(12.52) 
O(f") € L©(Rt; LIN L®(Q)). 


The compactness of /f;, is described by: 


Lemma 12.5.10 Let yy € D(Q x [0, Tf), and f” is a weak solution of (12.51). 
We assume that (12.52) is satisfied; then, Mi, = Sra f° Ww, v, t)dv is relatively 


compact in L?(@x\]0, T[). oO 
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Proof of Lemma 12.5.10 This lemma is a consequence of the result of regularity on 
the evolutionary equations. The first part of the proof is given in [17] for the case of 
a function yy := w(v). We resume the same analysis for a function y := W(x, v, £), 
and we satisfy that the hypothesis (12.52) is sufficient to deduce (12.53). 

Let g” = f"w. Then g” is a weak solution of 


T(g") = S” = OF") + EN. Vows” — f°Tb) — Vo. bf" E”) 


= ST + V,.S%, in D'(0, T[xo), 


g"(0) = fov. 


The term S” € L?(0,T; H~!(Q)). Under the assumption of Theorem 12.5.7 with 
a =0, 8 = —l, and p = 2. 
We denote F(g”) the Fourier transform of x of g”; then 


t 
Fe(g")(t, €, v) = Fe (fow, vet" + / F2(S?)(s, &, ve IVE ds 
0 


t 
+/ Vp LFS SG, &, ve TO POM ds, 
0 


We integrate this equation with respect to v, we denote by FY, the transformation 
with respect to (x, v) and Mi, = fpa 9" dv, and we have 


t 
Fo(M")(t, €) = FS, (fow), 18) + i: F& (S")(E, (t — )E, s)ds. 
0 
By using the Holder inequality, 
" 2 7 2 
[ |F2(M" y(t, €)Pdt < 2f [Fo (fow)(é, tat 
T pT 
vor ff [Fe (S"), t&, s)/?dtds, 
0/0 
and with the change (f > t|&|), the previous inequality becomes 
2 
OL nN 
i |F2(M'n)(t, €)|?dt 


T T pT 
7 é dt i a ay ( E jr 
2) |r 2 ae F%,(8") (&, 1,8) 2 =as. 
< [ [Fey (fow ara iE] oto [Fey GS") ars s}| iE] s 
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Then 
T 
ff wursoge.or s2f |Z — An)? Fo, (fow)(E, n)Pdndé 
0 Rd R2d 
T 
vor [ i (I — Ay) 4/2F2,(8")(E, 9, s)[2dndéds 
0 JR 


S 2UfoW 3s + TUS" 20.7; 20 1-Heasy) | WOOP + bP yao 
< Cy + WE" Ilz2qo,r¢x0))- 
So, 


IMplli207; H12@)y S Crd + IIE" Ilz2@)) <= Cr. (12.53) 


Otherwise, 


d M d i f"wd 
Ss = — Vv 
dt * dt \Jra’ 


if (Q(f") — E"Vy f" —v.Vaf")edu + is Prawdy 
Rd Rd 


z i Of")wdv + E". i P'(Wow)dv 
Rd Rd 


+f ese Sef pryode + | f" awd. 
Rd Rd Rd 


Taking into account the uniform bound f” [0, 1] and the estimate (12.53), we 
obtain 


<Cr, (12.54) 


Is i, 
17(0,T; H—1/?()) 


where Cr depends only on T, || E"||72(0,7; 12(w))> and W. 

Estimates, (12.53) and (12.54), imply that (My, Jn is relatively compact in 
L°(0,T; L’°@)). 
Remark 12.5.1 The regularity of the function w introduced in the previous theorem 
is not optimal to get the compactness of M, in L?(wx]0, TL), (p < +00). Indeed, 
by the same proof, we use the transformation into (t,x), and we can prove that 
Mi, € H'/4(@x]0, T[) for all y € Cl(Q x [0, TP) and that f” satisfy (12.51). 
Therefore, 


|My, ll/4(oxq0,7D = Cr+ |E" 20,7; 22@)) = Cr, 


where the constant Cy depends only on T and w. 
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We also remark that if in the previous proof w := w(v) and it has a compact 
support, then the L°(IR¢) regularity is enough to obtain the result of the lemma. 
Indeed, several other forms of this lemma are given in [28], where the function y is 
chosen in different spaces. We quote other lemma who writes the average compacity 
in L!. oO 
Lemma 12.5.11 ((24]) Let gy, and Gy be two sequences weakly compact in 
L. (R+; L'(R4)) and satisfying 


Tan =Gy in DR x IR); 


We assume that supp(gn) C [a, T — a] x R¢ x Br, a > 0. Then, for all function 
we LX(RY; R24), we have Sra Wgndv belongs to a compact of L'(\0, T[xR*4). 
Consequently: 


(i) If K a compact of [0, T] x R™4, gy and Gy belong to a weakly compact of L 
L'(K), for all wy € L™ (0, T[xR*4) with compact support, and the sequence 
Ta &nWdv is ina compact of L!_(\0, T[xR®). 


loc 
(ii) Therefore, if the sequence gp is in a weak compact of L'(\0, T[ x R74), then for 
ally € L© (0, T[xR*“) with compact support, the sequence Jia Snwdv isin 
a compact of L! (J0, T[xR?). oO 


These lemmas are used in the following subsection. 


12.5.3. L}-compactness of Ls5( fn) 


Lemma 12.5.12 Let (f,) be a sequence of F%, such that fy — f in co weak. 
Then 


L5(fa) —> Ls(f) L'@,T; Lj,.(Q)) strong 
and 


frls(fa) ~ fLs(f) L'(R4x]0, TP) weak. 7 


Proof The sequence (L5(fn))n is bounded in L° (0, 7; L!(Q)), and it is weakly 
relatively compact in L!(Qx]0, T[). Let 9g € D(Br), a localizing function; A; € 
D(R¢) such that || A — Ag||,1 < €. Then, 


Ls(fn — fv) = [ch — fy@i)(A — Ac) — v1 )dv, 


+ [ Un ~ AOAc(v ~ vi)dv1 
a= pasta =- Fee: 
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We have 


(fn — f) #0 (A — Adiizicaxqo.rp X Ilfn — fileA — Aelleiqay < Cre 


and 
ie (fn — J(u) Ac(v — v1 )dviOR(v) = i (fr — NOdYWrv, vj )dvy 
Rd Rd 


€ C®(R?; H'/4(@ x [0, T])) 


or Ta (fr — fr) Wr, v1)dv, is relatively compact in L?(Qx]0, T[) because 
WRE D(R*4). This implies that for all e > 0, we have 


lim if (fn — fy Ae(v — v1)dv,Or(v)|dxdvdt = 0. 
Qx]0,T, JR4 


n— +00 


By passing to the limit on ¢, we obtain Ls5(f,) converge towards Ls5(f) in 
170.7? TAD): 


loc 


By using this lemma, we prove the stability of fL5(f). By using the parity of A, 
we write 


/ fabs(fa)baxdvdt = / fulv)gn(v)dxdvdt, 

R4x]0,T[ supp(w) 

where 

8n(v) = [a —As)\Qu— vu) fron yvrdy + [, Ac(u— v1) fry (vi)duy. 


The first term converges immediately towards (||A — Ag||;1 < ¢). The second term 
is bounded in L°(Qx]0, T[), and by using the previous lemma, it is in a compact 
of L! (Qx [0, T])); its norm depends only on || El|72(@x,o,r1> |Allz!. and w. This 


loc 


is enough to deduce the weak convergence of f,L5(f,) to fLs(f). oO 


After that, we study L1, L2, L3, and L4. We define the following operators T and T: 


To) = [ Bez, w)g(z — (z.w)w)dw, 
sad-1 


T(z) =, B(z, w)y((z.w)w)dw. 
sd-1 


We begin by analysing the operator L;; using the averaging lemma, we prove the 
result of compacity of the sequence Li(fn, fn) for all f, € F® (Lemma 12.5.13). 
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Then, we prove the L!- compacity of L1( fy, fy), Which will be enough to obtain 
the compactness of L3 and L4 (Lemma 12.5.15) and the weak compactness of L. 


12.5.4. Compactness of L1(fns fn) 


Lemma 12.5.13 Let (fn)n bea sequence of functions of F®, and f is weak limit. 
Then, for all function Ww € D(Q x [0, T]), 


[tte Snvdv — a Li(f, fywdv in L'@x [0,T)). (12.55) 
R R 
Proof of Lemma 12.5.13 Let supp(w) C K x @ x [0, T], 


i LiCegaes / AGN paw. uidedu. 
Rd KxR¢ 


vy] 


where 
a(x, v, U1,t) = 7 Bou— vy, w)w(v1 + (v— vy.w)w)dw. 
gd-l 


We assume that the cross-section is regular (C%), and the function a ¢€ 
C™(supp(y) x R4.). We define 


AG.u.t) =f f(vuja(, v, v1, t)dv, Acs vi.t) = f Frvja(x, v, v1, t)dv. 
K K 


Under the assumption (H2), the function A € Ldn; L!N L®(Q)), and by 
using the previous lemma, the sequence A,, belongs to C® (RS ; H'/4(@x]0, T[) 
bounded, and it depends on || F|72(..,0,r)); 


fe. eh ree = [om wen oman 


+ [ — fy\Up)AG, v4, t)dv,. 
(12.56) 


Let R > 0, Br = B(O, R) 


fm — A\(x, v1, 0) fn(vi)dvy| < ||An — Allri(Bp) 


+2 f la(x, v, v1, Didvde:; 
{luj|>R}x K 
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then 


now 


iti || (An — A(v1) falorar1 
Rd 


L!(wx[0,T]) 


< lim |An = Alli (Bpxex{[0,T1) + 2 | la(x, VU, UI, t)|dvdv,. 
noo {lvi|>R}xsupp() 


For fixed R, the sequence A,, is regular and uniformly bounded; then it converges 
strongly towards A in L!(Br x w x [0, T]). Otherwise, 


lim / i la(x, v, v1, t)|dudv, < Cx,y lim A(z, w)dw = 0. 
R>00 JI yi|>R J supp) R00 J{\z|>R} 
(12.57) 


For the last term (12.56), we take Or := Or(v) € D(Br) 
i (fn — JNUDAG, v1, dv = i (fn — /JUUDAG, v1, HNOR(v1)dvq 
R¢ Rd 
+f — f\VUDAG, 11, 1) —Or(v1))dv. 


The convergence in L!(@x]0, T[) of Pree — fovp)AC, v1, HOR(v1)dv, is a 
consequence of the averaging lemma (theorem 12.5.7), and the last term ips (fn - 
AJ)W)ACG, v1, t)U — Or(v1))dv_ is the same as (12.57). oO 


12.5.5 L'-Compactness of L1(fn, fn) 


Theorem 12.5.8 Let (f;,) be a sequence inf and f its weak limit. Then 


Li(fas fa) —> Li(f, f) in L'(Qx]0, TD. (12.58) 


oO 


The proof of this theorem is divided into three steps. In the first step, we 
regularize the sequence f;, and the cross-section B. These two regularizations allow 
us to prove the result of the theorem by using the compactness lemmas. 


First Step: Regularization of the Sequence 
Let M > 0 be a fixed real, g € D(R4), 0 < go < 1,g = 1 in BOQ, 1) and 
gm = 9(qq): 

Let 


ff = from). 
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This step consists in showing that 
Li fas fr) > Lif! f") in Lige(Qx]0, TD. (12.59) 
Indeed, 


LiCfas fa) — LiGh f) = LiGh fx) — 11 6™, 6) 
(12.60) 


+(Li(f!, FM) — Lit”, f™)) + Lif™, f”) - Li, f)). 


The first term of the right-hand side of (12.60) satisfies 


T 
[ [tess fa) — Lage, Feds vat 


i 
= ar f ax te, dudvjdwB(v — v1, w) fav) frYpC — ou em (0})) 


x §d-1 


T 
< / dt / ee [ dudvjdwBv — v1, w) fav) favs — om (vom (1) 
0) o R24 x gd-1 


1 T 
af arf ax [ Fey CRN) CRer bore Cre 
4aK (t) 


4 T 
<—, |] dt]d dvdvi|v|- A(v — < 
sap ff afar [,dvdunPae—w fof = sup “rp 


The third term is the remainder of a convergent integral: 


T 
i, [ec 2 — tah, Plasdvat 


T 
_ / di | re i dwdvdv, Bu — v1, w) ffi — pu (v)om (v1) 
0 oO Rd 


x §d-1 


T 
<a ie fdxdvdt = O(1/M). 
0 oJ|vj>M 


Corollary 1 
[ atva — [ f!@wdv in L?(wx]0, TP 
R¢ R¢ 


forall y ¢ L®(R¢), p € [1, oof. 
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Second Step: Regularization of the Cross-Section 

Now, we remark that we need only B values for v — v; such that |v’|, |v;| < CM 
(C is a constant ). Then, we assume that B = ((|z|, |(z-w)|/|z|), where g(r, t)is 
set to [0, oo[x[0, 1] and g(r, t) = 0 for r > 1, uniformly for ¢ € [0, 1]. Let 
ge € D* (JO, co[ x ]0, 1P and Be = @z(IzI, |(z.w)|/|z|). We have 


Bos RB in DR 8"), 


Let 
Li(f. 8) =| B.(v— v1, w) f’ fidwdv; 
Réxs4-! 
then (12.59) a: 
Le 4) in Ox )10, TD. (12.61) 
Indeed, 


liGn de AG P= Cie dn iG oD 
Oe in Ef eG P= iG oe), 
The functions _ and f™ have a compact support subset of @ x B(0, M). Then, 
it is clear that Li(fq", fn“) — LACfa’s fa“) and Li(f™, f@) — Li(f™, f™) 
are bounded in L!(Qx]0, T[) par Cy||Be — B\lriqadxgd-1). This implies the 
equivalence between (12.59) and (12.61). 
To simplify the notations, we omit the parameters ¢ and M, and we assume that 


the sequence (f,) € F® with a support subset of @ x B(O, M)) and satisfies the 
previous corollary. We also assume that the cross-section B € D(R? x S¢~!), 


Third Step: Regularization in Velocity 


We regularize L1(fn, fn) by a5 = eae g) where 9 € D(R“), @ > 0, and fou 
odv=1. 


Let 
L* (fas fn) = LiCfns fa) *v Q5- 


Explaining this formula, we have 


EV hig tne, Ux, t) = / dwBWu— vu, w) fr(v') fn(v})Qs(v« — v)dudvy 
R2d J sd-1 


7 il i dwB(v — v1, w) fav) faves (ve — v))\dvdyy 
R2d J sd-1 


=i Sn(v) fav) Gs (Vs, V, vi)dvdrvy 
R2d 
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with 
~3(Vx, UV, V1) = / dwB(v — v4, w)a5(vs — v + (v — vj.w)w) € D(R*), 
sa-1 


For 5 > O, the sequences f, and re (fn. fn) have a compact support subset of 
® x B(0, M); the function gg is regular, and it has a compact support; then the 
averaging lemma implies that 


L4 (fas fn) —> LAF, f) = Li, f) *v 08 


in L?(wx]0, T[) strongly for p € [1, oo[. 
We write 


Li(fn; Sn) -_ Lif, f) = (Li(h: fn) _ Li ins fn)) + (LiUin fn) _ Lie f)) 


+(Lif, f) — Lif, f)). 
We notice that it is sufficient to prove that: Ly (fn, fr) — i (fn» fr) and re (f, fo- 
Li(f, f) converge towards zero in L'(0, T[xQ) as 5 goes to zero (uniformly on 7). 


Proof of Theorem 12.5.8: Conclusion The functions L; (fn, fn) and Li(f, f) 
have supports subset of w x B(O, M). This is enough to prove the convergence in 
L710, T[x 2). Using the Plancherel formula, one can write 


2 i p 
(23 — £1) Gus fo z2¢0,71<0) = ao | ar f ax 
x [a8 [FE UL (fn fll? 0 = 008)? 


finally, we have 6 is bounded, and it is sufficient to check that 


T 
lim sup | arf ax f dé |F°(L1 (fas fa) = 0. 
0 w [§|=R 


R>oo n>1 
This estimate is a consequence of the pseudo-differential regularity result of the 
operator L; given by: 


Theorem 12.5.9 (P.L. Lions [47]) Let B ¢ C™ (R4 x S4~!), f € Li, and g € 
ee We assume that B satisfies the assumption (H2). Then, 


Li(f, gv) =) 


Biv—v,w) fw—-(v—v,-w) w) 
R¢x sa-1 


Xg (vip + (v—vy,-w)w)dvidw 
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is in H@-Y/2 (R¢) and satisfies 


Zi, Ola@—/2¢ez) S Cll fllzzceay sila cray> 


where the constant C is independent of f and g. In particular, for all s € R, the 
operators T and T are bounded in H8+*> (R4). oO 


Remark 12.5.2 


1. The sequence gt is bounded in L© (0, L; Lt L™(Q)); the previous theorem 
allows us to deduce that 


Ly Gee fat) is uniformly bounded with respect tonin 


L& (0, TL x oj; HEY (R*)) 


This implies the estimate (64). 
2. The result of the previous theorem is based on an equivalent form of L,. Indeed, 
with the relation v = v’ + (v -—v w) w, we have 


/ Li(f, fyg(v)dv = ff f' Bu v1, we 
Rd Sd-1 Rd 
x (uv! + (vu; — van)undudd'| fidvi; 
replacing (v, v1) +> (v’, v}), the previous expression becomes 
[ Li(f, Petv)dv = I f(U)Biu — v1, we 
Rd Sd-ly Rd 
x(v — (v — v1.w)w dds} f(rpdvy, 
and if we denote by try := W(. — A), we get 
[eur newa =f Foy [ fentn oF soled} dv, 
Rd Rd Rd 
~ i, fwLys(y))dv = i. fwLy(fyw)dv 
Rd Rd 
with 


(Lo f(x) = if OOM 0 F 0 1.) flndaz. 
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3. For all Ww € D(Q x [0, T]), the sequences L; (W, fn) and Li (fn, wv) converge, 
respectively, towards Li(w, f) and Li(f, w) in Lie (l0, T[xQ). Therefore, for 
all f € F%, the sequences L; (f, fy) and Li (fn, f) converge towards Li (f, f) 
in L! (JO, T[xQ) strongly. | 


loc 


Lemma 12.5.14 Let wv € D({0, T] x Q),6 € L®(J0, T[xQ). Then 


[tron tnes [ tc..no 
R¢ R¢ 
and 
[ecmnes fnew 
Rd Rd 
in L'(]0, T[xo). g 
Proof of Lemma 12.5.14 The proof is the same for both cases. We shall detail only 


the first case. We assume that supp( yy) is a subset of a compact [0, T] x @ x K, 
then 


/ Li(y, fn — f)@dv = (f — fn)(vi)g(vi)dvy 
Rd Rd 
with 


g(v1) =| Biv — v1, wW)W(v)O(u — (v — vy.w)w)dwdv, 
Kxs4-1 


the function g is in L°(Qx]0, T[), and then Seah — f)gdv converges towards 
zero in L'!(Qx]0, T[) strongly. oO 


With the previous remark, we can deduce the stability of L2, L3, and La. 


12.5.6 Analysis of L2, L3, and L4 
Lemma 12.5.15 For all w € DQ x [0, T]), i € {3,4}, and fy € F%, 
/ eee an eee / Li(f, fyvdv in L\wx]0,TD. 
Rd Rd 


Then, fori € {3,4}, fnaLiCh, fn) converges in L'(Qx]0, T[) weakly towards 
FEF, Ff). o 
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Proof of Lemma 12.5.15 By writing L3 and La, 


L3(f, J) = a Flt», 0 To %,) f dui, 


La(f, fv) = de fv, 0 To %,) flv)dv1. 
This is equivalent to L3(f, f) = Lyf and La(f, f) = Ly f with 


Lo fia) = fe ee.0T or) filed, 


(Lo f(x) = [ OOM t< 0 F 0 te) fade. 
Let w € D, and by using the coordinates (v, v)  (v’, v}), we check that 
[etovar= [i etic dv (12.62) 
Rd Rd 
and 
i La(f, g)ydv = / g(vLi(f, w)dv. (12.63) 
R¢ Rd 


Let us detail the proof for L3. The proof of L4 is exactly the same. Indeed, we 
deduce from (12.62) that 


[taint tah Aivdo= f Lidh fn = Fifa f Lid, \n—f): 
Rd Rd R¢ 


(12.64) 
We insert the function f™”, 


T 
i; arf as 
0 (a) 
T T 
<|[ ar | Li, fn Din — Hi |axdv+ f at f as 
0 Q 0) a) 


xf dvlLiWh. fr — POI 
|v|<M 


/ Hit. A= Ree 
Rd 
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‘a T 
<¢y f arf ax [ ft f arf ax [ eG fa DI 


se K(@) + ILCs, fn — PII 
= sup i, _ ; 
M? te[0,T] n Lige(2X10,TD 


Let f° € D such that || f° — fllpi <e, 


/ Len. Aih- N= f Gk Ph — f+ | LiGh, F-Fe— Pp 
Rd Rd R¢ 


(12.65) 
Li(, f*) is regular, and then the convergence of the first term of (12.65) in 
L'(wx]0, T[) is a consequence of the averaging lemma. The second term is 


equivalent to C|| f — f*|lzi(axqo,rp- 
To obtain the convergence of f,L3(fn, fr), we write 


" T 
i [| fatatte. farbdxdvds = f [tation fn) fndxdvdt. 
0 Jo 0 Ja 


The sequence (f,,) is bounded in L™, and Li (fnw, fn) converges in L'(Qx]0, T[)). 


Then, 
[ff totvctots trdxavar > f ff peicey. paxdvar. 


This ends the proof of Lemma 12.5.15. oO 


For the trilinear term L7, we have 


/ La frotw)du= f f(v) {/ Bu -— H.W) Fo) f(oirocodderdh dv 
Rd Rd Ré¢ x gd-1 


The expression between the square brackets is similar to L1(f, f) by changing the 
operator T by Tg : 


Toy (z) = ie g(z + (z.w)w) B(z, w)w((z.w)w)dw. 


Then, for all f, € F%, 


T 
/ [coum — L2(f))wdxdvdt —>0 VweD. 
0 Q 


This completes the proof of the stability result (12.49). oO 
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Remark 12.5.3 The previous stability results are dependent only on estimates of 
lemma (12.4.7) that will be essential for the study of the existence of a weak solution 
of the self-consistent problem. | 


12.6 The Boltzmann-Poisson System 
12.6.1 Main Result 


Theorem 12.6.10 We assume that d < 3. Then, under the assumptions (H1)—(H3), 
the Boltzmann—Poisson system ( BP)! has a weak solution ( f, E) such that 


fELPRt; INL), O<f<l, IFOllzi@ =I follzi@ P-P- 


Ee Lert: [wf (w)]4), 


loc 


i lvl? f(t, x, dav + | lec, )Pax +2 f o(t, x)go(t, x)dx € L& (R*). 
Q oO oO 


ia] 


To show the existence of a solution of the Boltzmann—Poisson system, we use 
a fixed-point procedure. E € Le (R+; W!), and Ff(E) is a solution of the 


Boltzmann equation. This sauent uniformly bounded in L~ (RT; L!NL™(Q)); 
its density Q(E) = fa f(E)dv is bounded in L™~(R*; Mes (Q)). The solution of 
Poisson equation: —A,®(£) = o(£) in L™(0, T; we (w)). Then, the new 
value of the electric field E* = —V,®(E£) is in L™(0, T; w!“F (@)) and not 
necessarily in WhO lA possible solution to this difficulty is to regularize the Poisson 
equation in order to get more regularity for the electric field. 


12.6.2 The Modified Boltzmann—Poisson System 


We consider the following modified Boltzmann—Poisson system: 


Theorem 12.6.11 Assume that (H1)—(H3) hold. Then, the system 


| see page 298. 
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Or f° +0.Vx fF + (E* + Eo).Vo f* = (Qo + Q1)(f*) = O(f*), 


Ef = —-V,*, 


—(1— Ay)? Ay ®* = Q? = A 
(BP*) ( éAx)“ Ax Q [te 


fi, v,t = 0) = fox, v), 


f°, v0, t) = f¥%,v,t), (vel, 


O°(x,t) =AS®=A7?O° =0, x € da, 
where v = v — 2(v.n(x))n(x) has a weak solution (f°, E*) satisfying 


fe Ee LR Rt, LINL™®), O<f <1, WIfOllni@ =lfollzi@, p-P- 


RY, (WH), ro = GE 


E lo) 
pe ~ (d42)2-1" 


loc 


| 


To prove this theorem, we use a second regularization of the electric field by 
considering 


1 %ct 
Ey (x,t) = rent (=. -). 


where € € D(R* x w), & > 0, and fp... dxdt = 1. 
We define 


Fa = 4 * (E + Eo), 
where E and Ep are, respectively, the extensions by zero outside [0, 7] x w of E 


and Eo and x is the convolution with respect to the variable (f, x). 
We consider the following Boltzmann—Poisson system: 


334 M. L. Tayeb 


Of +u- Vif + Fa: Vof = (Qo+ Q1)(f) = Q(f), 


E=-V,®, 


—(1—6A,)*A,® = o= [ fdv, 
(BPE) ad 


f(x, v,t = 0) = fo, v), 

f(x, 0, t) = fF, v, t), (x, v) €T7 

O(x,t) = A® = A*O = 0, x € 0a. 
Theorem 12.6.12 The system (BPs) has a weak (fi, E’) satisfying 


fe € LP 


loc 


(Rt; LINL™®)), O< fF <1, WOM @ =Ifolzi@, 


Ef € LO (Rt: [Wt (w)]4), 


loc 


d42 ’ att 
ef LER; LT (o)), jf € LER; (LAT). 

‘ EE € ; d 
oreover, I ol one ae wee y)4) Neel samp: LF w)) an 
Iie ll d+2 are uniformly bounded with a uniform bound independent 

L®(0,T;[L@1 (w)|4) 
of the parameter a. 2 


The proof of this result uses several lemmata. 
We define 


A: L2(,T; [W*"(@)]¢) — L700, T; (W*"(@)1) 
Et> E*, 


where ro is given by Theorem 12.6.11 and E* is defined as follows. 

We regularize E + Eo by &; we define f,(E) as the unique solution of the 
Boltzmann equation associated with Fy. 

Then, we consider the modified Poisson equation 


—(1 — eA)? Abs = ate) = | fa(E)dv, 
os (12.66) 


6 = AD =A*O5=0, x € da, 


and finally, we take A(E) = E* := —V,®§. 
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The proof of the previous theorem consists of proving that A has a fixed point. 
We start with the following result on elliptic operators. 


Lemma 12.6.16 ([1, 12]) Leto € L'(w), r €]1, +o0o[, m € N. Then, the solution 
of 


—(1— eA,x)*"A,® =, 


O(x,) =A,P=---=A”"O=0, x € 0a, 


belongs to W*"*?-" (w) and satisfies 


| P| yams2r(a) < CW, ellallzw) (12.67) 
IP" w2rw) < CMllellz (12.68) 
where C(r) is independent of ¢. Moreover, if @ = 0, then ®* > 0. oO 


Now, we shall prove the existence of a weak solution of (B P*). 


Lemma 12.6.17 Let T > 0. Then, there exists C(e) dependent on T and &, such 
that 


IE*Ollws0@) < COA + lEO|l2@,7; wero) (12.69) 


Oo 


Proof of Lemma 12.6.17 Let r €]1, 47], Ey € L°(0,T; L4**(@)), and E € 
L?(0, T; W*"0(w)). Then, for t < T, Q¢(E(t)) € L”(w) and 


IE" Ollwsr = CO, Ho(EMIILw: 


By applying the L?-interpolation properties and Lemma 12.4.7, we get 


’ 


T (1—B)(d+2) 
IE*Ollwsr < CC, e)lleoll? ig) {! + 7 Fal at:2045] 
0 


where  vérifiant + = B + we 


We remark that the choice r = ro gives (1— B)(d+2) = 1/2. As a consequence, 
the previous estimate becomes 


T 1/2 
I| E* (£)|I 5.0 < C(e) {! + j Fall at245] 
0 


1/2 
<C@ {1+ VTIE + £olix0r; 2%} - 
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The fact that Eo belongs to L? (Rt; L4+2(@)) and the fact that W*0 is 


loc 
continuously embedded in pat? (w) ford < 3 lead to 


1/2 
IE"Ollys0 < CW) [1+ IEll20.2, woe} > 


where C(¢) depends only on ¢ and T. _ 
As a consequence, there exists R > 0 such that Br of L7(0, T; [W*"°(w)]4) is 
invariant by A. Indeed, W>°(w) — W*"0(a), 


IE*OR ay SCO (I+IEOM 20.7; woe} » 


and A(B,) C Bp for all R such that R* = C(e)(1 + R). Oo 
Lemma 12.6.18 A(Bp) is a precompact subset of L?(0,T; [W*"0(@)]). oO 
Proof of Lemma 12.6.18 This lemma is a consequence of the compactness results 
of evolution operators used to prove Lemme 12.5.10. Let E,, a sequence in Br. The 
previous inequality gives 


A(En) is bouneded in L?(0,T; [W>(o)]*). (12.70) 


Lemma 12.4.7 implies that 0, (E,,) (respectively, jy(E, )) are uniformly bounded in 
d+2 
L©(0, T; Le (@)) (respectively, in L°(0, T; L al (w))). One can deduce using 


0:0a(En) + Vx + ja(En) = 0 


that 0;Qq(E,) is bounded in L™ (0, T; W-!’0(@)) (since rp < d+?) and 0; A(En) 
is the solution of 


0; A(En) = —Vx, 
—(1— €Ax)’ Art = 8:0a(En), 
w=Av=Ayv=0 x€ dw. 
Then 
a, A(En) est bornée dans L®(0,T; [W*"(@)]). (12.71) 


The uniform bounds (12.70) and (12.71) imply that A(Br) is precompact in 
L200, T; [W*"(w)]4). Oo 


” Qa(En) = fina fa(En)dv and ju (En) = fra Ufa (En)dv. 
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Lemma 12.6.19 A is continuous. oO 


Proof of Lemma 12.6.19 Let En a sequence in Br converging towards E in 
L7(0, T, [W*"°]@) strongly. Let Fy (En) the regularization of E, + Eo by &. We 
consider fy (E,) the solution of the Boltzmann equation associated with Fy (En); 
Ou(En) = Jira Sau(En)dv and E* = A(E;). 

The subset A(Bp) is precompact. There exists a sub-sequence, also denoted 
E* that converges towards E* € 8B R. To prove the convergence of (A(E,)),, it 
is sufficient to verify that E* = A(E). 

The sequence f,(E,,) is uniformly bounded, 0 < fy(E,) < 1, and 0,(E;,) is 


: d+2 
bounded in L®(0, T; L@ (@)). 
Let fy and Qg be their limits, respectively : 


* : 
fa(En) > fo in LO, T; L™()), 
. 9 d+2 

QalEn) ~ @qg in L*(0,T; L 7 (@)). 
The sequence (Fy (E;,)), is bounded in L170, T: L4+2(9)), One can deduce that 
the assumptions of Lemma 12.4.7 are satisfied. The properties of compactness of 
the collision operator Q imply: there exists a sub-sequence (fy (E;,)), such that 

O(fa(En)) + O(fa) in L'(Qx]0, T[) weakly. 

Moreover, 


Fy (En) —> Fy = *(E+Eo) in L?(0,T; L“*?(@)) strong. 


We can pass to the limit in the Green formula (12.29) for all Ww € Cc (J0, T[xQ) 
satisfying (12.26): 


T T 
[ [orev rrtet ff octaw + [ fowee =Odxav = 0. 
0 JQ 0 JQ Q 
By passing to the limit in the modified Poisson equation, we get E* verifies 
E* = -V,@"*, 
(1 — eA)? A®* = Qa, 


®* =AD*=A2H=0, x € Io. 


To prove that 0% = f° fydv, we remark that fy(E,) belongs to a compact subset of 
L!(0, T; L'(Q)) — weak; the density 0,(E,) is bounded in L™ (0, T; La Oy), 
and for all w € OO, T[xw), 
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T 
lim 7 | eu(En) — / fut] w(t, x)dxdt = lim (fa(En) — f, W) 11, 1 = 0. 
noo Jo Jy Rd noo 

The sequence fy(E,) converges to fy in L' weakly, and its limit in D’ of Q4(En) 
is equal to f fydv. Then, E* = A(E). o 


Proof of Theorem 12.6.12 As a conclusion, the application A verifies the assump- 
tions of the Schauder fixed-point theorem. This yields the existence of Ef € Br. In 
addition, it satisfies (12.69). The estimates on the charge density 0% and the current 
J, (due to Lemma 12.4.7) are uniformly bounded with respect to R and depend only 
on ¢ and T. Oo 


Remark 12.6.4 We proved the existence of a weak solution (local in time: on [0, T]) 
of the modified Boltzmann—Poisson system. To prove a global solution in time, we 
consider a sequence of intervals J, = [n,n + 1] to extend the solution on J,41 by a 
solution associated with an initial data f = f(t = 7) (in a weak sense). | 


Proof of Theorem 12.6.11 Now, we can proceed to the proof of Theorem 12.6.11 
by considering a sequence of weak solutions of (BPS) (ff, 05, jg, Eg )a belonging 
to (BP). Up to the extraction of a sub-sequence, there exists fy, Qa, ja, Eq such 
that : 


fir fe eLe at; L'nL™(O)), 


of ~ o® € L® (Rt: LT (w)), 


loc 


+2 


gs PELL RH LAO) 
Ja J loc ? ae ; 


© (Rt, [W>0(w)]¢), and 3, E& is 


bounded in Le. (Rt; [w* raat (w)]”); we can deduce 


The parameter ¢ is fixed. E* is bounded in L?° 


Ff E® in L® 


loc 


(Rt, [W*"0(w)]“) weakly, 
EV — E° in L?(0,T, [W*"°(w)]“) strongly. 
Furthermore, (0°, E”) verifies 


Ef = —-V,*, 


—(1—€A,)?A,®* = 08%, 


b= A,o° = A20°=0, x € do. 
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Then, 


BE’ LEARY; [We (|). 
By passing to the limit in D’ on the continuity equation 0,08 +V,-j; = 0, implying 
00° + Vx + f° =0, 


+2 


OE € LS (Rt: (WE tH (wy) 


and 
E® €[W!®(wx)0, THI. 


The strong convergence in L7(]0, T[ xa) of E* towards E and F* to E® + Eo and 
the compactness properties of Q yield: the weak limit f* of f{ verifies the formula 
(12.29): 


T 
[ [toto vob + Er + £0) YF + OF f foHO.x, 0) =0 


for all y belonging to D({0, T] x R*“) and satisfying (12.26). 

Furthermore, f; belongs to a weakly compact subset of L' (0, T[xQ). Note that 
one can easily prove that 9f converges in D’ towards 9° = Sra f © dv. In conclusion, 
the limit (f°, E*) is a weak solution of (B P*). oO 


12.6.3. Unmodified Boltzmann—Poisson System 
Let (f*, E*) be a weak solution (B P*). The estimates on f* are uniform. It remains 


to provide estimates independent of ¢, giving compactness for an E*. This estimate 


can be obtained if we have a uniform 9° in L “tT .Todo this, we propose to establish 
a uniform kinetic energy. Using Lemma 12.4.7, we obtain a L?-estimate on the 
density. 

Let 


Ke) = | lvl? f° (t, x, v)dxdv, via= f et.neendx, 
Q o 


(th = K®H+VeoOt+ 2f 0° (t, x) Bo(t, x)dx. 


The energy &* verifies the following lemma. 
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Lemma 12.6.20 K*, V°, and &* belong to Wie (R*). Moreover, 


K*(0) -|/ lvl? fodxdv, v*(0) =) fo(x, v) ®* (0, x)dxdu (12.72) 
Q Q 
& (0) = K*(0)+ V°(0) + 2 So(x, v) Po (0, x)dxdv (12.73) 
Q 

d e 2E tom 
5K = 2f jo (E® + Ey)dx (12.74) 
fv) = 2f o° (t, x) 0, B* (t, x)dx = 2 | Jo Vx Po dx (12.75) 

t 
[E"]) = ap : O° (s, X)0, Po(s, x)dxds. (12.76) 
0 Jw 

Oo 


Proof of Lemma 12.6.20 Let = |v|>xr(v)xa(x)h(t), where h € c}((0, T[) and 
Xr is defined by 


1 if ljul<k, 
XrR(v) = 4 0 if |vj=R, 
R+1—|v| if R<|vj)<RH+1. 


The function xz is uniformly bounded in W! and converges to | a.e., and its 
gradient converges towards zero. The Green formula is 


t dh t 
a) pr rx + ff ul? f°Voxe(v) - (E® + Eg)h(s) 
0OJQ S 0O/Q 
t t 
42 i i, v.(E® + Ep) f?xah(s) = J / OCF )lv2xRv)h(s) 
OV7Q O0O/7Q 


t 
+f f oP P xe (odm(Ao- mC) ~ hO) fw? Foxe (12.77) 
0/702 Q 


f® verifies the specular reflection condition (in the weak sense ). So that, 


t 
/ / lvl? fe xr W)A(t)(v -n(x)) = 0. 
0 JdQ 
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By passing to the limit (R — +00) and using the properties of Q, we obtain 


t 1 
/ ={f WP fc] moras =2 fT f if (E+ Boys, 304| h(s)ds 
0 as (Ja 0 LJa 


for allh € D(Rf). 
Or also 


“KW = | j° -(E' + Eo)dx in D'(]0, oof). 


The second term belongs to Tie, (JO, +00[), leading to: K® € C(R*), and by passing 
to the limit on R in (12.77), we get 


Ko= [ |u|" fodxdv 
Q 
and 
4 
Ke) = K(O)+2f f j® CE" + Bo)deds. (12.78) 
0 Jo 


Furthermore, 


t t 
2 . j°- (E® + Eo)dxds = -2f i jo Vy (®® + ®o)dxds 
0 Jo 0 Jw 


t 
= -2f / 0,0°(®* + Bo)dxds 
0 Jw 


t 
= 2f / 0° (a, * + 3, ®o)dxds 
0 Jo 
0 


+] f o° (Bo + ods] : 
(a) t 


By passing to the limit (R — oo) with a test function Wr = xr(v) ®*(t, x)h(t), we 
get 


d ap 
AY = i) o(t, Jarra x)dx +f jo - Vx (t, x)dx € L},.(10, +oo[). 
oO oO 


As a consequence, V°(0) = 7 w@ J0(x, v) &* (0, x)dx, and thanks to the modified 
Poisson equation (12.66) that 


va= | | — eA) V(@*(t)) 7x. 
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Moreover, the continuity equation leads to 


dvé 
dt 


(t) = 2f (1 —eA)VO® - (1 — cA) V9, 0° dx 


— 2 o° (t, x)0,B° (t, x)dx = 2 Jo - Vi, P' dx. 
(2) @ 


Identity (12.78) becomes 


0 
owed] 


t 


t t 
[ [ee +en6.0=weont+ [ f ovo, xaxas+| 
0 Jw 0 Jw 


oo 


Finally, 
t 0 
K®@)+ Vit) = K(0) + V°(O) + 2f i 0° 0;~odx +2 il oud | 
0 Jw o 


t 


and 


t 
[&] = 2 f [ ef agois.xnasas. 
0 Ja 


Lemma 12.6.21 There exists Cr such that 
K*(t) < Cr, Ve <1. 


Proof of Lemma 12.6.21 By applying (12.76), we have 


t 
E(t) < (0) + 2 i. 0° (s, x)0;@o(s, x)dxds 
0 Jw 


T 
<Cr (1 +f lo" Oo le0 lot. 


Using (H3), the energy &° is uniformly bounded in C((0, T]). 
As a consequence, 


Lemma 12.6.22 (0°, j*, ®*) satisfies: 


1. Q® is uniformly bounded in L® (0, T; ee (w)). 
d42 
2. j* is uniformly bounded in L™ (0, T; [Lat (w)]@). 
42 


3. ®® is uniformly bounded in L® (0, T; Woe (w)). 
d42 
4. 0,®° is uniformly bounded in L™ (0, T; whan (w)). oO 
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Proof of Lemma 12.6.22 i) and ii) are a consequence of Lemma (12.4.7), by 
replacing K by K*. The property iii) is a consequence (12.67), and iv) can 
be deduced from 0;e° + Vy, - j® = 0, which implies a uniform bound 4@,Q* in 
+2 


L©(0,T; Wr) (@)). o 


Using this lemma, we can extract a sub-sequence satisfying 
fof in L%O,T; L™@) WP fF in L*O,T; Mo), 
of = @ in L°O,T; L @), jj, in L°O,T; LA), 
E® SE in L®(0,T; (W!“t ()]4), 
and 
F®’—>+E in L®(0,T; [L? ())?). 


Moreover, we have: 


Lemma 12.6.23 The functions F, 9, and j are: 


1. F=|v/?f. 

2. o= | fdv. 
Rd 

3. real uf dv. oO 
Rd 


Proof of Lemma 12.6.23 The proof can be carried out by passing to the limit in the 
weak formulation using a test function Soit yw € D, leading to 


forse — (F.W)pp- 
Using the fact that |v|*y € D and f® me f, then 
frre — (f,luey) = (lel? fw), 


which implies that F = |v|/>f € L®(0,T; Mp(Q)). Moreover, |v|? f® is 
uniformly bounded in L?’. and then F €e My OL. = LiL 


loc loc* 


(ii) Let y € D(@ x [0, T]), 


T oi 
ij / (0% - / fdv)pdxdvdt = / [ P= ddd date 
0 oO Rd 0 Q 


344 M. L. Tayeb 


The function y € L©(Qx]0, T[) and f* — f in L!-weak. 


Q= is fdv. 
igi [er — of ydxdvdt 


T 
ea (K®(t) + K(t))dt 


(iii) 


T 
/ [o-f uf dv)wdxdv 
0 Jo Rd 


= 


< MF ° = fvxiicr@WO,O)z1 100 + 
We pass to the limit in the first term of the right-hand side for a fixed R using the 
weak convergence of f*. Then, we let R going to infinity, and we obtain iii). oO 


Lemma 12.6.24 The weak limit (f, E) is a solution of the Boltzmann—Poisson 
system (BP). oO 


Proof of Lemma 12.6.24 Let w € D and satisfy (12.26). Then, 


T 
i / f [Wt u.Vew + (E® + Eo). Vy ldxdvdt 
0 Q 


T 
+f [ocr wasavar+ | foycx.v.0) =0. 
0 JQ Q 


The convergence of the first integral is a consequence of the weak convergence of 


f® and the strong convergence of E°. Moreover, wi (w) o> L4+7(@) giving 
E® is bounded in L7(0, T; L“+?(w)). Asa consequence, Lemma (12.4.7) implies 


T is 
/ [ ocrwasavar — [ [ ocnwaravar 
0 Ja 0 Jo 


Finally, f is a weak solution of the Boltzmann equation associated with E 
and satisfies (12.7) and (12.8). It remains to justify that it is a gradient of the 
potential, solution of the Poisson equation. Indeed, ®* is uniformly bounded in 


L©(0,T; W!“# (w)), solution of 


fo — eA)VP* (x, 1) — eA)VO(x)dx = i O° (t, x)O(x)dx 


12 
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for a.e. t €]0, T[ and all 9 € D(w). By passing to the limit on ¢, we deduce that ® 
verifies 


i VO* (x, t)VO(x)dx = / O(x, t)O(x)dx, 


and this means that ® is the solution of the homogeneous Dirichlet problem —A® = 
g in D’. To finish, the weak convergence of f* and the strong convergence of E* 
prove, by passing to the limit in (12.76), that 


a= | Ps, v.ndxdv +f |E(t, x)|"dx 
Q 3) 


+2 f o(x, t)O(t, x)dx € L& (Rt). 
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